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Introduction

Prerequisites

This course was designed for postgraduate students (Masters and PhD) and advanced
Bachelor students with the following prerequisite knowledge:

• Calculus/analysis in one and several variables;

• Linear algebra (in particular eigenvalues and the Jordan normal form of matrices);

• An introduction to real analysis, measure and integration theory (in particular, fa-
miliarity with Lp spaces);

• An introduction to functional analysis (Banach spaces, Hilbert spaces, bounded
linear operators); and

• An introduction to complex analysis (holomorphic functions, complex path inte-
grals and Cauchy’s integral formula, Laurent series).

Acknowledgements

We thank Alexander Wierzba for sending us the font used in these lecture notes.
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Nomenclature

The following table gives an overview of important symbols used in the lectures. This
table will be updated every week as we introduce new notation.

Elementary notation

N set of strictly positive integers, i.e.N= {1,2,3, ...}

N0 set of integers that are ≥ 0, i.e.N0 = {0,1,2, ...}

R+ alternative notation for the interval [0,∞)

B<r (x) open ball with centre x and radius r , where the metric space is clear from
context

B≤r (x) closed ball with centre x and radius r , where the metric space is clear from
context

Function spaces

1 the vector in Rn whose entries are all 1, or the constant function with value
1 on a set that is clear from the context

F(S;R) real-valued analogue of any function space F(S) that occurs in the follow-
ing list and consists of complex-valued functions on a set S

C(K ) space of complex-valued continuous functions on a compact metric space
(or compact topological Hausdorff space) K ; endowed with the sup norm

C0(Ω) space of complex-valued continuous functions on a non-empty open set
Ω⊆Rn which approach 0 at ∂Ω and at ∞; endowed with the sup norm

Cm(Ω) space of complex-valued m-times continuously differentiable functions
on a non-empty open subset Ω⊆Rn for m ∈N0

C(Ω) short for C0(Ω), where Ω⊆ Rn is non-empty and open; in contrast to C(K )
for compact K we do not endow C(Ω) with a specific norm or topology,
unless otherwise stated
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CONTENTS

C∞(Ω) the intersection
⋂

m∈N0
Cm(Ω) for a non-empty open subset Ω⊆Rn

C∞
c (Ω) the space of test functions on a non-empty open subset Ω⊆ Rn – i.e. of all

functions in C∞(Ω) whose support is a compact subset of Ω

Cm(Ω) the space of m-times continuously differentiable functions such that every
derivative up to order m can be extended to a continuous function on Ω,
for a non-empty, bounded, open set Ω ⊂ Rn ; note that the space depends
on Ω, not only on its closure Ω

Cm
b (Ω) for m = 0, the space of bounded continuous functions on a non-empty set

Ω⊆Rn (not necessarily bounded); for m ∈N, the space of m-times contin-
uously differentiable functions on Ω such that every derivative up to order
m is in Cb(Ω)

Lp (Ω,ν) complex-valued Lp -space over the measure space (Ω,ν) for p ∈ [1,∞]

Lp (Ω) complex-valued Lp -space over a measurable subsetΩ⊆Rn that is endowed
with the Lebesgue measure for p ∈ [1,∞]

Lp
loc(Ω) space of (equivalence classes of) complex-valued measurable functions on

a non-empty open set Ω⊆Rn that are locally in Lp , for p ∈ [1,∞]

W k,p (Ω) the Sobolev space of complex-valued functions on a non-empty open set
Ω⊆ Rn whose weak derivatives up to order k all exist and are in Lp (Ω); for
p ∈ [1,∞] and k ∈N0

W k,p
0 (Ω) the closure of the space of test functions C∞

c (Ω) in W k,p (Ω), for p ∈ [1,∞)
and k ∈N0

H k (Ω) short for W k,2(Ω), for k ∈N0

H k
0 (Ω) short for W k,2

0 (Ω), for k ∈N0

Banach spaces and linear operators

id the identity matrix inCn×n or the identity operator on a normed space that
is clear from the context

X ′ norm dual space of a normed space X ; depending on the context, elements
of X ′ are denoted by x ′, y ′, . . . or by ϕ,ψ, . . .〈

ϕ , x
〉

stands for ϕ(x), where x ∈ X and ϕ ∈ X ′ for a normed space X

u ⊗ϕ For a dual normed space X ′ and ϕ ∈ X ′, and a normed space Y and u ∈ Y ,
u ⊗ϕ : X → Y is the rank-1 (or rank-0) operator defined by (u ⊗ϕ)(v) :=〈
ϕ , v

〉
u for all v ∈ X
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A′ the dual operator A′ : Y ′ ⊇ dom
(

A′) → X ′ of a densely defined linear op-
erator A : X ⊇ dom(A) → Y between to Banach spaces X and Y over the
same scalar field

A∗ the adjoint operator A∗ : H ⊇ dom(A∗) → H of a densely defined linear
operator A : H ⊇ dom(A) → H on a Hilbert space

( · | · ) inner product on a Hilbert space; antilinear in the first component

L(X ,Y ) space of bounded linear operators between two normed spaces X and Y
over the same scalar field

L(X ) short for L(X , X ), where X is a normed space

Y ,→ X continuous embedding of a Banach space Y into a Banach space X , i.e.
Y ⊆ X and there exists C > 0 such that

∥∥y
∥∥

X ≤C
∥∥y

∥∥
Y for all y ∈ Y

Spectral theory

σ(A) spectrum of a closed linear operator A

σpnt(A) point spectrum, i.e. the set of eigenvalues of a closed linear operator A

ρ(A) resolvent set of a closed linear operator A, i.e. ρ(A) :=C\σ(A)

R(λ, A) resolvent of a closed linear operator A at a point λ ∈ ρ(A), i.e. R(λ, A) :=
(λ− A)−1

r(A) spectral radius of a bounded linear operator A, defined by the formula
r(A) := max{|λ| :λ ∈σ(A)} ∈ [0,∞)

s(A) spectral bound of a closed linear operator A, defined by the formula s(A) :=
sup{Reλ :λ ∈σ(A)} ∈ [−∞,∞]

Ordered structures on vector spaces

V+ positive cone of a vector lattice V

x ⪯ y cx ≤ y for some number c > 0 (equivalently, x ≤ c y for some number c > 0)

y ⪰ x alternative notation for x ⪯ y

supS supremum of a subset S of a partially ordered space X

infS infimum of a subset S of a partially ordered space X

x ∨ y sup{x, y}

x ∧ y inf{x, y}

x+ x ∨0
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x− x ∧0

|x| x ∨ (−x)

VC complexification of a real vector space V

ER real part of a complex Banach lattice E

dom(A)R the real part of the domain of a linear operator A : E ⊇ dom(A) → F be-
tween Banach lattices E and F , i.e. dom(A)R := dom(A)∩ER

f ⪈ 0 f ≥ 0 but f ̸= 0

0⪇ f alternative notation for f ⪈ 0

Eu principal ideal generated by a positive element u of a Banach lattice E

∥·∥Eu gauge norm on the principal ideal Eu

Eϕ AL-space generated by a strictly positive functional ϕ on a Banach lattice
E

∥·∥Eϕ the norm
〈
ϕ , | · |〉, where ϕ ∈ E ′ is strictly positive
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Chapter 1

Positive matrices and matrix
semigroups

The topic of the ISEM 29 is the interplay between dynamical systems (more specifically:
differential equations), sign preservation, and operator theory. The material in the first
two chapters develops the essence of the theory in finite dimensions. In Chapter 1, we
study positive matrices and matrix exponential functions, and show how the positivity
affects their eigenvalues and eigenvectors. The titular subject, eventual positivity, makes
an appearance in Chapter 2.

1.1 Positive matrices and the standard order on Rn

As a foundation for everything that follows, we endow the spaces Rn and Rm×n with the
following partial order.

Definition 1.1.1 (The order and the cone on Rn and Rm×n).

(a) For x, y ∈ Rn we write x ≤ y if this inequality holds componentwise, i.e. if xk ≤ yk

for every index k. As usual we use the notation y ≥ x synonymously with x ≤ y .

Vectors x ∈Rn that satisfy x ≥ 0 1 are called the positive elements of Rn , and the set
Rn+ := {x ∈Rn : x ≥ 0} of all positive vectors is called the positive cone of Rn .

(b) We use the same conventions for matrices: for A,B ∈ Rm×n we write A ≤ B (or
B ≥ A) if A j k ≤ B j k for all indices j ,k.

A matrix A ∈Rm×n is called positive if A ≥ 0, and the set Rm×n+ := {A ∈Rm×n : A ≥ 0}
of positive matrices is called the positive cone in Rm×n .

Note that Definition 1.1.1(a) can be considered a special case of part (b) if we identify
Rn with Rn×1. The relation ≤ is a partial order on Rn and is compatible with its vector

1We always write 0 for the zero vector when the corresponding space is clear from context.
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1. POSITIVE MATRICES AND MATRIX SEMIGROUPS

space structure in the following sense: if x ≤ y for x, y ∈Rn , then

αx ≤αy and x + z ≤ y + z

for all numbers α ∈ [0,∞) and all vectors z ∈ Rn . Analogous statements hold for the
partial order ≤ on Rm×n .

Remark 1.1.2 (Terminology: positive vectors). At first glance, it might be surprising that
our definition of ‘positivity’ is inconsistent with its common meaning for real numbers:
in English, a number α ∈ R is usually called positive if α > 0. Yet, the vector 0 ∈ Rn is
positive in the sense of Definition 1.1.1. For n = 1 this means, in particular, that the real
number 0 is positive in the sense of Definition 1.1.1.

Nevertheless, our usage of ‘positive’ is standard in the theory of Banach lattices, which
we use frequently from Chapter 4 on. For readers who take pleasure in terminological di-
gressions, a more thorough discussion is provided in the notes at the end of this chapter.

From an operator-theoretic perspective, it is desirable to describe positivity of matri-
ces in terms of how they act as linear maps. We do this in the next proposition.

Proposition 1.1.3. For a matrix A ∈Rm×n , the following are equivalent:

(i) A is positive, i.e. A ∈Rm×n+ .

(ii) A(Rn+) ⊆Rm+ .

(iii) A acts monotonically, i.e. if x, y ∈Rn satisfy x ≤ y, then Ax ≤ Ay.

Proof. “(i) ⇒ (ii)”: This is clear from the definition of the matrix-vector product.

“(ii) ⇒ (iii)”: Assume that (ii) holds and let x, y ∈ Rn satisfy x ≤ y . Then y − x ∈ Rn+ and
hence Ay − Ax = A(y −x) ∈Rm+ , which implies that Ax ≤ Ay .

“(iii) ⇒ (i)”: Assume that (iii) holds. For j ∈ {1, . . . ,n} and the canonical unit vector e j ∈
Rn one has 0 ≤ e j and thus 0 = A0 ≤ Ae j . Since Ae j is the j -th column of A and j was
arbitrary, we conclude that all entries of A are ≥ 0.

Since we defined the order relation ≤ by comparing vectors (and matrices) entrywise,
it is natural to generalise the modulus from scalars to vectors in the same way:

Definition 1.1.4 (The modulus of vectors and matrices). For every vector x ∈ Cn and
every matrix A ∈Cm×n we define the matrix |A| ∈ Rm×n+ and the vector |x| ∈ Rn+ by taking
the entrywise modulus of x and A, i.e.

|x| j := ∣∣x j
∣∣ and |A| j k := ∣∣A j k

∣∣
for all indices j and k.

The modulus has a submultiplicative property, which is very useful to prove esti-
mates for positive matrices.

2



1.2. The spectrum of positive matrices

Proposition 1.1.5 (Submultiplicativity of the modulus). Let A ∈Cm×n and x ∈Cn .

(a) One has |Ax| ≤ |A| |x|.

(b) In particular, if A ∈Rm×n+ , then |Ax| ≤ A |x|.

Proof. (a) One can check the inequality entrywise: for every j ∈ {1, . . . ,m} one has

|Ax| j =
∣∣(Ax) j

∣∣= ∣∣∣∣∣ n∑
k=1

A j k xk

∣∣∣∣∣≤ n∑
k=1

∣∣A j k
∣∣ |xk | =

( |A| |x|) j .

(b) For positive A, one has |A| = A, so the claim follows from part (a).

Remark 1.1.6 (Norms on Cn). In the following we often work with norms on Cn . While
they are all equivalent, we assume throughout that Cn is endowed with a norm that sat-
isfies ∥|x|∥ = ∥x∥ for all x ∈ Cn as well as ∥x∥ ≤ ∥∥y

∥∥ for all x, y ∈ Rn with 0 ≤ x ≤ y – this
is sometimes more convenient in estimates. For instance, the p-norm has this property
for every p ∈ [1,∞].

1.2 The spectrum of positive matrices

An intriguing feature of positive matrices is that their eigenvalues and eigenvectors enjoy
a variety of remarkable properties. This is the content of the classical Perron-Frobenius
theorem, which we study in this section. This theorem is only a first instance of one
of the most important themes of the course: the interaction between positivity and the
spectrum of linear operators. We take this opportunity to introduce some fundamental
concepts and tools in spectral theory.

Definition 1.2.1 (Spectrum and spectral radius). Let A ∈ Cn×n . The set σ(A) ⊆ C that
consists of all eigenvalues of A is called the spectrum of A, and the number

r(A) := max
{ |λ| :λ ∈σ(A)

} ∈ [0,∞)

is called the spectral radius of A.

The spectral radius determines whether the powers of a matrix converge to 0 as the
exponent tends to ∞. More precisely, one has the following equivalence.

Proposition 1.2.2 (Convergence to 0 of matrix powers). For every matrix A ∈ Cn×n , the
following are equivalent:

(i) r(A) < 1.

(ii) Ak → 0 as k →∞.

(iii) There exist numbers η ∈ [0,1) and c ≥ 0 such that
∥∥Ak

∥∥≤ cηk for each k ∈N0.

3



1. POSITIVE MATRICES AND MATRIX SEMIGROUPS

Proof. “(i) ⇒ (iii)”: The implication is clear if r(A) = 0, hence we assume r(A) > 0. One
can then show, using the Jordan normal form of A, that

∥∥Ak
∥∥ ≤ c̃ r(A)k (1+kn−1) for

a number c̃ ≥ 0 and all k ∈N0; see Exercise 1.4(c). So the claim follows by taking any

η ∈ (r(A),1) and using that r(A)k

ηk decays exponentially.

“(iii) ⇒ (ii)”: This implication is obvious.

“(ii) ⇒ (i)”: Let λ be an eigenvalue of A with |λ| = r(A) associated to an eigenvector z of
norm one. One has |λ|k = |λ|k ∥z∥ = ∥∥Ak z

∥∥→ 0 as k →∞. Thus, r(A) = |λ| < 1.

To formulate the statement of some parts of the Perron-Frobenius theorem we need
the following stronger notion of positivity.

Definition 1.2.3 (Strong positivity in finite dimensions). A vector x ∈Rn is called strongly
positive if xk > 0 for all k ∈ {1, . . . ,n}. Similarly, a matrix A ∈Rm×n is called strongly posi-
tive if A j k > 0 for all indices j ,k.

Observe that the strongly positive vectors inRn are precisely the points in the interior
of the positive cone Rn+. Similarly as in Proposition 1.1.3, strong positivity of matrices
can also be interpreted in terms of their actions as linear mappings: a matrix A ∈Rm×n is
strongly positive if and only if it maps every 0 ̸= x ∈Rn+ to a strongly positive vector.

It is convenient to have a notation for strong positivity. The following has the advan-
tage that it can easily be generalised to the infinite-dimensional setting in later chapters.

Notation 1.2.4 (Inequality up to a factor).

(a) For two vectors x, y ∈Rn we write x ⪯ y or equivalently y ⪰ x if there exists a num-
ber c > 0 such that cx ≤ y (equivalently, if there exists a number c > 0 such that
x ≤ c y).

(b) We let 1 ∈Rn denote the vector with every entry equal to 1. Hence, a vector x ∈Rn

is strongly positive if and only if x ⪰1.

The main result of this section is the following classical theorem about the eigenval-
ues and eigenvectors of positive matrices.

Theorem 1.2.5 (Perron–Frobenius). Let 0 ≤ A ∈Rn×n .

(a) The spectral radius r(A) is an eigenvalue of A with an eigenvector x ≥ 0.

(b) If all diagonal entries of A are non-zero, then r(A) > 0, and r(A) is a radially strictly
dominant eigenvalue in the sense that |λ| < r(A) for all other eigenvalues λ of A.

(c) If A is even strongly positive, then r(A) > 0, the eigenvalue r(A) of A is algebraically
simple,2 and its eigenspace is spanned by a strongly positive vector.

2Recall that the algebraic multiplicity of an eigenvalue λ of A is the dimension of the generalised
eigenspace

⋃n
k=1 ker(λ− A)k . The eigenvalue λ is called algebraically simple if its algebraic multiplicity

is one.

4



1.2. The spectrum of positive matrices

The Perron–Frobenius theorem is useful to study the behaviour of Ak of a positive
matrix A as k →∞. A concrete application to Markov chains is explored in Exercise 1.3.

Various proofs of the theorem and variations thereof are known; see e.g. the survey
article [Mac00] for some nice bedtime reading. The proof we present has a strong func-
tional analytic flavour and already anticipates several ideas and arguments that occur
again in the infinite-dimensional case – strongly relying on properties of the resolvent.
We define and study this object now and finally use it to prove Theorem 1.2.5.

Definition 1.2.6 (The resolvent of a matrix). Let A ∈Cn×n . The complement of its spec-
trum, i.e. ρ(A) :=C\σ(A), is called the resolvent set of A. The mapping

R( · , A) : ρ(A) →Cn×n , λ 7→R(λ, A) := (λ− A)−1

is called the resolvent of A.

In the preceding definition, we used the notationλ−A, which is shorthand forλ id−A;
where id ∈Cn×n , denotes the identity matrix of the same dimension as A.

To state the following proposition we need the concept of a vector-valued analytic
functions. In finite dimensions this is easy: a mapping from an open subset of C to Cn or
toCn×n is called analytic or holomorphic if every component of the mapping is analytic.

Proposition 1.2.7 (Properties of resolvents). Let A ∈Cn×n .

(a) The resolvent R( · , A) : ρ(A) →Cn×n is analytic.

(b) For λ ∈Cwith |λ| > r(A), the resolvent can be represented as the Neumann series

R(λ, A) =
∞∑

k=0

Ak

λk+1
,

which converges absolutely in Cn×n (with respect to any norm).

Proof. (a) It follows from Cramer’s rule for the inverse of a matrix that, for all indices j ,k,
the matrix entry R( · , A) j k : ρ(A) →C is a rational function and thus analytic.

(b) As r(A/λ) < 1, so by Proposition 1.2.2, there exist numbers η ∈ [0,1) and c ≥ 0 such

that
∥∥Ak /λk

∥∥ ≤ cηk for every k ∈ N0. Thus,
∑∞

k=0

∥∥∥ Ak

λk+1

∥∥∥ < ∞, and hence the series

converges absolutely in Cn×n . To show the resolvent formula, we compute

(λ− A)
∞∑

k=0

Ak

λk+1
= lim

K→∞

K∑
k=0

(
Ak

λk
− Ak+1

λk+1

)
= lim

K→∞

(
id− AK+1

λK+1

)
= id.

Here we used that
∥∥Ak+1/λk+1

∥∥ → 0 as k →∞ according to Proposition 1.2.2 since
r(A/λ) < 1. After multiplying by R(λ, A), we obtain the claimed formula.

Finally, we need the following lemma about simplicity of eigenvalues. It is illuminat-
ing to check explicitly how the assumption vTu ̸= 0 below fails for a 2×2 Jordan block.
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1. POSITIVE MATRICES AND MATRIX SEMIGROUPS

Lemma 1.2.8 (Algebraic simplicity from geometric simplicity). Let λ ∈ C be a geometri-
cally simple eigenvalue3 of some A ∈Cn×n . If there exist eigenvectors u and v of A and AT

respectively for the eigenvalue λ satisfying vTu ̸= 0, then λ is even an algebraically simple
eigenvalue of A.

Proof. Let x ∈ Cn . It suffices to show that if (λ− A)2x = 0, then (λ− A)x = 0, so assume
that (λ− A)2x = 0. Since (λ− A)x is in the eigenspace ker(λ− A) which is spanned by u,
there exists a scalar α ∈C such that (λ− A)x =αu. Hence,

αvTu = vT(λ− A)x = ((
λ− AT)

v
)T

x = 0.

As vTu ̸= 0, this implies that α= 0, so (λ− A)x = 0, as claimed.

Now we have all the tools that we need to prove the Perron–Frobenius theorem.

Proof of Theorem 1.2.5. (a) We first consider the case σ(A) = {0}. In this case, one has
r(A) = 0 ∈σ(A). Moreover, there exists an integer k ≥ 1 such that Ak = 0. Choose any
non-zero vector y ∈ Rn+ and let j ∈ {0,1, . . . ,k −1} be the maximal number for which
x := A j y ̸= 0. Then x is positive since A j is positive, and x ∈ ker A.

Now we consider the more interesting case where σ(A) ̸= {0} and hence r(A) > 0.

Choose an eigenvalueλ of A with modulus |λ| = r(A) and let z ∈Cn be an eigenvector
of norm 1 corresponding to λ. For every s > 1 one has R(sλ, A)z = 1

sλ−λ z, and thus

1

(s −1)r(A)
|z| =

∣∣∣∣ 1

sλ−λ z

∣∣∣∣= |R(sλ, A)z| =
∣∣∣∣∣ ∞∑
k=0

Ak

(sλ)k+1
z

∣∣∣∣∣
≤

∞∑
k=0

∣∣Ak
∣∣

|sλ|k+1
|z| =

∞∑
k=0

Ak

(s r(A))k+1
|z| =R(s r(A), A) |z| ;

where the penultimate equality uses the positivity of Ak (Proposition 1.1.5). Here
we have twice used the Neumann series representation of the resolvent (Proposi-
tion 1.2.7(b)), which is applicable because |sλ| , |s r(A)| > r(A).

If we take norms in the inequality 1
(s−1)r(A) |z| ≤ R(s r(A), A) |z| that we just proved,

we get 1
(s−1)r(A) ≤ ∥R(s r(A), A)∥ (see the properties of the norm in Remark 1.1.6), so

∥R(s r(A), A)∥ → ∞ as s ↓ 1. By continuity of the resolvent (Proposition 1.2.7(a)), it
follows that r(A) is not in the resolvent set and is thus an eigenvalue of A.

It remains to show the existence of an eigenvector x ∈ Rn+ for the eigenvalue r(A).
Consider any sequence (sk ) in (1,∞) that converges to 1; for each index k we define

αk := ∥R(sk r(A), A) |z|∥ and xk := R(sk r(A), A) |z|
αk

.

3Recall that the geometric multiplicity of an eigenvalue λ of A is the dimension of the eigenspace
ker(λ− A). The eigenvalue λ is called geometrically simple if its geometric multiplicity is one.
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1.3. Positive matrix semigroups

We have already seen that αk →∞ as k →∞ and that xk ≥ 0 for each k. Moreover,

(A− r(A))xk = (A− sk r(A))xk + (sk r(A)− r(A))xk

=− |z|
αk

+ (sk −1)r(A)xk → 0.

Since ∥xk∥ = 1 for all k and as the unit sphere in Cn is compact, there exists a subse-
quence (xk j ) of (xk ) that converges to a non-zero vector x ∈ Rn+. Thus, (A − r(A))x =
lim j→∞(A− r(A))xk j = 0, and so x is an eigenvector of A for the eigenvalue r(A).

(b) Assume now that all diagonal entries of A are non-zero. Then we can find a number
δ > 0 such that A −δ ≥ 0.4 Consider the spectral radius r := r(A −δ) of A −δ. Since
A −δ is positive, we can apply (a) to this matrix and thus see that r is an eigenvalue
of A−δ and so r +δ is an eigenvalue of A. In particular, 0 < r +δ≤ r(A).

On the other hand, as all eigenvalues of A−δ are contained in the closed disk B≤r (0)
with radius r and centre 0, so all eigenvalues of A are contained in the disk B≤r (δ)
with radius r and centre δ. Therefore, r(A) ≤ r +δ. It follows that r(A) = r +δ. But the
circle with radius r +δ and centre 0 intersects the disk B≤r (δ) only in the point r +δ,
so A has no further eigenvalue of modulus r +δ= r(A).

(c) Finally, assume that A is strongly positive. For every eigenvector x ∈ Rn+ of A cor-
responding to the eigenvalue r(A) – which exists according to (a) – one has r(A)x =
Ax ⪰1. Hence r(A) > 0 and x ⪰1.

Next we show that the eigenvalue r(A) is geometrically simple. To this end, let x ⪰ 1
be an eigenvector of A for the eigenvalue r(A) and let y ∈Rn be any other eigenvector
for the same eigenvalue. Then there exists a number γ ∈ R \ {0} such that x −γy is
positive, but has at least one component that is 0. If x −γy were non-zero, it would
be an eigenvector of A for the eigenvalue r(A), which would imply x −γy ⪰ 1, as we
have just seen. Thus, x −γy = 0, so y is a multiple of x. This proves the geometric
simplicity of the eigenvalue r(A).

To see that r(A) is algebraically simple, we now use Lemma 1.2.8. By applying (a)
to the transposed matrix AT, one gets an eigenvector y ≥ 0 of AT for the eigenvalue
r(AT) = r(A). As y ̸= 0 and x ⪰ 1, one has yTx > 0, so Lemma 1.2.8 is applicable and
shows that the geometric simplicity of r(A) implies the algebraic simplicity.

1.3 Positive matrix semigroups

The powers Ak of a square matrix give the solutions x : N0 → Cn to the difference equa-
tion x(k) = Ax(k −1) for k ∈N. As in the scalar case, it is natural to study the continuous
time analogue of this dynamical system, i.e. the differential equation ẋ(t ) = Ax(t ) with
x : [0,∞) →Cn . For this, one uses the matrix exponential function.

4Let us recall here the convention A−δ := A−δ id that we first used Definition 1.2.6.
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1. POSITIVE MATRICES AND MATRIX SEMIGROUPS

Definition 1.3.1 (Matrix exponential function). For every A ∈Cn×n one defines

e A := exp(A) :=
∞∑

k=0

Ak

k !
∈Cn×n ,

where the series converges absolutely in Cn×n .

We first discuss a number of essential properties of the matrix exponential function,
in particular its relation to linear differential equations. Positivity takes the stage back in
Theorems 1.3.8 and 1.3.9.

Proposition 1.3.2 (Properties of the matrix exponential function). The matrix exponen-
tial function has the following properties:

(a) e0 = id.

(b) The matrix exponential function exp: Cn×n →Cn×n , A 7→ e A is continuous.

(c) For fixed A ∈ Cn×n , the mapping C→ Cn×n , z 7→ ez A is differentiable, and hence
analytic, with derivative d

dz ez A = Aez A = ez A A at each z ∈C.

(d) If two matrices A,B ∈Cn×n satisfy AB = B A, then e A+B = e AeB .

Proof. (a) This follows readily from the definition of the matrix exponential function.

(b) Let A,B ∈Cn×n . An induction argument yields the geometric sum formula

Ak −B k =
k−1∑
j=0

A j (A−B)B k−1− j

for all integers k ≥ 1. On the right hand side, it is important to have A−B in the mid-
dle since A and B are not assumed to commute. Thus we can estimate

∥∥Ak −B k
∥∥ ≤

kαk−1 ∥A−B∥ with α := max
{∥A∥ ,∥B∥}

. The continuity now follows from

∥∥e A −eB
∥∥≤

∞∑
k=1

1

k !

∥∥∥Ak −B k
∥∥∥≤ ∥A−B∥

∞∑
k=1

αk−1

(k −1)!
= eα ∥A−B∥ .

(c) This can be shown in the same way as for the scalar-valued exponential function.

(d) One can prove this by using the Cauchy product formula for infinite series, as in
the scalar-valued case. Readers familiar with the uniqueness theorem for ordinary
differential equations might also find the following alternative proof insightful.

Consider the functions X1, X2 : R→Cn×n that are given by

X1(t ) = e t (A+B) and X2(t ) = e t Ae tB

8
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for all t ∈R. According to (a) and (c) the function X1 solves the initial value problem{
Ẋ (t ) = (A+B)X (t ) for all t ∈R,

X (0) = id.

On the other hand, as A and B commute, the definition of the matrix exponential
function implies that B also commutes with e t A for all t ∈ R. This together with (c)
and the product rule for differentiation implies that X2 solves the same initial value
problem. Hence, by the uniqueness theorem for linear initial value problems it fol-
lows that X1(t ) = X2(t ) for all t ∈R. For t = 1 this gives the claim.

Proposition 1.3.2(c) has the following consequence, which is the main reason why
one is interested in matrix exponential functions.

Corollary 1.3.3 (Solutions to linear differential equations). Let A ∈ Cn×n and x0 ∈ Cn .
Then the function x : [0,∞) →Cn , t 7→ e t A x0 satisfies the initial value problem{

ẋ(t ) = Ax(t ) for all t ∈ [0,∞),

x(0) = x0.

From the uniqueness theorem for ordinary differential equations, the function x is
in fact the only solution to the initial value problem in Corollary 1.3.3.

For a matrix A ∈Cn×n , Corollary 1.3.3 shows that the matrix family (e t A)t≥0 is a quite
fundamental object. Hence, it gets its own name, which is inspired by the property
e(s+t )A = e s Ae t A for all s, t ≥ 0 that follows from Proposition 1.3.2(d).

Definition 1.3.4 (Matrix semigroups and positivity).

(a) Let A ∈Cn×n . The family (e t A)t≥0 is called the matrix semigroup generated by A.

(b) Let A ∈Rn×n . Then (e t A)t≥0 is called positive if e t A ≥ 0 for all t ∈ [0,∞).

We have seen (in Proposition 1.2.2) that the spectral radius of a matrix A determines
the long-term behaviour of the powers Ak . For the matrix semigroup (e t A)t≥0, a similar
role is played by the so-called spectral bound.

Definition 1.3.5 (The spectral bound of a matrix). Let A ∈Cn×n . The number

s(A) := max
{

Reλ :λ ∈σ(A)
}

is called the spectral bound of A.

Proposition 1.3.6 (Convergence to 0 of matrix semigroups). For each matrix A ∈ Cn×n ,
the following are equivalent:

(i) s(A) < 0.

(ii) e t A → 0 as t →∞.

9
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(iii) There exist numbers µ< 0 and c ≥ 0 such that
∥∥e t A

∥∥≤ ce tµ for each t ≥ 0.

Proof. “(i) ⇒ (iii)”: As in the proof of Proposition 1.2.2, this can be deduced using the
Jordan normal form of A. We refer to Exercise 1.4(d) for a detailed discussion; cf.
proof of Proposition 1.2.2.

“(iii) ⇒ (ii)”: This implication is obvious.

“(ii) ⇒ (i)”: Let λ be an eigenvalue of A with real part Reλ = s(A) and an associated
eigenvector z ∈ Cn of norm one. For every k ∈ N0 one has Ak z = λk z and thus,
e t A z = e tλz for every t ≥ 0 by the definition of the matrix exponential function. So
e t s(A) = e t Reλ ∥z∥ = ∥∥e t A z

∥∥→ 0 for each t →∞, which shows that s(A) < 0.

The Neumann series representation of the resolvent of a matrix A (given in Proposi-
tion 1.2.7(b)) has the following analogue in continuous time.

Lemma 1.3.7 (Laplace transform representation of the resolvent). Let A ∈ Cn×n . For ev-
ery λ ∈C that satisfies Reλ> s(A) one has

R(λ, A) =
∫ ∞

0
e−tλe t A dt ,

where the integral converges absolutely.

Proof. Let Reλ > s(A). Then s(A −λ) < 0 and so by Proposition 1.3.6, there are num-
bers µ < 0 and c ≥ 0 such that

∥∥e−tλe t A
∥∥ ≤ ce tµ for all t ≥ 0. Hence, the integral indeed

converges absolutely.
To prove that the integral equals R(λ, A), observe that

(λ− A)
∫ ∞

0
e−tλe t A dt = lim

T→∞
−

∫ T

0

d

dt
e t (A−λ) dt = lim

T→∞
(−eT (A−λ) + id

)= id;

where the last equality uses again that s(A −λ) < 0, which indeed gives eT (A−λ) → 0 as
T →∞ according to Proposition 1.3.6.

Except in special cases in small dimensions, it is typically not possible to explicitly
compute e t A for a given matrix A. Fortunately, one can check positivity of the semigroup
(e t A)t≥0 purely in terms of A, as condition (iv) in the following theorem shows.

Theorem 1.3.8 (Characterisation of positive matrix semigroups). Let A ∈ Rn×n . The fol-
lowing are equivalent:

(i) e t A ≥ 0 for all real numbers t ≥ 0.

(ii) For all real numbers λ> s(A) one has R(λ, A) ≥ 0.

(iii) For all sufficiently large real numbers λ> s(A) one has R(λ, A) ≥ 0.

(iv) All off-diagonal entries of A are in [0,∞), i.e. A j k ≥ 0 for all indices j ̸= k.
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Proof. “(i) ⇒ (ii)”: This follows from the representation of the resolvent R(λ, A) as the
Laplace transform of the semigroup (e t A)t≥0 given in Lemma 1.3.7.

“(ii) ⇒ (iii)”: This implication is obvious.

“(iii) ⇒ (iv)”: Consider numbers λ ∈ R that satisfy λ> r(A). The Neumann series repre-
sentation of the resolvent (Proposition 1.2.7(b)) shows that

λ2R(λ, A)−λ id =
∞∑

k=1

Ak

λk−1
→ A

as λ→∞. For indices j ̸= k one thus gets

A j k = lim
λ→∞

(
λ2R(λ, A)−λ id

)
j k = lim

λ→∞
λ2R(λ, A) j k ≥ 0,

where the last inequality follows from (iii).

“(iv) ⇒ (i)”: As (iv) holds there exists a number c ∈R such that A+ c id ≥ 0. So

0 ≤ e t (A+c id) = e tc ide t A = e tc e t A

for all t ∈ [0,∞), where the inequality at the beginning follows from A + c id ≥ 0
and the definition of matrix exponential function, and the first equality follows from
Proposition 1.3.2(d). Division by the numbers e tc ∈ (0,∞) yields (i).

Several other equivalent conditions for positivity of matrix semigroups can be found
in Exercise 1.2. We conclude this lecture with a Perron–Frobenius type theorem for pos-
itive matrix semigroups. It is remarkable that in part (b) of the following theorem, no
additional assumption on A is needed. This is in sharp contrast to situation for single
operators, where we needed an additional assumption in Theorem 1.2.5(b).

Theorem 1.3.9 (Perron–Frobenius for positive matrix semigroups). Let A ∈ Rn×n and
assume the matrix semigroup (e t A)t≥0 is positive.

(a) s(A) is an eigenvalue of A and there exists a corresponding eigenvector x ≥ 0.

(b) s(A) is a strictly dominant eigenvalue of A in the sense that Reλ < s(A) for all λ ∈
σ(A) \ {s(A)}.

Proof. Since (e t A)t≥0 is positive, there exists c ∈ R such that A + c ≥ 0 by Theorem 1.3.8.
Therefore by the Perron–Frobenius theorem for positive matrices (Theorem 1.2.5), the
spectral radius r(A+c) is an eigenvalue of A+c with a positive eigenvector. Consequently,
it equals s(A+c) and is a strictly dominant eigenvalue of A+c. The assertions thus follow
from σ(A+ c) =σ(A)+ c.

We end this chapter by pointing out that a similar result as in Theorem 1.2.5(c) can
also be proved for matrix semigroups if e t A is strongly positive for every t > 0. We do
not discuss this further at this point, but a result in the next chapter, Theorem 2.3.1, will
contain this as a special case.
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Exercises for Chapter 1

Exercise 1.1. Let A,B ∈Cn×n .

(a) Give an example to show that e A+B = e AeB does not imply AB = B A.

(b) If there exists ε> 0 such that e t (A+B) = e t Ae tB for all t ∈ [0,ε), then show AB = B A.

Exercise 1.2 (Continuation of Theorem 1.3.8). Let A ∈ Rn×n be given. Prove that the
following are equivalent:

(iv) All off-diagonal entries of A are in [0,∞), i.e. A j k ≥ 0 for all indices j ̸= k.

(v) The matrix A satisfies the positive minimum principle, i.e. for all u ∈ Rn+ and all
k ∈ {1, . . . ,n} with uk = 0 one has (Au)k ≥ 0.

(vi) The matrix A is cross positive, i.e. for all u, v ∈Rn+ with uTv = 0 one has uT Av ≥ 0.

(vii) The matrix A satisfies the Beurling–Deny criterion, i.e. for every u ∈ Rn one has
(u−)T Au+ ≥ 0, where

(u+)k :=
{

uk if uk ≥ 0,

0 if uk < 0

for all k ∈ {1, . . . ,n}, and where u− := (−u)+.

(viii) The matrix A satisfies the Arendt–Kato inequality, i.e. for all u ∈ Rn and all indices
k with uk ≥ 0 one has (Au+)k ≥ (Au)k .

Exercise 1.3. The koala (Phascolarctos cinereus) is a notoriously lazy animal, sleeping
up to 20 hours a day. It is also a very picky eater. Suppose that a particular koala has 3
favourite eucalyptus trees, arranged as in Figure 1.3.1.

For i , j ∈ {1,2,3}, let Pi j denote the probability that the koala will eat at tree i the
following day given that it has eaten at tree j today. Consider the following model:

1 2 3

Figure 1.3.1: Eucalyptus trees in an Australian forest (some imagination is required).
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• With probability q ∈ (0,1), the koala will stay at the same tree the following day.

• Since it is lazy, the koala will only move to adjacent trees. Hence, if it has eaten at
tree 2 on one day, it will move to either tree 1 or 3 the next day with equal proba-
bility (or otherwise stay in place). On the other hand, if it has eaten at tree 1 or 3, it
will only move to tree 2 (or otherwise stay in place).

(a) For the probabilities Pi j described above, write down the matrix P = (Pi j )1≤i , j≤3,
which is called the transition matrix of the model, in terms of q . Explain what the
(i , j )-th entry of the matrix powers P k represents.

(b) Show that r(P ) = 1 and that 1 is a strictly dominant eigenvalue.

(c) In the long run, what can you say about the proportion of days the koala spends at
each tree?

Exercise 1.4. Let λ0 ∈C and let J0 ∈Cn0×n0 denote the Jordan block

J0 =


λ0 1

. . .
. . .
. . . 1

λ0

 .

(a) Find and prove a formula for the matrix J k
0 for every k ∈N0.

(b) Find and prove a formula for the matrix e t J0 for every t ∈ [0,∞).

Hint: First consider the case λ0 = 0 and then use Proposition 1.3.2(d).

(c) Let A ∈Cn×n such that r(A) > 0. Use the Jordan normal form of A to show that there
exists a number c > 0 such that

∥∥Ak
∥∥≤ c r(A)k (1+kn−1) for each k ∈N0.

(d) Let A ∈Cn×n . Use the Jordan normal form of A to show that there exists a number
c > 0 such that

∥∥e t A
∥∥≤ ce t s(A)(1+ t n−1) for each t ∈ [0,∞).
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Notes for Chapter 1

Positivity versus non-negativity

As promised in Remark 1.1.2, we now discuss the terminology positive and the related
question of whether 0 is considered positive in a bit more detail.

Real numbers: It is remarkable that even for real numbers, the meaning of the term pos-
itive depends on the language. The convention that positivity of a real number α
means α> 0 – while the property α≥ 0 is often referred to as α being non-negative
– is common in English and, for instance, also in German. On the other hand, in
French the adjective positif typically refers to a number α≥ 0.

As the real numbers are defined as an ordered field with a number of additional
properties, it is worthwhile to also take a brief look at conventions in the theory
of ordered groups and fields. Unsurprisingly, the French meaning of ‘positive’ is
employed by Bourbaki in their definition of ordered groups [Bou07, p. A VI.4]. The
same convention is then used in the English translation [Bou03, p. A VI.4].

Linear algebra: A substantial amount of literature studies order properties of Rn and
matrices, in particular in relation to the Perron–Frobenius theorem and its appli-
cations. In this field, it seems to be most common to call a vector x positive if xk > 0
for all indices k (note that we call this property strongly positive in Definition 1.2.3).
Vectors x ≥ 0 are typically referred to as non-negative vectors in this part of the lit-
erature. This terminology has the advantage that it is consistent with the standard
conventions for real numbers in English.

Care must be taken, though, since the coordinate-wise relation ≤ defines only a
partial order on Rn when n ≥ 2: there exist vectors x ∈ Rn that satisfy neither x ≥ 0
nor x ≤ 0. If one gives in to the temptation to call a vector x ∈ Rn negative if −x
is positive, then the common terminology in linear algebra leads to the following
situation: x is negative if and only if xk < 0 for all indices k and thus we have a
linguistically unpleasant situation where the assertion “x is non-negative” is in-
equivalent to “x is not negative”.

Real-valued functions: Some parts of the literature adopt a convention similar to the
one in linear algebra: a function f : Ω→R defined on a setΩ is called non-negative
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if f (ω) ≥ 0 for all ω ∈ Ω or, for instance in the setting of Lp -spaces, for almost all
ω ∈Ω. Accordingly, f is then called positive if f (ω) > 0 for (almost) all ω ∈Ω.

This adaptation of the finite-dimensional perspective comes with an additional
caveat in infinite dimensions that only becomes apparent when one develops a
systematic theory of ordered spaces in infinite dimensions. The property f (ω) > 0
for (almost) allω ∈Ω has very different consequences depending on the surround-
ing space. For example, in C(K ) it implies that f dominates a strictly positive con-
stant on K , whereas in Lp (Ω) it does not. We elaborate on this later in Chapter 7,
when we have enough Banach lattice theory available.

Elements of ordered vector spaces and Banach lattices: In the theory of ordered vector
spaces and Banach lattices, which we introduce in Chapter 4, it is common to call
a vector x positive if x ≥ 0; in particular, the zero vector is positive. We follow this
convention since we frequently use Banach lattice theory later on. To maintain
consistency throughout these notes, we have adopted the same convention in the
finite-dimensional setting, as can be seen in Definition 1.1.1.

Perron–Frobenius and friends

The story of the Perron–Frobenius theorem, and the theory of non-negative matrices5

in general, has a surprising beginning. At the turn of the 20th century, at the University
of Munich (LMU), Oskar Perron was studying the problem of convergence of continued
fraction algorithms (German: Kettenbruchalgorithmen), following the work of his col-
league Alfred Pringsheim. His breakthrough was to reduce the problem to a study of the
eigenvalue equation for specific matrices with positive entries (although he did not use
this terminology). Consequently Perron was able to simplify the convergence criteria
from earlier works (such as those of Pringsheim), and moreover, his methods could be
extended to treat the more general case of Jacobi algorithms. This became the subject of
his Habilitation paper [Per07a], published in Mathematische Annalen in 1907.

Clearly Perron recognised the utility of his methods beyond their original purpose
and the potential for a systematic theory, for he then followed up with the article Zur
Theorie der Matrices, which was also published in the Mathematische Annalen [Per07b].
In this work, Perron’s main theorem corresponds more or less to Theorem 1.2.5(c) in this
chapter. Moreover, he could derive the same conclusions under the weaker assump-
tion that A ≥ 0 and Ak is positive (in our terminology, strongly positive) for some k ∈N.
However, he expressed dissatisfaction with his rather convoluted argument to achieve
this generalisation, and in addition he left open the possibility that a larger class of non-
negative matrices could satisfy the conclusions of his theorem.

At this point, Frobenius enters the story. In a series of three papers [Fro08, Fro09,
Fro12], he manages to resolve the issues raised by Perron. In a 1908 paper and its se-
quel in 1909, he proves strengthened versions of Perron’s results for positive matrices

5In this historical account, we use the classical terminology from linear algebra as explained at the
beginning of these notes.
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1. POSITIVE MATRICES AND MATRIX SEMIGROUPS

using thoroughly linear-algebraic techniques, especially the properties of determinants.
Then, in the 1912 paper, Frobenius extends his investigations to encompass irreducible
non-negative matrices. Here, irreducible refers to matrices that cannot be put into block
upper-triangular form via simultaneous row or column permutations. We encourage
readers who are interested in further details (both mathematical and biographical) of
the history of the Perron-Frobenius theorem to consult the article [Haw08].

The study of non-negative matrices, stemming from the ideas of Perron and Frobe-
nius, has proved to be very fruitful, and has found diverse applications in the natural
and social sciences, from population models (e.g. Leslie matrices) to queuing theory, to
input-output models in economics (e.g. the Leontief model), to Google’s PageRank algo-
rithm. Thus, the literature on ‘Perron–Frobenius theory’ is vast. Two texts that are now
considered classical include [Sen06], which deals with applications to probability theory
and in particular Markov chains, and [BP94], which is notable for its systematic study of
positivity with respect to general cones in Rn .

Finally, we cannot omit a mention of the fairly recent monograph [BKFR17], which
was based on the material of the 17th Internet Seminar (2013–2014). Part I of that book
contains an accessible exposition of the Perron–Frobenius theorem (in particular, Frobe-
nius’ contributions), properties of (positive) matrix exponential functions, and numer-
ous applications.
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Chapter 2

Eventual positivity in finite
dimensions

In this chapter, we encounter our main protagonist, eventual positivity (Section 2.2). We
shall see that many spectral properties of positive matrix semigroups remain true for
eventually positive ones, but to prove this, we first need more advanced tools from spec-
tral theory (Section 2.1). Remarkably though, already in the finite dimensional setting,
there are significant differences between the positive and the eventually positive case.
The characterisation of eventual positivity of a matrix semigroup (e t A)t≥0 in terms of A
(Section 2.3) has a different flavour than for positive semigroups, and the differences be-
come even clearer when it comes to perturbation theory (Section 2.4).

2.1 Prelude: Spectral decomposition of matrices

For the analysis of matrix powers and exponentials in Exercise 1.4, you have already en-
countered a very useful tool: the Jordan normal form. In this section, the same tool is
used to derive a variety of spectral properties, so let us fix the notation for it.

Let A ∈Cn×n . By a coordinate transform, one can achieve that A is in Jordan normal
form. This means that A can be written in block diagonal form as

A =

J1
. . .

Jm

 (2.1.1)

for matrices Jk ∈Cnk×nk that are called Jordan blocks, i.e. each of them has the form

Jk =


λk 1

. . .
. . .
. . . 1

λk

 (2.1.2)

17



2. EVENTUAL POSITIVITY IN FINITE DIMENSIONS

for a numberλk ∈C. The numbersλ1, . . . ,λm are the eigenvalues of A, where the number
of occurrences of each eigenvalue in this list coincides with its geometric multiplicity. In
other words, the geometric multiplicity of λk is the number of Jordan blocks associated
to λk . On the other hand, the algebraic multiplicity of λk is the sum of the sizes of all
Jordan blocks corresponding to λk . We set

Nk := Jk −λk =


0 1

. . .
. . .
. . . 1

0

 ,

which is nilpotent of index nk .
For an open set ; ̸=Ω⊆C, a point λ ∈Ω, and an analytic function f : Ω\{λ} →Cm×n ,

the point λ is called a pole of f if for some p ∈ N, the limµ→λ(µ−λ)p f (µ) exists and is
non-zero. In this case, p is unique and is called the pole order of λ. By considering the
entries of f , one can see that a similar Laurent series expansion as in the scalar-valued
case continues to hold.

Proposition 2.1.1 (Eigenvalues are poles of the resolvent). Let λ ∈ C be an eigenvalue of
a matrix A ∈Cn×n . If the largest Jordan block of A corresponding to λ has size p ≥ 1, then

(a) λ is a pole of the resolvent R( · , A) with pole order p, i.e. there exist matrices Q j ∈
Cn×n for j ≥−p +1 such that Q−p+1 ̸= 0 and1

(µ− A)−1 =
∞∑

j=−p
Q j+1(µ−λ) j

for all µ ̸=λ that are sufficiently close to λ.

(b) The range of Q−p+1 is contained in the eigenspace ker(λ− A).

Proof. (a) We may assume that A is in Jordan normal form (2.1.1). For every µ ∈ ρ(A)
one then has

(µ− A)−1 =

(µ− J1)−1

. . .

(µ− Jm)−1

 .

For each k ∈ {1, . . . ,m} the matrix Nk = Jk−λ ∈Cnk×nk is nilpotent, so by the Neumann
series representation of the resolvent (Proposition 1.2.7(b)) one gets from (µ−Jk )−1 =
(µ−λk )−1

(
id−(µ−λk )−1Nk

)−1
that

(µ− Jk )−1 =
nk−1∑
j=0

N j
k

(µ−λk ) j+1
=

−1∑
j=−nk

N−( j+1)
k (µ−λk ) j . (2.1.3)

1Note that our enumeration of the coefficients Q j is shifted by 1 compared to the usual enumeration
of coefficients of Laurent series. A first indication that this index shift is a good idea can be found in for-
mula (2.1.3), where the same shifted index occurs. When we discuss the Laurent series of resolvents in
infinite dimension in Chapter 6 the shifted index will make many formulae much easier.
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2.1. Prelude: Spectral decomposition of matrices

One can see in (2.1.3) that µ 7→ (µ− Jk )−1 does not have a pole at λ if λ ̸= λk and
that it has a pole of order nk at λ if λ = λk . Thus, λ is a pole of R( · , A) of order
max

{
nk : k ∈ {1, . . . ,m} with λk = λ}= p and the coefficients Q j+1 are block diagonal

matrices whose entries can be seen in (2.1.3). In particular, Q−p+1 ̸= 0.

(b) For each index k, rg(N p−1
k ) ⊆ ker(λk − Jk ) because

(λk − Jk )N p−1
k =−N p

k = 0.

From the proof of (a), we know that the non-zero blocks of Q−p+1 are the matrices

N p−1
k for exactly those k for which λk =λ and nk = p. So rgQ−p+1 ⊆ ker(λ− A).

The formula (2.1.3) has a number of useful consequences that we discuss now. We
need the following crucial observation about contour integration in complex analysis.

Proposition 2.1.2. Let λ ∈C and let γ be a closed C1-path in C\ {λ}.

(a) For each integer j ̸= 1 one has
∮
γ

1
(µ−λ) j dµ= 0.

(b) If γ encircles λ precisely once anticlockwise, then 1
2πi

∮
γ

1
µ−λ dµ= 1.

(c) If γ does not encircle λ, then
∮
γ

1
µ−λ dµ= 0.

Proposition 2.1.2 can be applied to every entry of (µ− Jk )−1 in formula (2.1.3). Doing
this for all the Jordan blocks of A, one immediately obtains the following.

Corollary 2.1.3. Let A ∈Cn×n and let γ be a closed C1-path in C\σ(A).

(a) If γ encircles each eigenvalue of A precisely once, then 1
2πi

∮
γ(µ− A)−1 dµ= id.

(b) If γ does not encircle any eigenvalue of A, then
∮
γ(µ− A)−1 dµ= 0.

Corollary 2.1.3 now comes in handy to prove the representation formula, and hence
the uniqueness, in the following proposition.

Proposition 2.1.4 (Spectral decomposition). Let A ∈Cn×n and let σ0 ⊆σ(A). There exists
precisely one projection P ∈Cn×n that has the following properties:

(a) P commutes with A.

(b) The restrictions of A to the range and the kernel of P have the spectra

σ
(

A|rgP

)
=σ0 and σ

(
A|kerP

)
=σ(A) \σ0.

Moreover, P is given by the formula

P = 1

2πi

∮
γ

(µ− A)−1 dµ (2.1.4)

for any closed C1-path γ in C that encircles each element of σ0 precisely once, but no ele-
ment of σ(A) \σ0.
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2. EVENTUAL POSITIVITY IN FINITE DIMENSIONS

Proof. Existence: After a coordinate transform, we may assume that A is in Jordan nor-
mal form, i.e. that it is given by the formula (2.1.1); we use the notation specified next
to this formula. After ordering the eigenvalues λ1, . . . ,λm appropriately, we can find
an ℓ ∈ {0,1, . . . ,m} such that σ0 =

{
λk : 1 ≤ k ≤ ℓ} and σ(A) \σ0 =

{
λk : ℓ< k ≤ m

}
; we

allow ℓ= 0 to account for the case σ0 =;. Now, let P ∈ Cn×n be the projection onto
the first n1 +·· ·+nℓ components of Cn . Then P has the required properties.

Uniqueness and integral formula: Let P ∈ Cn×n be a projection that satisfies (a) and (b)
and let the complex path γ have the properties specified at the end of the proposi-
tion. It suffices to show that P is given by the claimed path integral.

Since P commutes with A, it also commutes with (µ−A)−1 for everyµ ∈ ρ(A) and one
has (µ− A)−1|rgP

= (µ− A|rgP
)−1 for all such µ; the same also holds for the restriction

to kerP . So Corollary 2.1.3(a) applied to A|rgP
gives2

1

2πi

∮
γ

(µ− A)−1 dµ|rgP
= 1

2πi

∮
γ

(µ− A|rgP
)−1 dµ= idrgP = P |rgP

and similarly, Corollary 2.1.3(b) applied to A|kerP
gives

1

2πi

∮
γ

(µ− A)−1 dµ|kerP
= 1

2πi

∮
γ

(µ− A|kerP
)−1 dµ= 0 = P |kerP

.

This shows the claimed formula for P .

Definition 2.1.5 (Spectral projections). In the situation of Proposition 2.1.4, the projec-
tion P is called the spectral projection of A associated to σ0.

In the situation of Proposition 2.1.4, note that the complementary projection 1−P
also commutes with A and satisfies rg(1 − P ) = kerP and ker(1 − P ) = rgP . Hence, it
follows that 1−P is the spectral projection of A associated to σ(A) \σ0.

Recall that an eigenvalue λ of a square matrix A ∈ Cn×n is called semisimple if the
generalised eigenspace

⋃n
k=1 ker(λ− A)k coincides with the eigenspace ker(λ− A), i.e. if

the geometric and algebraic multiplicities of λ coincide.

Proposition 2.1.6. Let A ∈Cn×n and let P be the spectral projection of A associated to an
eigenvalue λ ∈σ(A).3

(a) P is equal to the coefficient Q0 of the term (µ−λ)−1 in the Laurent series expansion
of (µ− A)−1 in Proposition 2.1.1(a).

(b) rgP =⋃n
k=1 ker(λ− A)k , i.e. the range of P coincides with the generalised eigenspace

of λ. In particular, dimrgP is the algebraic multiplicity of the eigenvalue λ.

2Note that we are slightly imprecise here. We use several notions and properties for linear maps between
finite dimensional vector spaces now, although we introduced them only for matrices. This does not cause
problems since all those concepts are consistent with linear changes of the coordinates and can thus be
transferred to linear maps by choosing a basis of the underlying vector space.

3This is an informal way of saying that P is the spectral projection associated to the set {λ}.
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2.1. Prelude: Spectral decomposition of matrices

(c) The following are equivalent:

(i) The eigenvalue λ is a first order pole of the resolvent R( · , A).

(ii) The eigenvalue λ is a first order pole of the dual resolvent R( · , AT).

(iii) The limit limµ→λ(µ−λ)R(µ, A) exists.

(iv) The eigenvalue λ is semisimple.

(v) The range of P consists of eigenvectors, i.e. rgP = ker(λ− A).

If the equivalent conditions (i)–(v) are satisfied, then limµ→λ(µ−λ)R(µ, A) = P.

(d) If ker(λ− A) = span{u} and v ∈ ker(λ− AT) satisfy vTu = 1, then P = uvT.

Proof. (a) This follows from the integral representation of P in Proposition 2.1.4 and
from the integration formula in Proposition 2.1.2(a).

(b) This follows from how P was constructed in the existence argument in the proof of
Proposition 2.1.4.

(c) If λ is a first order pole, then limµ→λ(µ−λ)R(µ, A) =Q0 by the Laurent series expan-
sion of R( · , A) about λ (Proposition 2.1.1(a)). Moreover, Q0 = P according to (a). Let
us now prove the claimed equivalence.

“(i) ⇔ (ii)”: One has R(µ, AT) =R(µ, A)T for all µ ∈ ρ(AT) = ρ(A), so one can see the
claimed equivalence by taking the transposition operation out of the Laurent
series expansion in Proposition 2.1.1(a).

“(i) ⇔ (iii)”: For a scalar-valued holomorphic function f that has an isolated singu-
larity at λ it is a standard result from complex analysis that λ is a first order pole
of f if and only if limµ→λ(µ−λ) f (µ) exists. The claim now follows from applying
this fact to all components of the resolvent.

“(i) ⇔ (iv)”: Since λ is semisimple if and only if every Jordan block corresponding to
λ has size 1, which is equivalent to λ having pole order one by Proposition 2.1.1.

“(i) ⇒ (v)”: Note that ker(λ− A) ⊆ rgP = rgQ0 by (b) and (a). If the pole order at λ is
1, the converse inclusion rgQ0 ⊆ ker(λ− A) follows from Proposition 2.1.1(b).

“(v) ⇒ (iv)”: The geometric multiplicity of λ is dimker(λ−A) and the algebraic mul-
tiplicity ofλ is dimrgP , according to (b). It follows from (v) that the two are equal.

(d) The assumptions ensure that λ is even algebraically simple (hence, semisimple) due
to Lemma 1.2.8. Now (c) implies rgP is spanned by u. By applying the same ar-
gument to AT – whose spectral projection for the eigenvalue λ is P T due to for-
mula (2.1.4) – we also see that rgP T is spanned by v . Thus, P = αuvT for a scalar
α. As P is a projection and vTu = 1, it follows that α= 1.

Theorem 2.1.7 (Spectral mapping theorem for the matrix exponential function). Let A ∈
Cn×n and let t ∈R. Then one has σ(e t A) = e tσ(A). More precisely:
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2. EVENTUAL POSITIVITY IN FINITE DIMENSIONS

(a) If λ ∈ C is an eigenvalue of A with eigenvector z ∈ Cn , then e tλ is an eigenvalue of
e t A with eigenvector z.

(b) If µ ∈σ(e t A), then there exists λ ∈σ(A) such that µ= e tλ.

Proof. (a) It follows from Az =λz that (t A) j z = (tλ) j z for all integer j ≥ 0, hence

e t A z =
∞∑

j=0

(t A) j

j !
z =

∞∑
j=0

(tλ) j

j !
z = e tλz.

(b) After a coordinate transformation, we may assume A is in Jordan normal form (2.1.1).
Then by Exercise 1.4(b), e t A is an upper triangular matrix whose eigenvalues are
e tλ1 , . . . ,e tλm , whereλ1, . . . ,λm are the eigenvalues of A (counted with their geometric
multiplicity). Hence µ= e tλ for some λ ∈σ(A).

2.2 Eventually positive matrix semigroups

Our main objects of study for the rest of Chapter 2 are matrix semigroups (e t A)t≥0 which
are positive for all sufficiently large times.

Definition 2.2.1 (Eventually (strongly) positive matrix semigroups). Let A ∈Rn×n .

(a) The matrix semigroup (e t A)t≥0 is called eventually positive if there exists t0 ≥ 0
such that e t A ≥ 0 for all t ∈ [t0,∞).

(b) The matrix semigroup (e t A)t≥0 is called eventually strongly positive if there exists
t0 ≥ 0 such that e t A x ⪰1 for all 0 ̸= x ∈Rn+ and all t ∈ [t0,∞).

This definition uses Notation 1.2.4 again, i.e. for a given t , the inequality e t A x ⪰ 1

means that there exists a number c > 0 such that e t A x ≥ c1. Observe that c can a priori
depend on t .

Examples 2.2.2.

(a) The matrix

A =
0 1 −1

0 0 1
0 0 0


is nilpotent and satisfies Ak = 0 for all k ≥ 3. Moreover,

A2 =
0 0 1

0 0 0
0 0 0

 , so e t A =

1 t t 2

2 − t
0 1 t
0 0 1


for all t ≥ 0. Thus, (e t A)t≥0 is eventually positive but not eventually strongly posi-
tive. Since t 2

2 − t < 0 for t ∈ (0,2), the semigroup is not positive. Alternatively, this
follows from the characterisation of positive semigroups in Theorem 1.3.8 since
the off-diagonal entry A13 =−1 is strictly negative.
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(b) Consider the matrix

A :=U

0
−1

−9

U T =
−2 −1 3
−1 −2 3
3 3 −6

 ,

where U := (u1,u2,u3) ∈R3×3 is the orthogonal matrix with the columns

u1 = 1p
3

(
1 1 1

)T
, u2 = 1p

2

(
1 −1 0

)T
, u3 = 1p

6

(
1 1 −2

)T
.

Let P ∈R3×3 be the projection onto the first component ofR3. Then e t A →U PU T =
u1uT

1 as t →∞. Since every entry of u1uT
1 is 1

3 , it follows that (e t A)t≥0 is eventually
strongly positive. However, A has some negative off-diagonal entries, so by the
characterisation of positive semigroups in Theorem 1.3.8, (e t A)t≥0 is not positive.

Parts (a) and (b) of the following result show that Theorem 1.3.9 about positive semi-
groups continues to hold in the eventually positive case. We also add a third property (c)
which we will use to study perturbation theory in Theorem 2.4.2.

Theorem 2.2.3 (Perron–Frobenius for eventually positive matrix semigroups). Let A ∈
Rn×n be such that (e t A)t≥0 is eventually positive. The following assertions hold:

(a) The spectral bound s(A) is an eigenvalue of A with an eigenvector x ≥ 0.

(b) s(A) is a strictly dominant eigenvalue of A, i.e. Reλ< s(A) for all λ ∈σ(A) \ {s(A)}.

(c) If s(A) is semisimple, then its associated spectral projection is positive.

Proof. We may replace A with A − s(A). This does not affect the eventual positivity of
the semigroup since e t (A−s(A)) = e−t s(A)e t A for all t ∈ [0,∞) by Proposition 1.3.2(d), and it
allows us to assume s(A) = 0. Let t0 ∈ [0,∞) be such that e t A ≥ 0 for all t ≥ t0.

(a) and (b) We first prove that 0 is an eigenvalue of A and that there are no non-zero
eigenvalues of A on the imaginary line. Since s(A) = 0, it follows from the spectral
mapping theorem for the matrix exponential function (Theorem 2.1.7) that e t A has
spectral radius 1 for each t ≥ 0. Let iβ ∈ iR be an eigenvalue of A. Again by Theo-
rem 2.1.7, e iβt is an eigenvalue of e t A for each t ∈ [0,∞). We need to show that β= 0.

For each index j ∈ {1, . . . ,n} one has (e0A) j j = 1, so by the uniqueness theorem for an-
alytic functions, the set

⋃n
j=1

{
t ∈ [0,∞) : (e t A) j j = 0

}
does not accumulate in [0,∞).

Thus, there exist times t2 > t1 ≥ t0 such that for each t ∈ [t1, t2], the diagonal en-
tries of e t A are strictly positive. According to Theorem 1.2.5(b) this implies, for each
such t , that the spectral radius 1 is a radially strictly dominant eigenvalue of e t A , i.e.
the matrix e t A does not have eigenvalues on the unit circle except for the number 1.
Thus, e iβt = 1 for all t ∈ [t1, t2], which implies that β= 0, as claimed.

Now we show the existence of a positive eigenvector of A for the eigenvalue 0. With
the notation of the Laurent series expansion of (µ− A)−1 about the eigenvalue 0 in
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2. EVENTUAL POSITIVITY IN FINITE DIMENSIONS

Proposition 2.1.1(a), one gets Q−p+1 = limµ→0µ
p (µ− A)−1. Using the Laplace trans-

form representation of the resolvent (Lemma 1.3.7) yields

Q−p+1 = lim
µ↓0

(
µp

∫ t0

0
e−tµe t A dt︸ ︷︷ ︸
→0

+µp
∫ ∞

t0

e−tµe t A dt︸ ︷︷ ︸
≥0

)
≥ 0.

Since Q−p+1 is non-zero and Rn+ spans Rn , we can find a vector x ∈ Rn+ such that
0 ≤ Q−p+1x ̸= 0. According to Proposition 2.1.1(b) that range of Q−p+1 is contained
in ker A, so Q−p+1x is indeed a positive eigenvector of A for the eigenvalue s(A) = 0.

(c) Due to semisimplicity, Proposition 2.1.6(a) and (c) give P =Q0 =Q−p+1 ≥ 0.

Example 2.2.4. In Theorem 2.2.3(c), the spectral projection can fail to be positive if s(A)
is not a semisimple eigenvalue. Indeed, let

A := T

0 1 0
0 0 0
0 0 −2

T −1 =
−1 1 0

1 −1 0
1 0 0

 for T :=
0 1 2

0 1 −2
1 0 −1


Since all off-diagonal entries of A are ≥ 0, the semigroup (e t A)t≥0 is positive (Theo-
rem 1.3.8). The given Jordan normal form of A shows that s(A) = 0 is not semisimple.
The spectral projection of A associated to the eigenvalue 0 is

P = T

1 0 0
0 1 0
0 0 0

T −1 = 1

4

2 2 0
2 2 0
1 −1 4

 ̸≥ 0.

2.3 Characterisation

By Theorem 1.3.8, positivity of (e t A)t≥0 is equivalent to the positivity of R(λ, A) for all
λ ∈ (s(A),∞). Parts (i) and (ii) of the next theorem provide a related characterisation
for eventual strong positivity. Parts (iii) and (iv) show that eventual strong positivity can
be characterised in terms of Perron–Frobenius like spectral properties. In this sense,
Perron–Frobenius theory is closer to eventual positivity than to positivity.

Theorem 2.3.1. Let A ∈Rn×n . The following are equivalent:

(i) (e t A)t≥0 is eventually strongly positive.

(ii) s(A) is a strictly dominant eigenvalue of A and there exists λ0 > s(A) such that
R(λ, A) is strongly positive for all λ ∈ (s(A),λ0).

(iii) s(A) is a strictly dominant eigenvalue of A and the associated spectral projection is
strongly positive.

(iv) s(A) is a strictly dominant eigenvalue of A and the eigenspaces ker(s(A)− A) and
ker(s(A)− AT) are spanned by strongly positive vectors.
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If these equivalent assertions hold, then the eigenvalue s(A) is even algebraically simple.

Proof. As usual, we may assume s(A) = 0. Note that if the spectral projection P asso-
ciated to 0 is strongly positive, then the eigenvalue 0 of A is algebraically simple (and
in turn, semisimple): indeed, if P is strongly positive, then Perron–Frobenius (Theo-
rem 1.2.5(c)) guarantees that r(P ) > 0 and ker(r(P )−P ) is spanned by a strongly posi-
tive vector. On the other hand, r(P ) = 1, as P is a non-zero projection. Consequently,
rgP = ker(1−P ) is one-dimensional. As dimrgP is the algebraic multiplicity of the eigen-
value s(A) = 0 (Proposition 2.1.6(b)), it follows that 0 is algebraically simple.

“(i) ⇒ (iv)”: By Theorem 2.2.3 (Perron–Frobenius for eventually positive matrix semi-
groups) the spectral bound 0 is a strictly dominant eigenvalue of A. Choose t0 > 0
such that the matrix e t0 A is strongly positive. Due to the spectral mapping theo-
rem for the matrix exponential function (Theorem 2.1.7(a)), one has {0} ̸= ker A ⊆
ker(1− e t0 A), and the latter space is spanned by a strongly positive vector according
to the Perron–Frobenius theorem for strongly positive matrices (Theorem 1.2.5(c)).
Thus, ker A = ker(1− e t0 A), which proves the claim for ker A. The same argument
applies to ker(AT), since e t0 AT = (e t0 A)T is also strongly positive.

“(iv) ⇒ (iii)”: By assumption, ker A and ker AT are spanned by strongly positive vectors
u, v respectively. Replacing u by a scalar multiple, we may assume that vTu = 1.
Proposition 2.1.6(d) now yields P = uvT is strongly positive.

“(iii) ⇒ (i)”: We have seen that the strong positivity of P implies that 0 is semisimple.
This ensures rgP = ker A due to Proposition 2.1.6(c). The spectral mapping theorem
(Theorem 2.1.7) thus implies that e t A acts as the identity matrix on rgP .

Also, since 0 is a strictly dominant eigenvalue of A, all eigenvalues of A|kerP
have

strictly negative real part by Proposition 2.1.4(b). Therefore, e t A|kerP
→ 0 as t →∞

according to Proposition 1.3.6. Consequently, e t A = e t AP +e t A(1−P ) → P as t →∞.
The strong positivity of P hence implies the eventual strong positivity of (e t A)t≥0.

“(ii) ⇒ (iv)”: Let λ ∈ (0,λ0) = (s(A),λ0). One has

σ
(
R(λ, A)

)= {
1

λ−µ :µ ∈σ(A)

}
.

As s(A) = 0 ∈σ(A), it follows that r(R(λ, A)) = 1
λ is an eigenvalue of R(λ, A).

Observe that ker A = ker
( 1
λ −R(λ, A)

)
and the latter space is spanned by a strongly

positive vector according to the Perron–Frobenius theorem for strongly positive ma-
trices (Theorem 1.2.5(c)). The same argument can be applied to AT.

“(iii) ⇒ (ii)”: Since P is strongly positive, 0 is semisimple as already shown. Proposi-
tion 2.1.6(c) thus gives limµ→0µR(µ, A) = P . As P is strongly positive, this implies
that R(µ, A) is also strongly positive for all µ> 0 that are sufficiently close to 0.
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2. EVENTUAL POSITIVITY IN FINITE DIMENSIONS

2.4 Perturbations

We conclude this chapter with a sneak peek of the perturbation theory for eventually
positive semigroups. By perturbations – more precisely, additive perturbations – we
mean the following: given two matrices A,B ∈ Cn×n , we study which properties of the
semigroup (e t A)t≥0 are inherited by the perturbed semigroup

(
e t (A+B)

)
t≥0 if B has suffi-

ciently nice properties. In other words, B is viewed as a perturbation of A , and our goal
is to determine which semigroup properties are preserved under such perturbations.

A simple instance of such a perturbation result is the fact that positive perturbations
do not destroy the positivity of a semigroup. This is a particular case of the following.

Proposition 2.4.1. Let A,B ∈Rn×n and assume that (e t A)t≥0 is positive. If all off-diagonal
entries of B are ≥ 0, then the perturbed semigroup

(
e t (A+B)

)
t≥0 is also positive.

Proof. By Theorem 1.3.8, the semigroup generated by a matrix C ∈Rn×n is positive if and
only if all off-diagonal entries of C are ≥ 0. The assertion is now immediate.

It is natural to ask whether a similar perturbation result holds for eventually positive
semigroups: if (e t A)t≥0 is eventually positive and B ∈ Rn×n is a positive matrix, does it
follow that the perturbed semigroup

(
e t (A+B)

)
t≥0 is also eventually positive? The answer

to this question is quite surprising (and perhaps disappointing): unless the unperturbed
semigroup is already positive, there always exists a positive perturbation that destroys
the eventual positivity. We prove this in the following theorem.

Theorem 2.4.2. Let A ∈Rn×n . The following are equivalent.

(i) For every B ∈Rn×n+ , the semigroup
(
e t (A+B)

)
t≥0 is eventually positive.

(ii) For every B ∈Rn×n+ of rank ≤ 1, the semigroup
(
e t (A+B)

)
t≥0 is eventually positive.

(iii) The semigroup (e t A)t≥0 is positive.

Proof. “(iii) ⇒ (i)”: In this case,
(
e t (A+B)

)
t≥0 is even positive (Proposition 2.4.1).

“(i) ⇒ (ii)”: This is trivial.

“(ii) ⇒ (iii)”: This is the surprising part. The key ingredient is the Sherman–Morrison–
Woodbury formula for rank-one perturbations of resolvents, presented in Exercise 2.3.

As before, we assume s(A) = 0 without loss of generality. According to Theorem 1.3.8,
it suffices to prove that R(µ, A) ≥ 0 for all µ > 0. To achieve this, in fact it suffices to
prove that vTR(µ, A) ≥ 0 for all v ⪰1 and all µ> 0, since strongly positive vectors are
dense in Rn+. Thus let us fix such a vector v ⪰1 and a number µ> 0.

Firstly, observe that assumption (ii) with B = 0 implies that (e t A)t≥0 is eventually
positive. By Theorem 2.2.3, we deduce that s(A) = 0 is an eigenvalue of A with an
eigenvector u ≥ 0. Thus vTu > 0 and there exists α> 0 such that αvTu =µ.
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2.4. Perturbations

Consider the rank-one matrix B :=αuvT. By Exercise 2.3(b), we have s(A+αuvT) =µ,
it is a semisimple eigenvalue of A+B , and formula (2.4.2) (with λ0 = 0) yields

(λ−µ)R(λ, A+αuvT) = (λ−µ)R(λ, A)+αuvTR(λ, A)

for all λ > µ. Due to semisimplicity, Proposition 2.1.6(c) ensures that the spectral
projection corresponding to the eigenvalue µ of A+B is given by

lim
λ↓µ

(λ−µ)R(λ, A+αuvT) =αuvTR(µ, A).

By hypothesis, A+B generates an eventually positive semigroup, so this projection is
positive by Theorem 2.2.3(c). As u ≥ 0 and non-zero, it follows that vTR(µ, A) ≥ 0.

Theorem 2.4.2 is not quite the end of the story. The notion “perturbation” already
suggests that one is often interested in perturbations that are small in some sense. Fur-
thermore, the above theorem leaves open the possibility that perhaps a more positive
result (pun intended) holds for eventual strong positivity. As it turns out, one can show
that eventual strong positivity of a semigroup (e t A)t≥0 is preserved by all perturbations
B ≥ 0 that are sufficiently small in operator norm. In fact, such a result holds even in
infinite dimensions, as is shown in [DG18, Section 4].
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Exercises for Chapter 2

Exercise 2.1. Consider the matrix

A := T


0 1

0
0

1

T −1 ∈R4×4

for an invertible matrix T ∈R4×4.

(a) Compute the Laurent series expansion of R( · , A) about the spectral value 1 and
the associated spectral projection. What is the pole order of R( · , A) at 1?

(b) Compute the Laurent series expansion of R( · , A) about the spectral value 0 and
the associated spectral projection. What is the pole order of R( · , A) at 0?

Does one have equality of the subspaces in Proposition 2.1.1(b)?

(c) Find a T such that (e t A)t≥0 is eventually strongly positive.

Exercise 2.2. Prove the following assertions are equivalent for A ∈Rn×n :

(i) (e t A)t≥0 is eventually positive.

(ii) For every 0 ≤ x ∈Rn , there exists t0 = t0(x) ≥ 0 such that e t A x ≥ 0 for all t ≥ t0.

(iii) For every 0 ≤ x ∈Rn and 0 ≤ y ∈Rn , there exists t0 = t0(x, y) ≥ 0 such that yTe t A x ≥
0 for all t ≥ t0.

Exercise 2.3 (Sherman–Morrison–Woodbury formula). Let A ∈Cn×n and let u, v ∈Cn .

(a) If A is invertible, prove that A −uvT is invertible if and only if vT A−1u ̸= 1, and in
this case it holds that

(A−uvT)−1 = A−1 + 1

1− vT A−1u
A−1uvT A−1. (2.4.1)

(b) Let λ ∈ ρ(A) and let u be an eigenvector corresponding to an eigenvalue λ0 ∈ C of
A. Deduce that λ ∈ ρ(A+uvT) if and only if λ ̸=λ0 + vTu, and in this case

R(λ, A+uvT) =R(λ, A)+ 1

λ− (λ0 + vTu)
uvTR(λ, A). (2.4.2)

Also show that in the other case, i.e. λ = λ0 + vTu, the number λ is a semisimple
eigenvalue of A+uvT.
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2.4. Perturbations

Exercise 2.4 (Another characterisation of eventual strong positivity). Let A ∈Rn×n .

(a) Assume that there exists c ∈R and k0 ∈N such that (A+cI )k is strongly positive for
all integers k ≥ k0. Show that (e t A)t≥0 is eventually strongly positive.

(b) Suppose B ∈Cn×n is a matrix such that r(B) > 0 is a semisimple and radially strictly

dominant eigenvalue (see Theorem 1.2.5(b)). Prove that
( B

r(B)

)k converges to the
spectral projection associated with r(B) as k →∞. [Hint: Jordan normal form.]

(c) Assume that (e t A)t≥0 is eventually strongly positive. Use part (b) to deduce that
there exists k0 ∈N and c ∈R such that (A+ cI )k is strongly positive for all k ≥ k0.

Exercise 2.5 (Eventual (?) positivity in two dimensions). Let A ∈R2×2. Show that if (e t A)t≥0

is eventually (strongly) positive, then (e t A)t≥0 is (strongly) positive.
Hint: as a first step, think about what σ(A) could look like.
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Notes for Chapter 2

Spectral projections

For the historical development of the functional calculus for linear operators – which
contains spectral projections as a special case – we refer to Section 5.2.1 in Pietsch’s
monograph [Pie07] about the history of Banach spaces and linear operators. A very ac-
cessible presentation of spectral projections of matrices and, more generally, of eigen-
value theory via complex analysis techniques can be found, for instance, in [CD13] (an
updated version with minor corrections is available on Daniel Daners’ webpage).

Eventual positivity in finite dimensions

Matrices with eventually positive powers

The predecessors of the eventual positivity theory in finite dimensions can be found in
various results about matrices A whose powers Ak are positive for some, or all sufficiently
large, k ∈ N. Matrices with a positive power were, for instance, studied in [Bra61], and
more recently in [TCDF15]. Matrices for which a polynomial p(A) is positive are stud-
ied in [Sen06]. Some early papers on matrices with eventually positive powers, such as
[Fri78, ZT99], were motivated by inverse spectral problems, i.e. the question of which
sets in C can be realised as the spectrum of matrices with certain prescribed properties.

In the 21st century, the literature on eventually positive matrices has grown quickly.
Of particular interest were spectral properties of such matrices in the spirit of the Perron–
Frobenius theorem, e.g. in the papers [TRH01, JT04, Nou06, ES08, ES09]. In particular,
in [Nou06, Theorem 2.2] one can find a discrete-time analogue of the equivalence of (i)
and (iv) in Theorem 2.3.1. Matrices with eventually positive powers did not occur in the
lecture notes, but they appear in Exercise 2.4. For further references about matrices with
eventually positive powers we refer to [Glü16, Section 6.4]; most of the preceding two
paragraphs is also taken from this reference.

Eventually positive matrix semigroups

As for the continuous-time case, eventual positivity of matrix semigroups was studied
by Noutsos and Tsatsomeros in [NT08]. The equivalence of (i) and (iv) in Theorem 2.3.1
as well as the characterisation of eventually strongly positive matrix semigroups in Exer-
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2.4. Perturbations

cise 2.4 appeared in [NT08, Theorem 3.3]; however, the approach outlined in the exercise
follows [DGK16b, Theorem 6.1]. The fact that eventual positivity implies positivity for
2×2 matrix semigroups (Exercise 2.5) was observed in [DGK16b, Proposition 6.2].

Perturbation theory

Perturbation theory for matrices with eventually positive powers was studied in [SA17].
In particular, [SA17, Proposition 3.6 and Theorem 3.7] contain discrete-time analogues of
the equivalence of (i) and (iii) in Theorem 2.4.2. For the continuous-time case, perturba-
tion theory was first studied in [DG18], though with a focus on the infinite-dimensional
case that we consider later. A specific finite-dimensional result in this article is [DG18,
Proposition 4.6], which shows that the set of all A ∈Rn×n for which (e t A)t≥0 is eventually
strongly positive is open inRn×n . Theorem 2.4.2 is a finite-dimensional version of [DG18,
Theorem 2.3]; we were able to slightly weaken the assumptions in this theorem. Exam-
ple 2.2.2(b) is also taken from [DG18, Example 2.1]. There, an explicit rank-one operator
B is given with the property that A + sB generates an eventually positive semigroup for
s ∈ [0,4), but the eventual positivity is lost for s > 4.

Eventual positivity with respect to other cones

Positivity of matrices and matrix semigroups has often been studied with respect to gen-
eral cones. Naturally, this can also be done for eventual positivity; see, for instance,
[Kas17, KT17, Soo19]. The following phenomenon in this context is remarkable: Exer-
cise 2.2 suggests that eventual positivity for a dynamical system can be defined ‘indi-
vidually’ (i.e. for individual orbits x 7→ e t A x) or ‘uniformly’ on the level of operators (as
in Definition 2.2.1). However, the result of that exercise states that these two notions
are equivalent for matrix semigroups. This is a product of two separate features: finite
dimensionality, and geometric properties of the positive cone Rn+. As we see later, the
equivalence of individual and uniform eventual positivity fails in infinite dimensions.
More surprisingly, it also fails in finite dimensions if we consider positivity with respect
to other cones, as was shown in [GH23, Example 3.1].
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Chapter 3

Unbounded operators and their
spectra

In Chapters 1 and 2 we studied (eventual) positivity properties for matrix semigroups
(e t A)t≥0 and resolvents R(λ, A) = (λ− A)−1 of matrices. These objects can be used to
solve different types of equations in Rn . For x0 ∈Cn , the mapping t 7→ e t A x0 solves a lin-
ear differential equation (Corollary 1.3.3) and the vector u :=R(λ, A)x0 solves the linear
equation (λ− A)u = x0 in Cn .

From now on and throughout the rest of the course, we study the analogous equa-
tions in infinite dimensions. The equations of interest are typically partial differential
equations, so the matrix A will be replaced by a differential operator on a Banach space.
As we will see, these are typically unbounded operators, and hence it is the purpose of
the current chapter to give an introduction to the theory of unbounded operators.

3.1 Unbounded operators

Differential operators are operators that map every function f from a suitable function
space to a new function that involves the (partial) derivatives of f . Such operators cannot
be defined everywhere on classical function spaces such as C([0,1]), because not every
continuous function has a derivative. This motivates the definition of linear operators
that are only defined on a vector subspace of a given Banach space.

Definition 3.1.1 (Linear operators). Let X ,Y be Banach spaces over the same scalar field.

(a) A linear operator, or briefly, an operator, between X and Y is a linear mapping
A : dom(A) → Y , where dom(A) is a vector subspace of X . We briefly write A : X ⊇
dom(A) → Y for such an operator. If X = Y , we say that A is an operator on X . The
space dom(A) is called the domain of A.

Now, let A : X ⊇ dom(A) → Y be a linear operator.

(b) The operator A is said to be everywhere defined if dom(A) = X . It is said to be
densely defined or to have a dense domain if dom(A) is dense in X .

32



3.1. Unbounded operators

(c) The operator A is called closed if its graph
{
(x, Ax) : x ∈ dom(A)

}
is closed in X ×Y .

(d) A norm on dom(A) is called a graph norm of A if it is equivalent to the norm

∥·∥A : dom(A) → [0,∞), x 7→ ∥x∥X +∥Ax∥Y .

When the domain dom(A) of an operator is endowed with a graph norm, then the
inclusion map dom(A) ,→ X is obviously continuous. Note that a linear operator A : X ⊇
dom(A) → Y is, in general, not a continuous map from dom(A) to Y if dom(A) is en-
dowed with the norm induced by X ; hence, one often refers to such operators as un-
bounded operators. However, A is clearly continuous when dom(A) is endowed with
a graph norm of A. If one wants to apply the theory of bounded linear operators be-
tween Banach spaces to A, ideally dom(A) would be a Banach space with respect to
some (hence, every) graph norm of A. We now prove that this is the case if and only
if A is closed.

Proposition 3.1.2 (Characterisation of closedness). Let X ,Y be Banach spaces and let
A : X ⊇ dom(A) → Y be a linear operator. The following are equivalent:

(i) The operator A is closed.

(ii) If a sequence (xk ) in dom(A) converges (with respect to the X -norm) to a point x ∈ X
and (Axk ) converges to a point y ∈ Y , then x ∈ dom(A) and Ax = y.

(iii) The domain dom(A) is complete (hence, a Banach space) with respect to some (equiv-
alently, every) graph norm.

Proof. “(i) ⇔ (ii)”: This follows directly from the definition of closed operators.

“(ii) ⇒ (iii)”: Let (xk ) be a Cauchy sequence in dom(A) with respect to ∥·∥A . Then (xk )
and (Axk ) are Cauchy in X and Y respectively, so there exist x ∈ X , y ∈ Y such that
(xk ) → x in X and (Axk ) → y in Y . By (ii), x ∈ dom(A) and Ax = y , and thus

∥xk −x∥A = ∥xk −x∥X +∥A(xk −x)∥Y = ∥xk −x∥X +∥∥Axk − y
∥∥

Y → 0.

“(iii) ⇒ (ii)”: Assume (iii) and let (xk ), x, y be as in (ii). Then (xk ) and (Axk ) are Cauchy in
X and Y respectively. Hence, (xk ) is Cauchy with respect to ∥·∥A and thus converges
to a point w ∈ dom(A) with respect to ∥·∥A . In particular, one also has xk → w with
respect to ∥·∥X , so w = x. Hence, x ∈ dom(A).

On the other hand, the convergence of xk → x with respect to ∥·∥A also implies that
Axk → Ax and therefore Ax = y .

We briefly recall one of the fundamental results in functional analysis, the closed
graph theorem. In the terminology from Definition 3.1.1, it can be phrased as follows.

Theorem 3.1.3 (Closed graph theorem). Let X ,Y be Banach spaces and consider a linear
operator A : X ⊇ dom(A) → Y . If A is closed and everywhere defined, then A is continuous.
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

A simple but illustrative class of closed operators that are not everywhere defined
are operators that act by multiplication with an unbounded function. These are easy to
work with and thus useful to get a first intuition for many concepts in operator theory.
You will investigate this further in Exercise 3.2. Our actual objects of interest, though, are
differential operators. Let us start with two simple one-dimensional examples.

Examples 3.1.4 (Differential operators on an interval).

(a) Let A : C([−1,1]) ⊇ dom(A) := C1([−1,1]) → C([−1,1]) be given by A f := f ′ for all
f ∈ dom(A). Then A is densely defined and closed.

(b) Let p ∈ [1,∞) and let A : Lp (−1,1) ⊇ dom(A) := C1([−1,1]) → Lp (−1,1) be given by
A f := f ′ for all f ∈ dom(A). Then A is densely defined, but not closed.

Proof. (a) It follows from the Weierstraß approximation theorem that C1([−1,1]) is dense
in C([−1,1]), so A is densely defined. To show closedness, let ( fk ) be a sequence in
C1([−1,1]) that converges uniformly to f ∈ C([−1,1]) and assume that the derivatives
f ′

k converge uniformly to some g ∈ C([−1,1]). For every x ∈ [−1,1] it follows that

f (x)− f (0) = lim
k→∞

(
fk (x)− fk (0)

)= lim
k→∞

∫ x

0
f ′

k (y) dy =
∫ x

0
g (y) dy.

Thus, f ∈ C1([−1,1]) = dom(A) and A f = f ′ = g , so A is closed.

(b) As in (a) the Weierstraß approximation theorem shows that C1([−1,1]) is dense in
C([−1,1]) with respect to ∥·∥∞ and thus also with respect to ∥·∥p . As C([−1,1]) is
dense in Lp (−1,1) it follows that the same is true for C1([−1,1]) = dom(A).

To see that A is not closed, let f ∈ Lp (−1,1) denote the modulus function, i.e. f (x) =
|x| for all x ∈ [−1,1]. The sequence ( fk ) in dom(A) given by fk (x) = (

x2 + 1
k

)1/2
con-

verges uniformly to f , and thus, in particular, with respect to ∥·∥p . Moreover,

(A fk )(x) = f ′
k (x) = x

(
x2 + 1

k

)−1/2

with
∣∣A fk (x)

∣∣≤ 1

for all x ∈ [−1,1]. Since (A fk ) converges pointwise almost everywhere to the signum
function, the dominated convergence theorem gives that this convergence also holds
in Lp . As f ∉ dom(A), thus A is not closed.

We wrap up this introductory section with another crucial tool in operator theory.

Definition 3.1.5 (Dual operators). Let X ,Y be Banach spaces and let A : dom(A) ⊆ X →
Y be densely defined. The dual operator A′ : Y ′ ⊇ dom

(
A′)→ X ′ is defined by

dom
(

A′) := {
y ′ ∈ Y ′ | ∃x ′ ∈ X ′ :

〈
y ′ , Ax

〉= 〈
x ′ , x

〉 ∀x ∈ dom(A)
}

A′y ′ := x ′;

where x ′ in the second line is the vector that occurs in the definition of dom
(

A′).1

We will see more of dual operators – and also their relation to adjoint operators on
Hilbert spaces – in Exercise 3.5 and from Chapter 6 onwards.

1Note that x′ is unique by density of dom(A) in X .
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3.2. Weak derivatives and Sobolev spaces

3.2 Weak derivatives and Sobolev spaces

Example 3.1.4(b) illustrates that differential operators on Lp are not closed when their
domain is a space of continuously differentiable functions. The proof showed that, for
instance, the modulus function causes such problems: it is not differentiable, but this
non-differentiability cannot be “seen” from within an Lp space. To obtain closed differ-
ential operators on Lp , one needs a weaker concept of differentiability. This is the topic
of the present section. Let us first recall the standard multi-index notation to denote
higher order partial derivatives.

Notation 3.2.1. Let n ∈ N and let ; ̸=Ω ⊆ Rn be open. A vector α = (α1, . . . ,αn) ∈ Nn
0 is

called a multi-index, and its order is defined as |α| :=∑n
j=1α j . We write

∂α f := ∂α1
1 · · ·∂αn

n f

for every function f : Ω→ C that is continuously differentiable of order |α|. With this
notation, we have ∂e j f = ∂ j f , where e j ∈Nn

0 denotes the j -th canonical unit vector.

To generalise classical derivatives to a larger class of functions, the following two
function spaces are useful.

Definition 3.2.2 (Test functions and local Lp -spaces). Let ; ̸=Ω⊆Rn .

(a) By C∞
c (Ω), we denote the space of all test functions on Ω, i.e. functions f :Ω→ C

that are differentiable of every order and vanish outside a compact subset of Ω.

(b) Let p ∈ [1,∞]. By Lp
loc(Ω) we denote the space of all Lebesgue measurable f : Ω→C

that satisfy f |K ∈ Lp (K ) for every compact set; ̸= K ⊆Ω; here we identify functions
that are equal almost everywhere on Ω.

Let ; ̸=Ω⊆Rn be open. Note that for all p ∈ [1,∞] one has

L1
loc(Ω) ⊇ Lp

loc(Ω) ⊇ Lp (Ω)+C(Ω).

In particular, L1
loc(Ω) is the largest of all function spaces that we consider on Ω. By in-

tegrating – i.e. “testing” – against test functions, one can determine the derivatives of a
smooth function.

Proposition 3.2.3. Let ; ̸=Ω⊆Rn be open.

(a) For f , g ∈ L1
loc(Ω) one has f = g if and only if

∫
Ω f ϕ dx = ∫

Ω gϕ dx for allϕ ∈ C∞
c (Ω).

(b) Let α ∈Nn
0 and f ∈ C|α|(Ω). Then ∂α f is the unique element of L1

loc(Ω) satisfying∫
Ω

(∂α f )ϕ dx = (−1)|α|
∫
Ω

f ∂αϕ dx

for all ϕ ∈ C∞
c (Ω).
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

Proof. (a) This result is sometimes called the fundamental lemma of the calculus of vari-
ations. Its proof relies on the fact that there exist sufficiently many test functions on
Ω and on techniques from measure theory. For readers interested in the details we
provide a proof in supplementary Section 3.A.

(b) Let f ∈ C|α|(Ω) and ϕ ∈ C∞
c (Ω). By extending the function f ϕ by the value 0 outside

of Ω, we obtain a function in C|α|(Rn) that vanishes outside a compact set. For fixed
k ∈ {1, . . . ,n}, (one-dimensional) integration by parts then shows that

∫
Ω(∂k f )ϕ dx =

−∫
Ω f ∂kϕ dx. By applying this equality α1 times for the index k = 1, then α2 times

for the index k = 2, and so on, we obtain the required formula. The fact that ∂α f is
the only function in L1

loc(Ω) that satisfies this equality follows from (a).

Proposition 3.2.3(b) characterises the partial derivatives of a function f by integrat-
ing f against derivatives of test functions. This shows us a path to defining generalised
derivatives for a large class of functions. Since properties that rely on testing against
functionals are often called weak properties in functional analysis, these generalised
derivatives are called weak derivatives.

Definition 3.2.4 (Weak derivative). Let ; ̸=Ω⊆Rn be open, α ∈Nn
0 and f ∈ L1

loc(Ω).

(a) We say that f has a weakαth derivative if there exists a g ∈ L1
loc(Ω) that satisfies∫

Ω
gϕ dx = (−1)|α|

∫
Ω

f ∂αϕ dx

for all ϕ ∈ C∞
c (Ω). In this case g – which is unique due to Proposition 3.2.3(a)) – is

called the weakαth derivative of f and is denoted by g =: ∂α f .

As in the classical case, we also use the notation ∂ j f := ∂e j f for weak derivatives;
cf. Notation 3.2.1.

(b) We often just write ∂α f ∈ L1
loc(Ω) as a shortcut for “ f has an αth weak derivative”.

If V ⊆ L1
loc(Ω) is any subset we write ∂α f ∈ V as a shortcut for “ f has an αth weak

derivative and ∂α f ∈V .”

It follows from Proposition 3.2.3(b) that every function f ∈ C|α|(Ω) has a weak αth
derivative which coincides with the classical derivative ∂α f . Hence, the notation for
weak derivatives is consistent with the notation for classical derivatives. By using weak
derivatives we can now fix the issue observed in Example 3.1.4(b) that classical deriva-
tives are not closed operators on Lp -spaces.

Example 3.2.5. Let ; ̸=Ω⊆Rn be open, α ∈Nn
0 and p ∈ [1,∞]. The differential operator

∂α : Lp (Ω) ⊇ dom(∂α) → Lp (Ω) is closed when its domain is chosen as large as possible:

dom
(
∂α

)
:={

f ∈ Lp (Ω) | ∂α f ∈ Lp (Ω)
}

={
f ∈ Lp (Ω) | f has a weak αth derivative and ∂α f ∈ Lp (Ω)

}
(in the first line of this formula we used the shortcut introduced in Definition 3.2.4(b)).
In particular, dom(∂α) is a Banach space when endowed with the graph norm ∥·∥∂α (or
any other graph norm of ∂α).
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Proof. Let ( fk ) be a sequence in dom(∂α) that converges in p-norm to a function f ∈
Lp (Ω), and assume also that ∂α fk → g ∈ Lp (Ω). For every ϕ ∈ C∞

c (Ω) one has∫
Ω

gϕ dx = lim
k→∞

∫
Ω

(∂α fk )ϕ dx = lim
k→∞

(−1)|α|
∫
Ω

fk∂
αϕ dx = (−1)|α|

∫
Ω

f ∂αϕ dx,

so f has an αth weak derivative and this derivative is g ∈ Lp (Ω). In other words, f ∈
dom(∂α) and ∂α f = g . The completeness of dom(∂α) with respect to every graph norm
of ∂α is, according to Proposition 3.1.2, a consequence of the closedness of ∂α.

If one requires ∂α f ∈ Lp (Ω) not only for one multi-index α, but for all α up to a given
order, one arrives at the following class of spaces.

Definition 3.2.6 (Sobolev spaces). Let ; ̸=Ω⊆Rn be open, p ∈ [1,∞] and k ∈N0.

(a) The Sobolev space of order k with integrability index p is defined as

W k,p (Ω) := {
f ∈ Lp (Ω) | ∂α f ∈ Lp (Ω) for all α ∈Nn

0 of order |α| ≤ k
}

and is endowed with the norm

∥∥ f
∥∥

W k,p :=


( ∑
|α|≤k

∥∥∂α f
∥∥p

p

)1/p

if 1 ≤ p <∞,

max|α|≤k
∥∥∂α f

∥∥∞ if p =∞.

(b) When p = 2, we write H k (Ω) := W k,2(Ω) and ∥·∥H k := ∥·∥W k,2 . We endow H k (Ω) =
W k,2(Ω) with the inner product2,3(

f | g
)

H k =
∑

|α|≤k

(
∂α f | ∂αg

)
L2 .

(c) For p ̸=∞, we define4 W k,p
0 (Ω) as the closure of the space C∞

c (Ω) of test functions

in W k,p (Ω). Again, when p = 2, we write H k
0 (Ω) :=W k,2

0 (Ω).

Note that one has W 0,p (Ω) = Lp (Ω). After Example 3.2.5 it should not come as a
surprise that the Sobolev spaces are Banach spaces.

Proposition 3.2.7. Let ; ̸= Ω ⊆ Rn be open, p ∈ [1,∞] and k ∈ N0. The Sobolev space
W k,p (Ω) is a Banach space. In particular, H k (Ω) is a Hilbert space.

Proof. For every α ∈ Nn
0 , let dom(∂α) be defined as in Example 3.2.5. Then W k,p (Ω) =⋂

|α|≤k dom(∂α) and ∥·∥W k,p is equivalent to the norm
∥∥ f

∥∥ := ∑
|α|≤k

∥∥ f
∥∥
∂α on W k,p (Ω).

Since dom(∂α) is complete with respect to the graph norm ∥·∥∂α (Example 3.2.5), the
claim is an immediate consequence of the Lemma 3.2.8 below.

2Which is indeed an inner product, as one can easily check, and which induces the norm ∥·∥H k .
3Throughout the course we will follow the convention from physics that inner products on complex

spaces are linear in the second argument (rather than in the first).
4We do not need to define the space W k,∞

0 (Ω) in this course. The curious reader should note that there
are (at least) two non-equivalent definitions; see e.g. [Leo09, Remark 11.15].
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

Lemma 3.2.8. Let X be a Banach space and let V1, . . . ,Vn ⊆ X be vector subspaces that
are Banach spaces with respect to norms ∥·∥V1 , . . . ,∥·∥Vn , respectively. Assume that the
inclusion map (Vk ,∥·∥Vk ) → (X ,∥·∥X ) is continuous for each k. Then V :=V1∩·· ·∩Vn is a
Banach space with respect to the norm ∥v∥V := ∥v∥V1 +·· ·+∥v∥Vn .

The proof of the lemma is a small exercise in functional analysis, which we omit. In
this section we have seen how to define some closed differential operators on Lp . Closed-
ness of operators is important in spectral theory, as we explain in the next section.

3.3 Spectrum and resolvent

Similarly as for matrices and bounded linear operators on Banach spaces, one can also
define spectral values for unbounded operators. However, one must now be careful to
always take the domain of the operator into account.

Definition 3.3.1 (Spectrum and resolvent). Let X be a complex Banach space and let
A : X ⊇ dom(A) → X be a closed linear operator.

(a) The spectrum of A is the set

σ(A) := {λ ∈C :λ− A : dom(A) → X is not bijective},

where λ− A :=λ id−A and with id: dom(A) → X denoting the inclusion map. The
elements of σ(A) are called the spectral values of A.

(b) The complement ρ(A) := C \σ(A) of the spectrum is called the resolvent set of A.
For every λ ∈ ρ(A), the resolvent of A at λ is the bounded operator R(λ, A) : X →
dom(A) defined as R(λ, A) := (λ− A)−1.

Closedness of A was assumed in Definition 3.3.1 for the following reason: Endow
dom(A) with a graph norm; then dom(A) is a Banach space since A is closed. For λ ∈
ρ(A), the bijection λ− A : dom(A) → X is continuous. By the bounded inverse theorem,
the resolvent operator R(λ, A) is continuous from X to dom(A) and thus, in particular,
from X to X since the inclusion map dom(A) → X is continuous.

Proposition 3.3.2 (Basic properties of the spectrum and the resolvent). Let X be a com-
plex Banach space and let A : X ⊇ dom(A) → X be a closed linear operator.

(a) Let µ ∈ ρ(A). Each λ ∈Cwith
∣∣λ−µ∣∣< ∥∥R(µ, A)

∥∥−1 satisfies λ ∈ ρ(A) with

R(λ, A) =
∞∑

n=0
(µ−λ)nR(µ, A)n+1.

In particular, ρ(A) is open in C and one has
∥∥R(µ, A)

∥∥≥ 1
dist(µ,σ(A)) .

(b) The resolvent commutes with A, i.e. AR(µ, A)x =R(µ, A)Ax for each µ ∈ ρ(A) and
x ∈ dom(A).
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3.3. Spectrum and resolvent

(c) For all λ,µ ∈ ρ(A), one has the resolvent identity

R(λ, A)−R(µ, A) = (µ−λ)R(λ, A)R(µ, A).

In particular, the resolvent operators commute.

Proof. (a) Let λ ∈ C with
∣∣λ−µ∣∣ < ∥∥R(µ, A)

∥∥−1. Then
∥∥(µ−λ)R(µ, A)

∥∥ < 1 and so the
operator id−(µ−λ)R(µ, A) : X → X is invertible. Thus the identity

λ− A =µ− A+λ−µ= [
id−(µ−λ)R(µ, A)

]
(µ− A)

implies that λ ∈ ρ(A) and the claimed series expansion holds. This immediately
gives that ρ(A) is open. Moreover, it shows that every λ ∈ σ(A) satisfies

∣∣λ−µ∣∣ ≥∥∥R(µ, A)
∥∥−1 and hence, dist(µ,σ(A)) ≥ ∥∥R(µ, A)

∥∥−1.

(b) Let λ ∈ ρ(A) and x ∈ dom(A). Clearly, (λ− A)R(λ, A)x = x = R(λ, A)(λ− A)x and
λR(λ, A)x =R(λ, A)λx. Adding those equalities gives the claim.

(c) The resolvent identity can be obtained immediately from the identities

R(λ, A) =R(λ, A)
[
µR(µ, A)− AR(µ, A)]

and R(µ, A) = [
λR(λ, A)− AR(λ, A)]R(µ, A)

which hold for all λ,µ ∈ ρ(A).

Definition 3.3.3 (Spectral bound). Let X be a complex Banach space and let A : X ⊇
dom(A) → X be a closed operator. The spectral bound of A is defined as

s(A) := sup
{

Reλ :λ ∈σ(A)
} ∈ [−∞,∞];

with the convention sup;=−∞.

In general, studying the spectrum of multiplication operators is quite insightful; a
simple example is presented in Exercise 3.2. Meanwhile, in the rest of the chapter, we
consider the spectrum of a number of concrete differential operators.

Examples 3.3.4 (The spectrum of differential operators on an interval).

(a) Consider the closed operator A : C([0,1]) ⊇ dom(A) → C([0,1]), A f = f ′ that we
already studied in Example 3.1.4(a).5 One has σ(A) =C and thus, s(A) =∞.

(b) We now consider the operator from (a) on a smaller space: Let C0((0,1]) denote
the space of continuous complex-valued functions on [0,1] that vanish at 0 and let
A : C0((0,1]) ⊇ dom(A) → C0((0,1]), A f := f ′, where

dom(A) := {
f ∈ C1([0,1])∩C0((0,1]) : f ′ ∈ C0((0,1])

}
.

Then A is closed, σ(A) =;, and thus s(A) =−∞.

5We work on a different interval now, but clearly this does not affect the proof of the closedness of A.
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

Proof. (a) Let λ ∈C and consider the function f ∈ C1([0,1]), f (x) = eλx . Then (λ− A) f =
0, so λ− A is not injective. Hence, λ ∈σ(A).

(b) The closedness of A follows from the closedness of the operator in (a). To show
σ(A) = ;, let λ ∈ C and g ∈ C0((0,1]). A function f : [0,1] → C is in dom(A) and
solves the equation (λ−A) f = g if and only if f ∈ C1([0,1]) and solves the initial value
problem

f ′ =λ f − g and f (0) = 0.

From the theory of linear ordinary differential equations, f (x) =−∫ x
0 eλ(x−y)g (y) dy

is the unique function with those properties. So λ− A is bijective, i.e. λ ∈ ρ(A), and
R(λ, A)g (x) =−∫ x

0 eλ(x−y)g (y) dy for all g ∈ C0((0,1]).

As our final example in this section we consider the Laplace operator. For an open
set ; ̸=Ω⊆ Rn and a function u ∈ C2(Ω), the Laplace operator applied to u is defined as
the trace of the Hessian matrix of u:

∆u :=
n∑

j=1
∂2

j u.

We want to define ∆ as an operator on Lp (Ω). To this end, we proceed analogously to
Definition 3.2.4 and define ∆ in a weak sense.

Definition 3.3.5 (The weak Laplace operator). Let ; ̸= Ω ⊆ Rn and u ∈ L1
loc(Ω). We say

that ∆u exists weakly or, briefly and by a slight abuse of notation, that ∆u ∈ L1
loc(Ω), if

there exists a (necessarily unique) function g ∈ L1
loc(Ω) that such∫

Ω
gϕ dx =

∫
Ω

u∆ϕ dx

for every test function ϕ ∈ C∞
c (Ω). In this case we set ∆u := g .

Similarly as in Example 3.2.5, we could consider the Laplace operator on all func-
tions u ∈ Lp (Ω) that satisfy ∆u ∈ Lp (Ω). There are two caveats though. First, the Lp

theory turns out to be substantially more involved. We thus stick to the simpler case
p = 2 for now and return to the general case later. Second, without specifying additional
conditions, a similar phenomenon as in Example 3.3.4(a) occurs – the spectrum of the
Laplace operator is C in most cases. A common way to resolve this problem is to impose
boundary conditions on the functions in the domain of the operators. Many choices
of boundary conditions occur in PDE theory. For now, we focus on one of the simplest
cases, which is Dirichlet boundary conditions.

Example 3.3.6 (The Dirichlet Laplacian on L2(Ω)). Let ; ̸=Ω ⊆ Rn be open. We define
the maximal Laplace operator and the Dirichlet Laplace operator on L2(Ω) by

dom(∆max) := {
u ∈ L2(Ω) :∆u ∈ L2(Ω)

}
, ∆maxu :=∆u,

dom(∆Dir) := dom(∆max)∩H 1
0 (Ω), ∆Diru :=∆u.

They have the following properties:
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3.3. Spectrum and resolvent

(a) Both operators ∆max and ∆Dir are closed and densely defined.

(b) Let u, g ∈ L2(Ω). Then u ∈ dom(∆Dir) and ∆Diru = g if and only if u ∈ H 1
0 (Ω) and6(

v | g
)

L2 =− (∇v | ∇u)L2 for all v ∈ H 1
0 (Ω).

(c) Every λ ∈ (0,∞) is in the resolvent set ρ(∆Dir).

Note that the intersection with H 1
0 (Ω) in the definition of dom(∆Dir) means that we

consider only functions that “vanish” on the boundary ∂Ω. A precise formulation of this
reasoning requires the theory of boundary traces of Sobolev functions, which we do not
discuss in the main text. However, the interested readers can find a brief overview in
supplementary Section 3.B, in particular in Theorem 3.B.3.

Proof of Example 3.3.6(a)–(c).

(b) By definition, u ∈ dom(∆Dir) and ∆Diru = g if and only if u ∈ dom(∆max)∩ H 1
0 (Ω)

and ∆u = g . The latter is equivalent to u ∈ H 1
0 (Ω) and

(
v | g

)
L2 = (∆v | u)L2 for all

v ∈ C∞
c (Ω), since a function v ∈ C∞

c (Ω) if and only if its complex conjugate v ∈ C∞
c (Ω).

Note that for each u ∈ H 1
0 (Ω), we have (∆v | u)L2 =− (∇v | ∇u)L2 for all v ∈ C∞

c (Ω) by
Definition 3.2.4(a). Whence u ∈ dom(∆Dir) and∆Diru = g if and only if u ∈ H 1

0 (Ω) and(
v | g

)
L2 =− (∇v | ∇u)L2 for all v ∈ C∞

c (Ω).

However, the validity of the above for all v ∈ C∞
c (Ω) is equivalent to its validity for

all v ∈ H 1
0 (Ω), since both sides are continuous in v with respect to the H 1-norm and

since C∞
c (Ω) is dense in H 1

0 (Ω) with respect to this norm.

(a) Both operators ∆max and ∆Dir are densely defined since their domains contain the
dense subspace C∞

c (Ω). The fact that ∆max is closed follows by precisely the same
argument as the closedness of the differential operator ∂α in Example 3.2.5 (but using
Definition 3.3.5 in place of Definition 3.2.4).

Substituting v := u in the equality in (b), we observe that7,8

∥∇u∥2
L2 ≤ ∥u∥L2 ∥∆u∥L2 (3.3.1)

from the Cauchy–Schwarz inequality in L2(Ω).

Since∆max is closed, dom(∆max) is complete with respect to the graph norm ∥u∥∆max =
∥∆u∥2 +∥u∥2. As the Sobolev space H 1

0 (Ω) is also complete (by Proposition 3.2.7),
it follows from Lemma 3.2.8 that the norm u 7→ ∥∆u∥2 +∥∇u∥2 +∥u∥2 is complete
on dom(∆Dir). Moreover, this norm is equivalent to every graph norm of ∆Dir since
the inequality (3.3.1) implies that ∥∆u∥2

2 +∥∇u∥2
2 +∥u∥2

2 ≤ (∥∆u∥2 +∥u∥2)2 for each
u ∈ dom(∆Dir). Hence, ∆Dir is also closed.

6For v ∈ H1(Ω) we use the same notation ∇v := (∂1v, . . . ,∂n v)T ∈ L2(Ω;Cn ) as for classical derivatives.
7Here ∥∇u∥2

L2 := ∫
Ω ∥∇v(x)∥2

2 dx, where ∥∇v(x)∥2 is the Euclidean norm of the vector ∇v(x) ∈Cn .
8This is a very simple example of an interpolation inequality.
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

(c) Letλ ∈ (0,∞) and let g ∈ L2(Ω). For every u ∈ L2(Ω) the conditions u ∈ dom(∆Dir) and
(λ−∆Dir)u = g are – according to (b) – equivalent to u ∈ H 1

0 (Ω) and
(
v | λu − g

)
L2 =

− (∇v | ∇u)L2 for all v ∈ H 1
0 (Ω), which is in turn equivalent to u ∈ H 1

0 (Ω) and

λ (v | u)L2 + (∇v | ∇u)L2 = (
v | g

)
L2 for all v ∈ H 1

0 (Ω). (3.3.2)

Observe that for every u ∈ H 1
0 (Ω) one has

min{1,λ}
(∥u∥2

L2 +∥∇u∥2
L2

)≤λ∥u∥2
L2 +∥∇u∥2

L2 ≤ max{1,λ}
(∥u∥2

L2 +∥∇u∥2
L2

)
.

Hence the norm induced by the inner product

a(v,u) :=λ (v | u)L2 + (∇v | ∇u)L2

is equivalent to the standard H 1-norm on H 1
0 (Ω). As

( · | g
)

L2 is a continuous antilin-
ear functional9 on H 1

0 (Ω), the Riesz representation theorem on Hilbert spaces gives
a unique u ∈ H 1

0 (Ω) satisfying (3.3.2). Consequently, λ ∈ ρ(∆Dir).

The spectral information given in Example 3.3.6(c) is far from optimal. We shall see
more about the spectrum of ∆Dir as we proceed.

9Recall that a map ϕ : X → C from a complex Banach space X to C is called antilinear if ϕ(x +αy) =
ϕ(x)+αϕ(y) for all x, y ∈ X and all α ∈C.
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Exercises for Chapter 3

Exercise 3.1 (The derivative at a point is not closed). Define the operator

A : C([0,1]) ⊇ dom(A) := C1([0,1]) →C, A f := f ′(1).

Prove that A is densely defined but not closed.

Exercise 3.2 (Multiplication operators). Let ; ̸= Ω ⊆ Rn be open and let C0(Ω) denote
the space of continuous functions f : Ω→ C with the following property: for every ε> 0
there exists a compact set K ⊆ Ω such that

∣∣ f (x)
∣∣ ≤ ε for all x ∈ Ω \ K . This is a Banach

space with respect to the sup norm ∥·∥∞.
Let h :Ω→C be continuous and define the operator Mh on C0(Ω) by

dom(Mh) := {
f ∈ C0(Ω) : h f ∈ C0(Ω)

}
, Mh f := h f .

(a) Show that Mh is closed and densely defined.

(b) Prove that Mh is everywhere defined if and only if h is bounded.

(c) Show that σ(Mh) = h(Ω).

Exercise 3.3. This exercise applies the closed graph theorem (Theorem 3.1.3).

(a) Let X ,Y , Z be Banach spaces and consider linear operators X
T→ Y

J→ Z , where J is
injective. Show that if J and JT are continuous, then so is T .

(b) Let (Ω,µ) be a finite measure space and 1 ≤ p ≤ q ≤∞. Let T : Lp (Ω,µ) → Lp (Ω,µ)
be a bounded linear operator whose range is contained in Lq (Ω,µ). Show that T is
continuous from Lp (Ω,µ) to Lq (Ω,µ).

(c) Let X be a Banach space, let A : X ⊇ dom(A) → X be a closed linear operator and
T : X → X a bounded linear operator such that T (X ) ⊆ dom(A). Show that T is
continuous from X to dom(A) if dom(A) is endowed with a graph norm.

Exercise 3.4.

(a) Consider the function f ∈ L1
loc(R) given by f (x) = |x|. Show that f is weakly differ-

entiable and compute its weak derivative.
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

(b) Let f ∈ L1
loc(Rn)∩C1(Rn \ {0})10 and assume that there exist g1, . . . gn ∈ L1

loc(Rn) co-
inciding respectively with the classical partial derivatives ∂1 f , . . . ,∂n f on Rn \ {0}.
Assume in addition that

∫
∥x∥2=r

∣∣ f (x)
∣∣ dσ(x) → 0 as r ↓ 0, where σ denote the sur-

face measure of the ball with radius r in Rn .

Show that f is weakly differentiable with weak derivatives g1, . . . , gn .

Hint: Given a test function ϕ ∈ C∞
c (Rn), let R > 0 be such that suppϕ ⊆ B<R (0).

Apply the divergence theorem on a ‘shell’ {x ∈Rn : r ≤ ∥x∥2 ≤ R}, and let r ↓ 0.

(c) Let f : Rn → R, f (x) = ∥x∥2. Show that f is weakly differentiable and compute its
weak derivatives ∂1 f , . . . ,∂n f .

Exercise 3.5. Let X ,Y be Banach spaces over the same field and let A : X ⊇ dom(A) → Y
be a densely defined linear operator.

(a) Prove that the dual operator A′ : Y ′ ⊇ dom
(

A′)→ X ′ (Definition 3.1.5) is closed.

(b) Give an example where A′ is not densely defined.

Suggestion: Take X = Y = ℓ1 and take A to be a multiplication operator, analogous
to Exercise 3.2.

(c) If X = Y , show that dom
(
(λ+ A)′

) = dom
(

A′) and dom
(
(αA)′

) = dom
(

A′) and
that11

(λ+ A)′ =λ+ A′ and (αA)′ =αA′

for all scalars λ,α with α ̸= 0. What goes wrong if α= 0?

Assume now that X = Y , that the scalar field is C, and that A is closed.

(d) Show that if λ ∈ ρ(A), then also λ ∈ ρ(A′) and R(λ, A′) =R(λ, A)′, where the latter
operator denotes the dual of R(λ, A) ∈L(X ).

(e) Conversely, show that if λ ∈ ρ(A′), then also λ ∈ ρ(A).

Hints: First show that ∥x∥X ≤ ∥(λ− A)x∥X
∥∥R(λ, A′)

∥∥ for all x ∈ dom(A). Then de-
rive that there exists a (λ-dependent) number c > 0 such that ∥x∥A ≤ c ∥(λ− A)x∥X

for all x ∈ dom(A). Hence deduce that λ− A is injective and has closed range.

10Strictly speaking, this means that f ∈ L1
loc(Rn ) and f has a representative whose restriction to the set

Rn \ {0} is C1.
11For a linear operator A : X ⊇ dom(A) → Y and a scalarα one defines the operatorαA : X ⊇ dom(αA) →

Y by dom(αA) := dom(A) and (αA)x :=α(Ax) for all x ∈ dom(αA) = dom(A).
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Notes for Chapter 3

Unbounded operators and their spectra

It is a fact of life that many of the most important operators which occur in
mathematical physics are not bounded. — [RS80, p. 249]

As the above quote from the classic text of Reed and Simon suggests, unbounded
operators are among the most fundamental objects in functional analysis. Their impor-
tance was already recognised in the early days of quantum mechanics: the so-called po-
sition operator that describes – no terminological surprise here – the position of a parti-
cle, acts as a multiplication with an unbounded function on the space L2(R). And the so-
called momentum operator acts as a first order differential operator on the same space;
see [Hal13, Chapter 3] for an accessible introduction to the relevant physical concepts,
tailored to mathematicians. Similarly, motivated by the study of differential operators
arising in (classical and quantum) physics, the spectral theory of unbounded operators
has long been a fruitful subject. For applications in quantum physics, we again refer the
interested reader to [Hal13] and [RS80, Chapter VIII].

While we are in the realm of physics, we point out that the expression (∇v | ∇u)L2

plays an important role in the study of the Laplacian in the weak formulation, as shown
in Example 3.3.6(b). The map (v,u) 7→ (∇v | ∇u)L2 is a sesquilinear form, and the asso-
ciated quadratic form u 7→ ∥∇u∥2

L2 often has the physical interpretation of an ‘energy’.
Sesquilinear form methods provide another approach to the study of differential oper-
ators, and unsurprisingly are widely used in mathematical physics and the calculus of
variations. We will discuss some basic aspects of these methods in Chapter 5.

A word on the closed graph theorem

The usual proofs of the closed graph theorem for Banach spaces (Theorem 3.1.3), found
in many standard texts on functional analysis, rely on the Baire category theorem. It
turns out that it is not necessary to use this theorem, as shown, for instance, in [Kes21]; cf.
[Kes17]. In addition, the latter reference illustrates the equivalence between closed graph
theorem, open mapping theorem, bounded inverse theorem, and the uniform bounded-
ness principle in Banach spaces. This shows that completeness is the underlying prin-
ciple in these foundational results. We also refer the reader to [Rot94], where a version
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

of the Hahn-Banach theorem is given and employed to prove the uniform boundedness
principle and the open mapping theorem.

Weak derivatives and Sobolev spaces

An alternative but quite natural way to define a space of weakly differentiable functions is
via limits of classically differentiable functions. To be precise, we define the norm ∥·∥W k,p

exactly as in Definition 3.2.6, and let H k,p (Ω) denote the completion of the space{
u ∈ C∞(Ω) : ∥u∥W k,p <∞}

with respect to the W k,p norm. While the inclusion that H k,p (Ω) ⊆ W k,p (Ω) is straight-
forward to check, it took some time before the converse inclusion was finally settled in
1964 by Norman Meyers and James Serrin in their iconic paper [MS64]. We comment on
this further in the Supplement 3.A.

The weak derivative in Definition 3.2.4 is often also called the distributional deriva-
tive. This is a fundamental notion in the theory of distributions, also known as gener-
alised functions. The idea of extending differentiation beyond the classical setting orig-
inates well before the 20th century; a detailed historical account of this can be found
in [Lue82, Chapter 2]. From the perspective of the theory of distributions, elements of
a Sobolev space are simply ‘well-behaved’ distributions, where the element itself and all
its distributional derivatives up to a given order can be represented by Lp functions.

One can also define Sobolev spaces via the Fourier transform, as is typically done in
harmonic analysis. For readers interested in this approach, there is a wide selection of
good literature, including [Str03, Chapter 8], [Gru09, Part II], and [Gra14, Chapter 1].
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Encore: if you want to know more. . .

3.A Regularisation of functions

In this supplementary section, we use the following notation: given a measurable func-
tion h :Rn →R, for each t > 0 we set

ht (x) := 1

t n h
( x

t

)
. (3.A.1)

Definition 3.A.1 (Mollifiers). A mollifier is a family
{
ρt : t > 0

}
of functions ρt : Rn → R

satisfying the following properties for each t > 0:

(1) ρt ∈ C∞
c (Rn) and ρt is supported in B≤t (0); and

(2) ρt ≥ 0 on Rn and
∫
Rn ρt (x) dx = 1.

We define a special test function θ ∈ C∞
c (Rn) by

θ(x) :=
{

c exp
(
− 1

1−|x|2
)

|x| < 1

0 |x| ≥ 1,
(3.A.2)

where the constant c > 0 is chosen so that
∫
Rn θ(x) dx = 1. Then the family {θt : t > 0}

(using the notation (3.A.1)) is called the standard mollifier.

The key features of mollifiers are that they consist of very smooth functions, and most
crucially, by taking t ↓ 0, the support of ρt can be made as small as desired. This allows us
to regularise non-smooth functions via convolutions while maintaining precise control
of the support. We summarise some standard facts about convolutions and regularisa-
tions below, and refer to the literature (e.g. [Bre11, Section 4.4]) for the proofs.

Proposition 3.A.2 (An analysis toolkit).

(a) (Young’s inequality) Let f ∈ L1(Rn) and g ∈ Lp (Rn) for 1 ≤ p ≤ ∞. Then f ∗ g ∈
Lp (Rn) with supp( f ∗ g ) ⊆ supp f + supp g , and∥∥ f ∗ g

∥∥
p ≤ ∥∥ f

∥∥
1

∥∥g
∥∥

p .

(b) (Regularisation) For all g ∈ L1
loc(Rn) and ϕ ∈ C∞

c (Rn), one has ϕ∗ g ∈C∞(Rn) with

∂α(ϕ∗ g ) = (∂αϕ)∗ g for all α ∈Nn
0 .
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

(c) (Approximate identity) Let
{
ρt : t > 0

}
be a mollifier. Then limt→0

∥∥ρt ∗ f − f
∥∥

p = 0
for all f ∈ Lp (Rn) with 1 ≤ p <∞.

(d) (Density of test functions) For every open set ; ̸=Ω⊆Rn , the space of test functions
C∞

c (Ω) is dense in Lp (Ω) for 1 ≤ p <∞.

We can now complete the proof of Proposition 3.2.3 from the main text.

Theorem 3.A.3 (Fundamental lemma of the calculus of variations). Let ; ̸= Ω ⊆ Rn be
open. Suppose f ∈ L1

loc(Ω) satisfies∫
Ω

f ϕ dx = 0 for all ϕ ∈ C∞
c (Ω). (3.A.3)

Then f = 0 in Ω.

Proof. Choose increasing compact subsets Ωk so that Ω=⋃
k∈NΩk ; for instance, take

Ωk :=
{

x ∈Ω : |x| ≤ k and dist(x,∂Ω) ≥ 1

k

}
.

It suffices to prove that f (x) = 0 for almost every x ∈Ωk for each k ∈N. We do this via an
approximation argument.

Since f ∈ L1
loc(Ω), we have fk := f 1Ωk+1 ∈ L1(Ω) for each k ∈ N. Denote by f̃k the

extension of fk by 0 outside Ωk+1, and note that f̃k ∈ L1(Rn). Since Ωk ⊂Ωk+1 ⊂Ω with
strict inclusions, for all sufficiently small t > 0 (depending on k) the support of θt (x − · )
lies in Ωk+1 for all x ∈Ωk , and therefore θt (x − · ) ∈ C∞

c (Ω) for all x ∈Ωk . Consequently

(θt ∗ f̃k )(x) =
∫
Rn

f̃k (y)θt (x − y) dy =
∫
Ω

f (y)θt (x − y) dy = 0

for all sufficiently small t > 0 and all x ∈Ωk , where we have used the property that f̃k = f
on Ωk+1, followed by assumption (3.A.3) in the last equality. By Proposition 3.A.2(c), we
conclude

0 = lim
t↓0

(θt ∗ f̃k ) = f̃k

in L1(Rn), which implies that f |Ωk = 0 as desired.

The following theorem relies on a clever use of partition of unity and regularisation.

Theorem 3.A.4 (Meyers, Serrin). Let ; ̸= Ω ⊆ Rn be open, and let k ∈ N and p ∈ [1,∞).
Then C∞(Ω)∩W k,p (Ω) is dense in W k,p (Ω).

The original 1964 paper of Meyers and Serrin [MS64] arguably has one of the most
iconic titles in the field of analysis: H =W . It is merely one-and-a-half pages long with an
extremely brief proof. The reader interested in a detailed proof is thus advised to consult
more recent literature, e.g. [GT01, Theorem 7.9] or [Leo09, Theorem 11.24]. Having said
that, the following simple yet important corollary is worth presenting in detail.
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3.B. Encore: Traces of W 1,p functions

Corollary 3.A.5. Let k ∈N and p ∈ [1,∞). Then

W k,p
0 (Rn) =W k,p (Rn).

Proof. The non-trivial inclusion to prove is W k,p (Rn) ⊆W k,p
0 (Rn), i.e. to show that every

u ∈W k,p (Rn) can be approximated in the W k,p norm by a sequence (um) ⊂ C∞
c (Rn).

By the Meyers-Serrin Theorem (Theorem 3.A.4), it suffices to prove the claim for u ∈
C∞(Rn)∩W k,p (Rn). For this purpose, fix a function ζ ∈ C∞

c (Rn) such that 0 ≤ ζ≤ 1 on Rn

and ζ≡ 1 for |x| ≤ 1, and set

um(x) := ζ
( x

m

)
u(x), x ∈Rn

for m ∈N. Clearly um ∈ C∞
c (Rn) for each m ∈N, and the dominated convergence theorem

yields um → u in Lp (Rn). The generalised Leibniz rule yields

∂αum = ∑
β≤α

(
α

β

)
∂β

(
ζ( ·/m)

)
∂α−βu = ∑

β≤α

(
α

β

)
1

m|β|
(
∂βζ

)
( ·/m)∂α−βu

for every multi-index |α| ≤ k. If β = (0, . . . ,0), then again by dominated convergence we
obtain ζ( ·

m )∂αu → ∂αu in Lp (Rn). For β ̸= 0, observe that∫
Rn

∣∣∣∂β(
ζ(x/m)

)
∂α−βu(x)

∣∣∣p
dx ≤ C p

m|β|p
∫
Rn

∣∣∣∂α−βu(x)
∣∣∣p

dx → 0

as m →∞, where C := max|β|≤k

∥∥∂βζ∥∥L∞(Rn ) <∞. Altogether, we have shown that ∂αum →
∂αu in Lp for every multi-index |α| ≤ k, and thus um → u in W k,p (Rn).

3.B Traces of W 1,p functions

In Example 3.3.6, we introduced the Dirichlet Laplace operator ∆Dir with domain con-
tained in H 1

0 (Ω), a space which intuitively encodes the boundary condition ‘u = 0 on ∂Ω’.
In Theorem 3.B.3 below, we make precise the sense in which a function in the Sobolev
space W 1,p

0 (Ω) ‘vanishes’ on the boundary ∂Ω. This is achieved via the theory of traces.
Before we proceed, we need to understand ‘regularity’ of the boundary of subsets of Rn .

A rigid motion of Rn is a map T : Rn → Rn of the form T (x) = Rx + c, for a rotation
R and fixed c ∈ Rn . Using this notion, we can say what it means for the boundary of an
open set Ω ⊆ Rn to be Lipschitz continuous. Intuitively, this means that the boundary
looks locally like the graph of a scalar-valued Lipschitz function in n −1 variables.

Definition 3.B.1. Let n ≥ 2, and let ; ̸=Ω⊂Rn be open. We say that the boundary ∂Ω is
Lipschitz continuous (or simply Lipschitz) if for every ξ0 ∈ ∂Ω, there exists a rigid motion
T with T (ξ0) = 0, a Lipschitz continuous function f :Rn−1 →R, and r > 0 such that

T
(
Ω∩B<r (ξ0)

)= {
x ∈ B<r (0) : xn > f (x1, . . . , xn−1)

}
where the local coordinates are given by x := T (ξ) for all ξ ∈Ω∩B<r (ξ0).

Likewise, given k ∈N0∪{∞}, we say that ∂Ω is of class Ck if the functions f occurring
above belong to Ck (Rn−1;R).
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3. UNBOUNDED OPERATORS AND THEIR SPECTRA

When we assume boundary regularity in the main text we stick to Ck since it has an
equivalent definition that is less technical to state (Definition 5.3.1). An example of a
region in R2 with Lipschitz boundary is illustrated in Figure 3.B.1.

Ω

ξ0 T

f

x1

x2

Figure 3.B.1: A region with Lipschitz boundary and local coordinates around ξ0.

In the theorem below, the boundary ∂Ω is equipped with the (d − 1)-dimensional
Hausdorff measure.

Theorem 3.B.2 (Trace operator). Let n ≥ 2, 1 ≤ p < ∞, and let ; ̸= Ω ⊂ Rn be an open
set with bounded and Lipschitz continuous boundary ∂Ω. There exists a unique linear
operator Tr: W 1,p (Ω) → Lp (∂Ω), called the trace operator, with the following properties:

(a) Tru = u|∂Ω for all u ∈W 1,p (Ω)∩C(Ω).

(b) (Trace inequality) There exists C > 0 (depending only on Ω) such that

∥Tru∥Lp (∂Ω) ≤C ∥u∥W 1,p (Ω) for all u ∈W 1,p (Ω).

For a proof, we refer to [Leo09, Theorem 18.1]. Note that in this reference, the result
is stated more generally for open sets with unbounded boundary, but it is easy to see that
it reduces to our statement when ∂Ω is bounded.

The space W 1,p
0 (Ω) can now be characterised as the kernel of the trace operator.

Theorem 3.B.3 (Characterisation of W 1,p
0 (Ω)). Let n ≥ 2, 1 ≤ p <∞, and let ; ̸=Ω ⊂ Rn

be an open set with bounded and Lipschitz continuous boundary ∂Ω. For all u ∈W 1,p (Ω),
the following assertions are equivalent:

(i) Tru = 0.

(ii) u ∈W 1,p
0 (Ω).

We refer to [Leo09, Theorem 18.7] for the proof.
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Chapter 4

Ordered function spaces and Banach
lattices

After studying (eventual) positivity for matrices in Chapters 1 and 2, we encountered a
selection of unbounded operators in infinite-dimensional spaces in Chapter 3. It is our
goal to analyse positivity properties related to such operators. In particular, the question
of when the resolvent of an unbounded operator is positive will be important.

This requires an order structure on the underlying Banach spaces. All examples in
Chapter 3 were defined on function spaces, where it is natural to consider the pointwise
(almost everywhere) order. Yet, it turns out that this order behaves quite differently on,
for instance, Lp -spaces compared to C0(Ω). In this chapter, we introduce the general
framework of Banach lattices that includes many classical function spaces and allows
us to develop the subsequent theory on all such spaces simultaneously.1

4.1 Real Banach lattices and function spaces

We recall a few elementary notions about partially ordered sets. Consider a set X to-
gether with a partial order ≤ on X , which means that ≤ is a reflexive, anti-symmetric
and transitive relation on X . Let S ⊆ X . An element b ∈ X is called an upper bound of S
if x ≤ b for all x ∈ S, and b is called a lower bound of S if b ≤ x for all x ∈ S. The element
b ∈ X is called the least upper bound or the supremum of S if b is an upper bound of
S and, in addition, b ≤ c for all upper bounds c of S.2 Similarly, b is called the great-
est lower bound or the infimum of S if b is a lower bound of S and, in addition, b ≥ c
for all lower bounds c of S. It is not difficult to see that the supremum or infimum of a
set is unique if it exists. We denote the supremum and the infimum of S respectively by
supS and infS whenever they exist. Finally, for two elements x, y ∈ X we use the notation
x ∨ y := sup{x, y} and x ∧ y := inf{x, y} whenever they exist.

1Even beyond a unified treatment of different types of function spaces, there are good reasons to de-
velop the theory in the general setting of Banach lattices. We explain this later on.

2In other words, b is an upper bound of S and a lower bound of the set of all upper bounds.
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4. ORDERED FUNCTION SPACES AND BANACH LATTICES

Definition 4.1.1 (Real vector lattices). A real vector lattice3 is a real vector space V to-
gether with a partial order ≤ on V that satisfies the following properties:

(I) The order ≤ is compatible with the linear structure of V , i.e. for all x, y, z ∈ V that
satisfy x ≤ y and all real numbers α ∈ [0,∞) one has x + z ≤ y + z and αx ≤αy .

(II) Any two elements x, y ∈V have a supremum x ∨ y in V .

A vector subspace W of V is called a vector sublattice of V if x ∨ y ∈W for all x, y ∈W .

Note that property (I) implies that x ≤ y if and only if −y ≤−x. One can easily deduce
from the definition of a vector lattice V that for all x, y ∈ V the infimum x ∧ y also exists
and is equal to −(

(−x)∨(−y)
)
. We frequently use the following concepts in vector lattices.

Definition 4.1.2. Let V be a real vector lattice.

(a) The set V+ := {x ∈V : x ≥ 0} is called the positive cone or, briefly, the cone of V .

The elements of V+ are called the positive elements of V .

(b) For all x ∈V , we call the elements

x+ := x ∨0, x− := (−x)+, |x| := x ∨ (−x)

of V+ the positive part, the negative part, and the modulus of x respectively.4

Observe that for elements x, y of a vector lattice V , one has x ≤ y if and only if y −x ∈
V+. Moreover, for each x ∈V the negative part is given by x− =−(x ∧0).

Proposition 4.1.3 (Algebraic properties in vector lattices). Let x, y, z be elements of a real
vector lattice V . The following identities hold:

(a) x ∨ y =−(
(−x)∧ (−y)

)
.

(b) Translation property: (x ∨ y)+ z = (x + z)∨ (y + z) and (x ∧ y)+ z = (x + z)∧ (y + z).

(c) Scaling property: α(x ∨ y) = (αx)∨ (αy) and α(x ∧ y) = (αx)∧ (αy) for all scalars
α> 0, and |αx| = |α| |x| for all scalars α ∈R.

(d) Distributive law: (x ∨ y)∧ z = (x ∧ z)∨ (y ∧ z) and (x ∧ y)∨ z = (x ∨ z)∧ (y ∨ z).

(e) Triangle inequalities:
∣∣x + y

∣∣≤ |x|+ ∣∣y
∣∣ and

∣∣x − y
∣∣≥ ∣∣|x|− ∣∣y

∣∣∣∣.
(f) x ∨ y = 1

2

(
x + y + ∣∣x − y

∣∣) and x ∧ y = 1
2

(
x + y − ∣∣x − y

∣∣).

(g) x = x+−x− and |x| = x++x−.

3Also known as a Riesz space, especially in the Dutch tradition.
4One can also call |x| the absolute value of x.
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4.1. Real Banach lattices and function spaces

Proof. (a)–(e) Assertions (a)–(c) and (e) are straightforward to verify directly from the
definitions. The non-trivial inequality in the distributive law (d) can be obtained5 by
first showing that x ∨ y +x ∧ y = x + y for all x, y ∈V ; see (f) below.

(f) Using the definition of the modulus and properties (b) and (c), observe that

x + y + ∣∣x − y
∣∣= x + y + (x − y)∨ (y −x) = (2x)∨ (2y) = 2(x ∨ y).

Similarly, using (a) in addition, we find

x + y − ∣∣x − y
∣∣= x + y − [(x − y)∨ (y −x)]

= x + y + (y −x)∧ (x − y) = (2y)∧ (2x) = 2(x ∧ y).

(g) By setting y = 0 in part (f), we obtain

x+ = x ∨0 = 1
2 (x +|x|) and x− = (−x)∨0 =−(x ∧0) =−1

2 (x −|x|).

Adding and subtracting these yields the claim.

Examples 4.1.4. We discuss some standard examples of vector lattices.

(a) We consider Rn with the componentwise ordering introduced in Chapter 1. It is
easy to check that the supremum of any two vectors exists and is given by

(x ∨ y)i = xi ∨ yi ∀x, y ∈Rn , i = 1, . . . ,n;

where ∨ on the right-hand side is simply the usual supremum inR, and likewise for
the infimum. With these operations, it is clear thatRn is a real vector lattice. Equiv-
alently, one can use the definition of the modulus introduced in Definition 1.1.4
and recover the lattice operations via the identities in Proposition 4.1.3(f), which
of course hold for real numbers.

(b) The space C(Ω;R) of continuous real-valued functions defined on ; ̸= Ω ⊆ Rn is
a real vector lattice with the natural pointwise ordering and lattice operations, i.e.
f ≤ g if and only if f (x) ≤ g (x) for all x ∈Ω,

∣∣ f
∣∣ (x) := ∣∣ f (x)

∣∣, and so on.

(c) Let (Ω,µ) be a measure space. The Lebesgue spaces Lp (Ω,µ;R), p ∈ [1,∞] ad-
mit a partial order f ≤ g if and only if f (ω) ≤ g (ω) for µ-a.e. ω and a modulus∣∣ f

∣∣ (ω) := ∣∣ f (ω)
∣∣. The lattice operations are again expressed via the identities in

Proposition 4.1.3(f), and thus we obtain a vector lattice structure on Lp (Ω,µ;R).

(d) Now for a perhaps slightly surprising example: For each open set ; ̸=Ω ⊆ Rn and
each p ∈ [1,∞], the Sobolev space W 1,p (Ω;R) is a vector sublattice of Lp (Ω;R) and

∂k (u+) =1{u>0} ∂k u, ∂k (u−) =−1{u<0} ∂k u, ∂k (|u|) = sgn(u)∂k u

5Note that the vector lattice structure is important here. There exist lattices (i.e. partially ordered sets
where each pair of elements has a supremum and an infimum) in which the distributive law does not hold.
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4. ORDERED FUNCTION SPACES AND BANACH LATTICES

for every u ∈ W 1,p (Ω;R) and every k ∈ {1, . . . ,n}. This is a famous result due to the
Italian mathematician Guido Stampacchia, often referred to as the Stampacchia
lemma. To avoid a detour, we do not prove this result here. Readers interested in
the details can find a proof in Supplement 4.B.

(e) If p ̸=∞, then the Sobolev space W 1,p
0 (Ω;R) (recall that we did not define W 1,∞

0 ) is
a vector sublattice of W 1,p (Ω;R) (and thus of Lp (Ω;R) by (d)). The intuition here
is quite clear: we think of W 1,p

0 (Ω;R) as the subspace of those u ∈ W 1,p (Ω;R) that
vanish at the boundary ∂Ω. If u vanishes at the boundary, it seems plausible that
|u| does as well. A rigorous proof requires more theory of Sobolev spaces, so we do
not show it in the lectures. Readers interested in the details can find them in [AU23,
Theorem 6.37 and 6.39].

We now specialise to vector lattices which are also Banach spaces, so that all the stan-
dard tools of functional analysis are available at our disposal.

Definition 4.1.5 (Real Banach lattices). A real Banach lattice is a Banach space E over
R with a partial order ≤ that turns E into a real vector lattice that is compatible with the
norm in the following sense: whenever x, y ∈ E satisfy |x| ≤ ∣∣y

∣∣, then ∥x∥ ≤ ∥∥y
∥∥.

Norms on real vector lattices satisfying the above compatibility condition are called
lattice norms. Note that instead of the assumption that |x| ≤ ∣∣y

∣∣ implies ∥x∥ ≤ ∥∥y
∥∥, one

can equivalently require that the following two properties are satisfied:

(a) For all x ∈ E one has ∥x∥ = ∥|x|∥.

(b) For all x, y ∈ E the inequalities 0 ≤ x ≤ y imply ∥x∥ ≤ ∥∥y
∥∥.

Let us now discuss which of the vector lattices in Examples 4.1.4 are Banach lattices.

Examples 4.1.6.

(a) For a given p ∈ [1,∞], it is easy to verify that the ℓp norm on Rn , defined by

∥x∥p :=


( n∑

k=1

|xk |p
)1/p

if 1 ≤ p <∞

maxk=1,...,n |xk | if p =∞,

is a lattice norm on Rn . Since Rn is complete with respect to any of the above
norms, it follows that (Rn ,∥·∥p ) is a real Banach lattice.

However, one can also construct norms on Rn which are not lattice norms. For
instance, if n = 2, consider the norm

∥x∥W := |x1|+ |x2 −x1| .

Observe that the vectors a = (1,−1)T and b = (1,1)T have the same modulus, but
∥a∥W = 3 > ∥b∥W = 1.
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4.2. Complex Banach lattices

(b) If Ω = K is compact, then clearly the supremum norm
∥∥ f

∥∥∞ := supx∈K

∣∣ f (x)
∣∣ is

a lattice norm on C(K ;R). As C(K ;R) is complete with respect to the supremum
norm, it is a real Banach lattice.

(c) It is also clear that the Lp norms are lattice norms, and thus the Lp (Ω,µ;R) spaces
are real Banach lattices.

(d) The W 1,p norms are not lattice norms. Since the W 1,p norm involves the (weak)
partial derivatives of functions, it is easy to see that it does not satisfy the lattice
norm property (e.g. one can consider smooth, bounded functions with oscilla-
tions). Thus the Sobolev spaces W 1,p (Ω;R) are examples of real vector lattices
which are Banach spaces but not real Banach lattices.

As the definition suggests, the setting of a Banach lattice allows order, lattice, and
topological structures to fit together in a useful way. Let us makes this precise.

Proposition 4.1.7. Let E be a real Banach lattice.

(a) The mappings x 7→ |x|, x 7→ x+, and x 7→ x− are continuous from E to E.

(b) The mappings (x, y) 7→ x ∨ y and (x, y) 7→ x ∧ y are continuous from E ×E to E.

(c) The positive cone E+ is closed.

(d) If two sequences (xn) and (yn) in E converge to points x, y ∈ E respectively, such that
xn ≤ yn for all indices n, then x ≤ y.

Proof. (a) The continuity of | · | is an immediate consequence of the reverse triangle in-
equality (Proposition 4.1.3(e)) and the fact that the norm is a lattice norm (Defini-
tion 4.1.5). The continuity of the positive and negative parts is then immediate, since
x+ = 1

2 (x +|x|) and x− = 1
2 (|x|−x) for all x ∈ E (Proposition 4.1.3(g)).

(b) This follows from (a) and the representation formula of∨ and∧ in Proposition 4.1.3(f).

(c) If (xn) ⊂ E+ is a sequence converging to x ∈ E , then x−
n = 0 for all n ∈ N, and thus

x− = limn→∞ x−
n = 0 by (a). Hence, x ≥ 0.

(d) This is an immediate consequence of (c).

4.2 Complex Banach lattices

In all the previous chapters, spectral theory has been a recurring theme, and for this
reason, it is important to consider vector spaces over C. The theory of vector lattices,
introduced in Section 4.1, is however a theory over the real field. To solve this issue we
now study how to complexify a real vector space and, in a particular, a Banach lattice.

Definition 4.2.1 (Complexification of a real vector space). Let V be a real vector space.
We give the Cartesian product V ×V the structure of a complex vector space by defining:
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(i) (x1, y1)+ (x2, y2) = (x1 +x2, y1 + y2) for all (x1, y1), (x2, y2) ∈V ×V ;

(ii) (α+ iβ)(x, y) = (αx −βy,βx +αy) for all (x, y) ∈V ×V and α,β ∈R.

The resulting vector space is called the complexification of V , and is denoted as VC or
V +iV . Furthermore, given (x, y) ∈VC, we define complex conjugation by (x, y) := (x,−y).

Via the injective R-linear map V → VC, x 7→ (x,0), we identify V with an R-linear
subspace of VC. Thus, VC becomes the direct sum (over R) of its subspaces V and iV . As
a consequence, every z ∈VC can be written uniquely in the form z = x + iy with x, y ∈V .
We make this explicit in the following.

Notation 4.2.2. In the setting of Definition 4.2.1, we denote each z = (x, y) ∈VC by

z = x + iy.

The real and imaginary parts of z are defined by Re z = x and Im z = y , respectively. In
particular, z = x − iy .

For a real Banach lattice E it is natural to extend the modulus function | · | : E → E+ to
the complexification EC, just as the modulus on R can be extended toC. We deviate from
the standard construction in the literature and follow a more axiomatic approach.

Definition 4.2.3 (Complex modulus function). Let E be a real Banach lattice and let
EC be its vector space complexification. A complex modulus function is a function
| · |C : EC→ E+ that satisfies the following axioms:

(I) Compatibility with the real modulus: For all x ∈ E one has |x|C = |x|.

(II) Triangle inequality: For all z, w ∈ EC one has |z +w |C ≤ |z|C+|w |C.

(III) Absolute homogeneity: For all z ∈ EC and all α ∈C one has |αz|C = |α| |z|C.

To obtain the existence of a modulus function on the complexification of a Banach
lattice, one takes inspiration from the following formulae inC. Given z ∈C, one can write
z in the polar form z = e iϕ |z| for a number ϕ ∈ [0,2π). On one hand, this gives

|z| = sup
θ∈[0,2π]

Re(e iθz). (4.2.1)

and on the other,∫ 2π

0

∣∣∣Re(e iθz)
∣∣∣ dθ = |z|

∫ 2π

0

∣∣∣Ree i(ϕ+θ)
∣∣∣ dθ = |z|

∫ 2π

0
|cos(θ)| dθ = 4 |z| , (4.2.2)

where have we used the 2π-periodicity of cos for the second equality. As only the modu-
lus of real numbers occurs in (4.2.2), the formula shows us a potential way to construct a
complex modulus function on a Banach lattice.
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Theorem 4.2.4 (Existence and uniqueness of the complex modulus). Let E be a real Ba-
nach lattice and EC its vector space complexification. There exists precisely one complex
modulus function | · |C : EC→ E+. Moreover, it can be represented by the formulae

|z|C =
1

4

∫ 2π

0

∣∣∣Re(e iθz)
∣∣∣ dθ = sup

θ∈[0,2π]
Re(e iθz)

for all z ∈ EC.

The supremum in the theorem is understood within the vector lattice E (note that
it is not at all obvious that this supremum exists since it is a supremum over an infinite
set) and the integral can either be interpreted as a vector-valued Riemann integral or as
a Bochner integral. Since we will often need integrals of functions with values in Banach
spaces, we provide a brief overview of them in Appendix 4.A for readers who are not yet
familiar with this concept.

We prove the existence result in Theorem 4.2.4 by showing that the integral formula
in the theorem defines a complex modulus function. The proof of the uniqueness and
of the supremum formula require more advanced tools from Banach lattice theory. Thus
we do not prove it here and refer to [MW74, Theorem 2.2] instead.6

Proof of the existence and the integral formula in Theorem 4.2.4. For every z ∈ EC we de-
fine |z|C := 1

4

∫ 2π
0

∣∣Re(e iθz)
∣∣ dθ for all z ∈ C. Observe that the integral exists since θ 7→∣∣Re(e iθz)

∣∣= |cosθRe z − sinθ Im z| is continuous from [0,2π] to E . We now prove that | · |C
satisfies the axioms from Definition 4.2.3.

(I) For every x ∈ E one has

|x|C =
1

4

∫ 2π

0

∣∣∣Re(e iθx)
∣∣∣ dθ = 1

4

∫ 2π

0
|cosθ| |x| dθ = |x| .

(II) This follows readily from the triangle inequality of the modulus on the real Banach
lattice E (Proposition 4.1.3(e)) since integration preserves the order structure on E .

(III) This follows from the same substitution that we used in formula (4.2.2).

Given the existence and uniqueness of the complex modulus we can now define
complex Banach lattices. Instead of using the notation E and EC from above, it is often
more convenient to write ER and E . Moreover, since the complex modulus is consistent
with the real one by definition, we will simply use the notation | · | from now on.

Definition 4.2.5 (Complex Banach lattices).

(a) A complex Banach lattice E is a vector space complexification of a real Banach
lattice ER together with a complex modulus function | · | : E → (ER)+ and the norm
∥·∥ on E given by ∥z∥ := ∥|z|∥ER .

The real Banach lattice ER is called the real part of E .

6Unfortunately this paper is only available in German and it seems that its results have not appeared in
a book. . . yet.
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(b) By a Banach lattice we mean a real or complex Banach lattice.

It is straightforward to check that the norm on a complex Banach lattice is indeed a
norm and that it is complete, i.e. a complex Banach lattice is indeed a Banach space. By
the definition of a real Banach lattice one has ∥x∥ER = ∥|x|∥ER = ∥x∥ for every x ∈ ER, so
we can actually denote the norms on E and ER by the same symbol ∥·∥.

Remark 4.2.6 (Inequalities and the cone in a complex Banach lattice). Let E be a com-
plex Banach lattice. Its positive cone is defined as E+ := (ER)+. If we write x ≤ y or y ≥ x
for two vectors x, y ∈ E , we mean tacitly that x, y ∈ ER.

Before we discuss some examples, let us note the following properties of the modulus
in a complex Banach lattice.

Proposition 4.2.7. Let E be a complex Banach lattice. Then one has
∣∣z∣∣ = |z| as well as

|Re z| ≤ |z| and |Im z| ≤ |z| for all z ∈ E.

Proof. Let z ∈ E . For all θ ∈R one has Re(e iθ z) = Re
(
e−iθz

)= Re(e−iθz), so it follows from
the integral formula for |z| in Theorem 4.2.4 that∣∣z∣∣= 1

4

∫ 2π

0

∣∣∣Re(e−iθz)
∣∣∣ dθ = 1

4

∫ 2π

0

∣∣Re(e iϕz)
∣∣ dϕ= |z| ,

where the second equality uses the substitution ϕ := 2π−θ. By using the axioms of the
complex modulus (Definition 4.2.3) we thus get

2 |Re z| = ∣∣z + z
∣∣ (II)≤ |z|+ ∣∣z∣∣= 2 |z| ,

and therefore, by axiom (III), |Im z| = |Re(−iz)| ≤ |−iz| = |z|.
Examples 4.2.8.

(a) Let K be a compact metric (or topological) space. Endowed with the pointwise
modulus function and the sup norm ∥·∥∞, C(K ) = C(K ;C) is a complex Banach
lattice with real part C(K ;R).

Indeed, C(K ) is the vector space complexification (as in Definition 4.2.1) of C(K ;R)
and the pointwise modulus function obviously satisfies the axioms from Defini-
tion 4.2.3. Finally, one clearly has

∥∥ f
∥∥∞ = ∥∥∣∣ f

∣∣∥∥∞.

(b) Let (Ω,µ) be a measure space and 1 ≤ p ≤∞. Similarly as in (a) one can readily see
that Lp (Ω,µ) = Lp (Ω,µ;C) is a complex Banach lattice with real part Lp (Ω,µ;R).

We close this section by introducing the following property of linear operators.

Definition 4.2.9 (Real operators). Let E ,F be complex Banach lattices. Given a linear
operator A : E ⊇ dom(A) → F , set dom(A)R := dom(A)∩ER. Then A is called real if

dom(A) = dom(A)R+ idom(A)R and A(dom(A)R) ⊆ FR.

Observe that if A is everywhere defined, then A is real if and only if A(ER) ⊆ FR. Typi-
cal examples of unbounded real operators are differential operators with real coefficients
on Lp -spaces with a Sobolev space as domain.
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4.3 Positive operators

It follows from Proposition 1.1.3 that the following definition generalises positivity of ma-
trices to linear operators.

Definition 4.3.1 (Positive operators).

(a) A linear map T : V →W between two real vector lattices V and W is called positive
if T V+ ⊆W+.

(b) Similarly, a linear map T : E → F between two complex Banach lattices is called
positive if T E+ ⊆ F+.

Note that part (a) of the definition includes operators between real Banach lattices,
but it sometimes convenient to have the notion “positive operator” available in the more
general case of vector lattices. We distinguished the cases (a) and (b) in the definition
since we did not define the general concept of complex vector lattices.

Observe that a positive linear operator T preserves inequalities, i.e. if x ≤ y , then also
T x ≤ T y . If the scalar field is complex, every positive operator is real, since the positive
cone in a complex Banach lattice E spans the real part ER.

The following generalises Proposition 1.1.5 from matrices to positive operators.

Proposition 4.3.2. Let E ,F be Banach lattices over the same scalar field. For each positive
linear operator T ∈L(E ,F ) and each x ∈ E one has |T x| ≤ T |x|.
Proof. First assume that the scalar field is R. For each x ∈ E it then follows from ±x ≤ |x|
and the positivity of T that ±T x ≤ T |x|, so |T x| = T x ∨ (−T x) ≤ T |x|.

Now let the scalar field be C. By applying the real case to the restriction T |ER one gets
|T x| ≤ T |x| for every x ∈ ER. For the general case x ∈ E we thus have

|T x| = 1

4

∫ 2π

0

∣∣∣Re(e iθT x)
∣∣∣ dθ = 1

4

∫ 2π

0

∣∣∣T Re(e iθx)
∣∣∣ dθ ≤ 1

4

∫ 2π

0
T

∣∣∣Re(e iθx)
∣∣∣ dθ = T |x| ,

where the second equality holds since T is real, and the inequality in the middle uses the
established inequality for vectors in ER.

In the study of positive operators on Banach lattices, it is mandatory to present the
following delightful result.

Theorem 4.3.3 (Automatic continuity of positive operators). Let E ,F be Banach lattices
over the same scalar field and let T : E → F be a positive linear map. Then T is continuous.

Proof. We consider the real case; the complex case is then an easy consequence. Assume
that T is not continuous. As every x ∈ E is of the form x = x+−x−, we can find a sequence
(xn) in E+ such that ∥xn∥ ≤ 1 and ∥T xn∥ ≥ n3 for all n ∈ N. Observe that x := ∑∞

n=1
xn

n2 is
a well-defined element of E – as the series converges absolutely and E is complete – that
satisfies 0 ≤ xn

n2 ≤ x for all n ∈ N. Thus, using the positivity of T and the lattice norm

property, we find ∥T x∥ ≥ ∥∥T
( xn

n2

)∥∥≥ 1
n2 ·n3 = n for all n ∈N, a contradiction.
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4.4 Dual spaces of Banach lattices

Given a real Banach lattice E , we introduce a partial order ≤ on E ′ by defining ϕ≤ψ for
two functionals if 〈ϕ, x〉 ≤ 〈ψ, x〉 for all x ∈ E+. Functionals satisfyingϕ≥ 0 are called pos-
itive; these are precisely the functionals positive in the operator sense (Definition 4.3.1).
The set of all positive functionals in E ′ is denoted by E ′+ and is called the dual cone of E ′+.

Example 4.4.1 (The dual cone of Rn+). Endow E = Rn with the standard order and the
Euclidean norm and identify E ′ with the space R1×n of row vectors.

(a) A functionalϕ ∈ E ′ is positive (in the sense defined above this example) if and only
if all its entries are ≥ 0 when ϕ is viewed as an element of R1×n .

Hence, the positive cone E ′+ agrees with the standard cone R1×n+ . In particular, E ′

is a Banach lattice.

(b) For everyϕ ∈ E ′ and every x ∈ E+ one has
〈∣∣ϕ∣∣ , x

〉= max
{∣∣〈ϕ , y

〉∣∣ : y ∈Rn ,
∣∣y

∣∣≤ x
}
.

Proof. (a) This follows immediately from the characterisation of positive matrices in
terms of the action in Proposition 1.1.3.

(b) Let ϕ ∈ E ′ = R1×n and x ∈ E+ = Rn+. Since the order on E ′ is the standard order, the
lattice operations on it are given componentwise (see Example 4.1.4(a)).

To obtain the claimed equality, observe that for every y ∈ Rn with
∣∣y

∣∣ ≤ x one has〈∣∣ϕ∣∣ , x
〉 = ∣∣ϕ∣∣x ≥ ∣∣ϕ∣∣ ∣∣y

∣∣ ≥ ∣∣ϕy
∣∣ = ∣∣〈ϕ , y

〉∣∣, where the second inequality uses Propo-
sition 1.1.5(a). On the other hand, if one chooses y ∈ Rn with yk = xk if ϕk ≥ 0 and
yk =−xk if ϕk < 0, then

∣∣y
∣∣= x and

〈∣∣ϕ∣∣ , x
〉= 〈

ϕ , y
〉

.

The preceding example motivates the following general result about duals of Banach
lattices. For a complex Banach lattice E with real part ER, observe that a functionalϕ ∈ E ′

is real in the sense of Definition 4.2.9 if and only if ϕ(ER) ⊆R.

Theorem 4.4.2 (Duals of Banach lattices).

(a) If E is a real Banach lattice, then so is E ′.

(b) Let E be a complex Banach lattice with real part ER. Then E ′ is a complex Banach
lattice whose real part consists of the real functionals in E ′ and can be identified
with (ER)′ by restricting each such functional to ER.

In both cases one has the Riesz–Kantorovich formula〈∣∣ϕ∣∣ , x
〉= sup

{∣∣〈ϕ , y
〉∣∣ : y ∈ E ,

∣∣y
∣∣≤ x

}= sup
{
Re

〈
ϕ , y

〉
: y ∈ E ,

∣∣y
∣∣≤ x

}
for all ϕ ∈ E ′ and x ∈ E+, and the inequality

∣∣〈ϕ , z
〉∣∣≤ 〈∣∣ϕ∣∣ , |z|〉 for all ϕ ∈ E ′ and z ∈ E.

For the proof of Theorem 4.4.2 in the real case, we refer to the classical books on
Banach lattices, e.g. [MN91, Theorem 1.3.2 and Proposition 1.3.7]. For the complex case
see e.g. [MN91, Proposition 2.2.6] and the sentence thereafter, or [Sch74, Corollary 3 to
Theorem IV.1.8].
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Remark 4.4.3 (The dual cone of complex Banach lattice). If E is a complex Banach lat-
tice, then by Remark 4.2.6 and Theorem 4.4.2(b), the cone E ′+ consists of the real func-
tionals ϕ whose restriction to ER is positive. One readily checks that these are precisely
all theϕ ∈ E ′ that are positive operators from E to C in the sense of Definition 4.3.1(b), so
E ′+ consists precisely of the positive functionals in the complex case as well.

Finally, we discuss how positivity of operators behaves with respect to duality. To this
end, we need the following consequence of the Hahn–Banach separation theorem.

Proposition 4.4.4. Let E be a Banach lattice. An element x ∈ E is positive if and only if〈
ϕ , x

〉≥ 0 for all ϕ ∈ E ′+.

Proof. “⇒”: This implication is obvious.

“⇐”: Assume that x ∉ E+. Since the convex set E+ is closed (Proposition 4.1.7(c)), the
Hahn-Banach separation theorem (see e.g. [Bre11, Theorem 1.7]) shows that there
exists a functional ϕ ∈ E ′ that strictly separates {x} from E+, i.e. there exists α ∈ R
such that

〈
ϕ , x

〉<α< 〈
ϕ , y

〉
for all y ∈ E+. In particular, taking y = 0, we get α< 0.

We show that ϕ is positive. To this end, fix an arbitrary 0 ̸= y ∈ E+. Then λ−1 y ∈ E+
for all λ > 0, and thus λα < 〈

ϕ , y
〉

for all λ > 0. As λ ↓ 0, we obtain 0 ≤ 〈
ϕ , y

〉
. Thus

ϕ ∈ E ′+ with
〈
ϕ , x

〉< 0.

Corollary 4.4.5. Let E ,F be Banach lattices over the same field and T ∈L(E ,F ). Then T is
positive if and only if T ′ is positive.

Proof. The implication “⇒” follows immediately from the definitions, and the implica-
tion “⇐” is a consequence of Proposition 4.4.4.
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Exercises for Chapter 4

Exercise 4.1 (Getting acquainted with lattice operations).

(a) Let V be a real vector lattice and let x, y ∈ V . Derive directly from the axioms (I)
and (II) in Definition 4.1.1 and from the definition of the modulus in Definition 4.1.2
that the triangle inequality

∣∣x + y
∣∣≤ |x|+∣∣y

∣∣ holds for all x, y ∈V (i.e. prove the first
part of Proposition 4.1.3(e)).

(b) Consider the real Banach lattice C([0,1];R) and the functions fn ∈ C([0,1];R) given
by fn(x) = x1/n for each n ∈N and all x ∈ [0,1].

Show that the set
{

fn : n ∈ N}
has a supremum f in C([0,1];R). Does the equality

f (x) = supn∈N fn(x) hold for all x ∈ [0,1]?

(c) Find a sequence (gn) in C([0,1];R) that satisfies 0 ≤ gn ≤ 1 for all n and such that
the set

{
gn : n ∈N}

does not have a supremum in the space C([0,1];R).

Exercise 4.2 (C1 is not a vector lattice). Endow the space C1([−1,1];R) with the partial
order ≤ inherited from C([−1,1];R), i.e. functions are compared pointwise. Note that this
space satisfies property (I) in Definition 4.1.1.

(a) Starter: Show that C1([−1,1];R) is not a vector sublattice of C([−1,1];R).

(b) Show that C1([−1,1];R) is not a vector lattice.

Exercise 4.3 (Positivity of the resolvent for ∆Dir). Let ; ̸=Ω ⊆ Rn be open and consider
the Dirichlet Laplacian ∆Dir : L2(Ω) ⊇ dom(∆Dir) → L2(Ω) from Example 3.3.6 given by

dom(∆Dir) := {
u ∈ H 1

0 (Ω) :∆u ∈ L2(Ω)
}
, ∆Diru :=∆u.

Letλ ∈ (0,∞). According to Example 3.3.6(c) one hasλ ∈ ρ(∆Dir). In this exercise we show
that the resolvent R(λ,∆Dir) : L2(Ω) → L2(Ω) is a positive operator.

(a) Let 0 ≤ g ∈ L2(Ω) and set u :=R(λ,∆Dir)g ∈ dom(∆Dir). Derive from the description
of ∆Dir in Example 3.3.6(b) that

λ (v | u)L2 + (∇v | ∇u)L2 = (
v | g

)
L2 (4.4.1)

for all v ∈ H 1
0 (Ω). Are we allowed to substitute v := u− in this equation?
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(b) Show that u− = 0 and conclude that R(λ,∆Dir) ≥ 0.

Exercise 4.4 (Range of a positive projection).

(a) Let V be a real vector lattice and P ∈L(V ) a positive projection.7 Show that rgP is
a vector lattice with respect to the order inherited from V and the corresponding
cone (rgP )+ := {v ∈ rgP : v ≥ 0} satisfies (rgP )+ = rgP ∩V+ = P (V+).

Give an explicit formula for the modulus in rgP . Is rgP always a vector sublattice?

(b) Let E be a real Banach lattice and P ∈L(E) a positive projection. Show that ∥x∥rgP :=
∥P |x|∥ for all x ∈ E defines an equivalent norm on rgP with respect to which rgP
is a Banach lattice.

(c) Let E be a complex Banach lattice and P ∈ L(E) a positive projection. Observe
that rgP is the vector space complexification of the Banach lattice P (ER) and thus
becomes a complex Banach lattice by Definition 4.2.5.

Give an explicit formula for the complex modulus function rgP → P (ER) and for
the norm that turns rgP into a complex Banach lattice.

(d) Let A ⊆ C([0,1];R) denote the two-dimensional subspace consisting of all affine
functions endowed with the norm and the order inherited from C([0,1];R).

Show that A is not a vector sublattice of C([0,1];R) but is itself a Banach lattice.

Exercise 4.5. In this exercise, we will use some general notions from order theory. A
directed set is a non-empty set J together with a reflexive and transitive relation ≤ such
that for all a,b ∈ J , there exists c ∈ J such that a ≤ c and b ≤ c. A net in a set X is a function
x : J → X , where J is a directed set; it is customary to write (x j ) j∈J instead of x.8

Let E be a complex Banach lattice and let (T j ) j∈J be a net in the spaceL(E) of bounded
linear operators on E . Assume that (T j ) j∈J is an individually eventually positive net in
the sense that for each f ∈ E+, there exists j0 ∈ J such that T j f ≥ 0 for all j ≥ j0.

(a) Show that for each f ∈ ER, there exists j1 ∈ J such that
∣∣T j f

∣∣≤ T j
∣∣ f

∣∣ for all j ≥ j1.

(b) Assume now that there exists a countable set I ⊆ J that is majorising, meaning
that for each j ∈ J there exists a j1 ∈ I that satisfies j1 ≥ j . Show that (T j ) j∈J is
uniformly eventually real in the sense that there exists j0 ∈ J such that T j is a real
operator for all j ∈ J with j ≥ j0.

Hint: Use Baire’s theorem.

7Recall that a linear map is called a projection if it satisfies P 2 = P .
8Note that every sequence is a net with J =N, endowed with its usual order.
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Notes for Chapter 4

Vector lattices, Banach lattices, and ordered vector spaces

Standard literature

Vector lattices are also called Riesz spaces in the literature. The theory dates back to the
first half of the twentieth century, but we refrain from trying to give a historical account
of its development. Standard books on the topic include: the two volumes by Luxem-
burg and Zaanen [LZ71] and Zaanen [Zaa83] – the first of which focuses on vector lat-
tices without norms while the latter has more material about Banach lattices; Schaefer’s
classical monograph [Sch74] on Banach lattices; the reprint [AB06] of a classical book
by Aliprantis and Burkinshaw from the ’80s; the book of Meyer–Nieberg [MN91], which
might sometimes be a bit less heavy on notation and technicalities; and more recently,
the introductory textbook [Zaa97] by Zaanen. We should also mention the book [Wnu99]
by Wnuk which gives a comprehensive treatment of the important class of Banach lat-
tices with order continuous norm.

Terminological remarks

As Section 4.1 shows, the theory of vector lattices is most naturally developed over the
real field. It is thus customary in the literature to simply call “vector lattice” and “Banach
lattice” what we call a “real vector lattice” and “real Banach lattice”, respectively. Since
we use the complex scalar field frequently and also discuss a number of results that are
true over both scalar fields, we find it more natural to use the term “Banach lattice” for
both cases simultaneously and specify the field whenever necessary.

Ordered vector spaces and ordered Banach spaces

Many classes of vector spaces and Banach spaces carry a canonical structure that does
not turn them into vector lattices. Typical examples are spaces of differentiable func-
tions like Ck (Ω) (see for instance Exercise 4.2), higher order Sobolev spaces [AN09, Ex-
ample 2.3(d)], and the self-adjoint parts of non-commutative C∗-algebras; the latter are
never lattice ordered by a classical result of Sherman [She51, Theorems 1 and 2]. Still,
these spaces are often Banach spaces. Important results on such ordered Banach spaces
can, for instance, be found in the first part of the classical paper [BR84] by Batty and
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Robinson, in the book [KLS89] by Krasnosel’skii, Lifshits, and Sobolev, and [AT07, Sec-
tion 2.5] of an excellent book by Aliprantis and Tourky. More recently, the German trans-
lation [Wul17] by Weber of two classical Russian books by Wulich appeared and contains
some notes on more recent development of the field.

A very recent topic is the study of ordered vector spaces by embedding them into
vector lattices – this is the theory of pre-Riesz spaces which is presented in the book
[KvG19] by Kalauch and van Gaans.

As pointed out in Example 4.1.4(d), the Stampacchia lemma implies that the first or-
der Sobolev spaces W 1,p (Ω;R) are vector lattices. However, they are not Banach lattices
according to Example 4.1.6(d), and the same argument – considering quickly oscillating
functions – shows that they do not become Banach lattices with respect to any equiva-
lent norm. However, they are vector lattices and Banach spaces at the same time and
their positive cone is closed. It seems that, from an abstract point of view, such “lattice-
ordered Banach spaces” have not been studied systematically in the literature, but some
interesting results about them were proved by Borwein and Yost in [BY84].

Complexification

Existence of a complex modulus function

Complexifications of Banach lattices go back to Lotz who developed them to study the
spectrum of positive operators [Lot68]. His approach was based on the formula (4.2.1)
for complex numbers: For an element z of the vector space complexification EC of a real
Banach lattice E he defined the complex modulus as

|z|C := sup
θ∈[0,2π]

Re(e iθz) (4.4.2)

and then showed that it has the properties (I)–(III) stipulated in Definition 4.2.3. The
approach still seems to be the most common one in the literature. Its main obstacle is
that it is not at all clear why this supremum exists – note that the definition of a vector
lattice only requires the existence of the supremum of sets of two elements (and hence of
finite sets). The most common way to solve this problem is to use a representation result
due to Kakutani about a class of Banach lattices, called AM-spaces. This result enables
reducing the situation to spaces of continuous functions where one can explicitly check
that the supremum exists. We refer for instance to [Sch74, Section II.11] for the details of
this procedure. A different approach is used in [Zaa97, Chapter 6] where the existence of
the supremum is proved intrinsically – i.e. without employing a representation result –
by using a certain type of convergence that is often called relative uniform convergence.

By contrast, our existence proof for a complex modulus function relies on the integral
formula (4.2.2). To the best of our knowledge, this formula has not been used in the
construction of complex vector lattices so far – which is remarkable since it actually gives
existence under more general assumptions than the more common procedures which
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require the vector lattice to be relatively uniformly complete.9

While formula (4.2.2) does not seem to have found its way into the standard liter-
ature on Banach lattices, representing the modulus in this way is known to be a useful
technique in related parts of functional analysis. For instance, consider a bounded linear
operator T on a real-valued Lp -space Lp (Ω,µ;R) and let TC denote its canonical exten-
sion to the complex-valued space Lp (Ω,µ). Then we can prove that ∥T ∥ = ∥TC∥. This is
not obvious at all, but it can be proved by using an Lp -version of the integral representa-
tion of the complex modulus, see e.g. [Fen98, Proposition 2.1.1 and Remark 2.1.1]

Uniqueness of the complex modulus function

Uniqueness of the complex modulus function was proved by Mittelmeyer and Wolff in
[MW74, Theorem 2.2]. It is valid under much weaker assumptions than existence results
– one only needs the underlying real vector lattice to be Archimedean, a property that is
typically satisfied in non-pathological examples. Remarkably, the theory of complex Ba-
nach lattices can essentially be developed without discussing uniqueness. Indeed, the
standard books on Banach lattices define the complex modulus by the formula in (4.4.2)
(or a version thereof) and then derive the property that one would expect from a modu-
lus function without ever discussing uniqueness. From this perspective, one could anal-
ogously define the theory of complex Banach lattices by defining the complex modulus
in terms of the integral formula in Theorem 4.2.4 without bothering about uniqueness.

Apart from purely theoretical interest, the one point where knowledge of the unique-
ness of the complex modulus function is quite handy, is to check that concrete exam-
ples of complex functions spaces are indeed complex Banach lattices. The efficiency of
this approach is demonstrated in Examples 4.2.8. Without the uniqueness result, show-
ing that the common function spaces are indeed complex Banach lattices requires a bit
more work. For Lp -spaces one can for instance do this by showing that it suffices to
take the supremum in supθ∈[0,2π] Re(e iθz) over a countable subset of [0,2π] and then
by working pointwise almost everywhere. Alternatively, if one takes our integral for-
mula approach, it can be shown that Lp -spaces are complex Banach lattices by using
results about the almost-everywhere evaluation of Lp -valued Bochner integrals (see e.g.
[HvNVW16, Proposition 1.2.25 and Remark 1.2.26]).

More on complexifications

The norm on a complex Banach lattice is closely related to tensor products of Banach
spaces as shown in [vN97].

Complexifications can be defined not only for Banach lattices, but also make sense
for real Banach spaces. In this case one does, of course, not define a complex modulus
function, but focuses on ways to extend the norm on a real Banach space to its vector
space complexification. We refer to the paper [MST99] for an overview.

9Note that we have not presented the results in the main text under optimal assumptions by any means,
to keep the presentation concise and accessible and in order to focus on the key ideas.
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4.4. Dual spaces of Banach lattices

Finally, we point out that our definition of the complexification of real vector spaces
(Definition 4.2.1) is rather explicit and not axiomatic. This makes the definition itself
rather straightforward to digest, but it has the disadvantage that it requires certain iden-
tifications when one considers a vector space that is not explicitly given as V ×V as the
complexification of the real vector space V . Such identifications already occur for in-
stance in Examples 4.2.8 and they become more explicit in Exercise 4.4(c) and, in partic-
ular, in Theorem 4.4.2(b). For a presentation of complexifications that is more axiomatic
and thus makes all identifications explicit, we refer to [Glü16, Appendix C].

The Riesz–Kantorovich formula(s)

The Riesz–Kantorovich formula from Theorem 4.4.2 also holds more generally for so-
called regular operators between a Banach lattice E and a Dedekind complete Banach
lattice F . For the case of real scalars, see e.g. [AB06, Theorem 1.18]; there, one can also
find similar formulas for the positive and the negative part of a regular operator. For the
complex case, we refer to [Sch74, Definition IV.1.7 and Theorem IV.1.8].
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Appendices

4.A Vector-valued integrals

In this appendix, we present some essential aspects of integration theory for functions
with values in a Banach space. A good overview of elementary concepts can be found
in [AE01, Kapitel X.1 & X.2], and [HvNVW16, Chapter 1] offers a comprehensive intro-
duction. The stochastically-minded reader can also consult [DPZ14, Section 1.1].

To keep things simple, we only considerσ-finite measure spaces throughout this sec-
tion, although much of the theory can also be developed in more generality. Recall that a
measure space (Ω,A ,µ) is called σ-finite if there exist countably many measurable sets
An ∈A with µ(An) <∞ and

⋃
n∈N An =Ω.

Measurability

As a first reaction, one might think: “what’s the big deal?” If (Ω,A ) is a measurable space
and X is a Banach space, then surely it makes sense to say that a function f : Ω→ X is
measurable if and only if f −1(B) ∈A for every Borel subset B in X . It turns out that this
natural definition is not as useful as it looks. Often in functional analysis, the norm dual
X ′ is used to study problems on X by reducing to the case of scalar-valued functions.
This is supported by the following simple result.

Proposition 4.A.1. Let X be a separable Banach space, and let A be the σ-algebra gener-
ated by all sets of the form{

x ∈ X :
〈

x ′ , x
〉≤α}

, x ′ ∈ X ′,α ∈R. (4.A.1)

Then A coincides with the Borel σ-algebra B(X ).

Proof. The inclusion A ⊆B(X ) is immediate, since each set of the form (4.A.1) is closed
and hence in B(X ). To prove the converse, it suffices to show that A contains all open
balls in X . Since X is separable, there is a countable norming sequence (x ′

n) ⊂ X ′, i.e.

∥x∥ = sup
n∈N

∣∣〈x ′
n , x

〉∣∣ ∀x ∈ X .

Consequently, for arbitrary x ∈ X and r > 0, it holds that

B<r (x) =
∞⋃

m=1
B≤r (1−1/m)(x) =

∞⋃
m=1

∞⋂
n=1

{
y ∈ X :

∣∣〈x ′
n , y −x

〉∣∣≤ r
(
1− 1

m

)} ∈A .
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4.A. Appendix: Vector-valued integrals

However, if the Banach space X is not separable, then it may happen that the σ-
algebra generated by X ′ is strictly smaller than the Borel σ-algebra B(X ) (so in some
sense B(X ) is ‘too large’). In this case, the measurability properties on X cannot be ef-
fectively determined via linear functionals.

On the other hand, we often study measurability and integrability of scalar-valued
functions via approximation by simple functions. These considerations motivate the fol-
lowing.

Definition 4.A.2. Let (Ω,A ,µ) be a σ-finite measure space and X a Banach space.

(a) A functionϕ : Ω→ X is called µ-simple if it satisfies: (I)ϕ(Ω) is a finite subset of X ;
(II) ϕ−1({x}) ∈A for all x ∈ X ; and (III) µ

(
ϕ−1(X \ {0})

)<∞.

(b) A function f : Ω→ X is called stronglyµ-measurable if there is a sequence ( fn)n∈N
of µ-simple functions such that limn∈N fn(ω) = f (ω) for µ-almost every ω ∈Ω.

In the case X = C, it is common to omit the word ‘strongly’ and simply speak of
µ-measurable functions f : Ω→C.

(c) A function f : Ω→ X is called weakly µ-measurable if the C-valued map x ′ ◦ f =〈
x ′ , f ( · )〉 is µ-measurable for all x ′ ∈ X ′.

Remark 4.A.3. Let (Ω,A ,µ) be a σ-finite measure space and X a Banach space. Every
µ-simple function ϕ : Ω→ X can be written uniquely in the form

ϕ=
N∑

k=1
1Ak xk (4.A.2)

with distinct elements {x1, . . . , xN } ⊂ X , and where the sets Ak ∈A satisfy µ(Ak ) <∞ for
each k = 1, . . . , N and are pairwise disjoint, i.e. A j ∩ Ak = ; whenever j ̸= k. Indeed, let
{x1, . . . , xN } ⊂ X be the disinct non-zero values of ϕ, and set Ak := ϕ−1({xk }). Clearly the
Ak ’s are pairwise disjoint and µ(Ak ) < ∞ for each k = 1, . . . , N . The uniqueness of the
representation (4.A.2) can then be easily verified.

Definition 4.A.2 does not require the Banach space X to be separable. This is impor-
tant, since non-separable Banach spaces (such as L∞(Ω) for an open subset ; ̸=Ω⊆Rn)
are also useful and appear in many applications. Nevertheless, Proposition 4.A.1 gives a
hint that if we want a good integration theory, separability should not be far away.

Definition 4.A.4. Let (Ω,A ,µ) be a σ-finite measure space and X a Banach space. A
function f : Ω→ X is called µ-almost separably valued if there exists a separable sub-
set10 X0 of X such that f (ω) ∈ X0 for µ-almost every ω ∈Ω.

We can now formulate the fundamental theorem of Pettis.

10Naturally, we equip X0 with the relative topology inherited from X . Note that some texts require X0 to
be a closed, separable vector subspace of X . However, it can be shown that the two definitions are equiva-
lent.
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4. ORDERED FUNCTION SPACES AND BANACH LATTICES

Theorem 4.A.5 (Pettis). Let (Ω,A ,µ) be a σ-finite measure space and X a Banach space.
For a function f : Ω→ X , the following assertions are equivalent:

(i) f is strongly µ-measurable;

(ii) f is µ-almost separably valued and weakly µ-measurable.

For the proof, we refer to [HvNVW16, Theorem 1.1.20].

The Bochner integral

For strongly µ-measurable functions with values in a Banach space, one can define an
integral as follows.

Definition 4.A.6 (The Bochner integral). Let (Ω,A ,µ) be a σ-finite measure space and
X a Banach space.

(a) For a µ-simple function ϕ : Ω→ X , ϕ=∑N
k=11Ak xk , we define

∫
Ω
ϕ dµ :=

N∑
k=1

µ(Ak )xk . (4.A.3)

(b) Let f : Ω→ X be a strongly µ-measurable function. We say that f is Bochner inte-
grable (with respect to µ) if there exists a sequence ( fn)n∈N of µ-simple functions
such that

lim
n→∞

∫
Ω

∥∥ fn − f
∥∥ dµ= 0.

In this case, we define ∫
Ω

f dµ := lim
n→∞

∫
Ω

fn dµ. (4.A.4)

Remarks 4.A.7.

(a) By the uniqueness assertion in Remark 4.A.3, the integral for simple functions (4.A.3)
is well-defined. Moreover, it is clear that

∥∥∫
Ωϕ dµ

∥∥≤ ∫
Ω

∥∥ϕ∥∥ dµ, and it is straight-
forward to verify that additivity

∫
Ωϕ dµ+∫

Ωψ dµ= ∫
Ωϕ+ψ dµ holds for all simple

functions ϕ,ψ : Ω→ X (cf. [AE01, Kapitel X.2, Bemerkungen 2.1] for details).

(b) To see that (4.A.4) is well-defined, first note that the mapΩ ∋ω 7→ ∥∥ fn(ω)− f (ω)
∥∥ ∈

[0,∞) isµ-measurable, since it is a composition of the stronglyµ-measurable func-
tion fn − f with the continuous function ∥·∥ : X → [0,∞). By the properties of the
integral for simple functions mentioned above, one has∥∥∥∥∫

Ω
fn dµ−

∫
Ω

fm dµ

∥∥∥∥≤
∫
Ω

∥∥ fn − fm
∥∥ dµ≤

∫
Ω

∥∥ fn − f
∥∥ dµ+

∫
Ω

∥∥ fm − f
∥∥ dµ

for all m,n ∈N. Hence if f is Bochner integrable, then the integrals
∫
Ω fn dµ form

a Cauchy sequence in X , and thus converge to a unique element.
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Theorem 4.A.8 (Bochner). Let (Ω,A ,µ) be a σ-finite measure space and X a Banach
space. A strongly µ-measurable function f : Ω→ X is Bochner integrable if and only if∫

Ω

∥∥ f
∥∥ dµ<∞.

In this case, it holds that ∥∥∥∥∫
Ω

f dµ

∥∥∥∥≤
∫
Ω

∥∥ f
∥∥ dµ.

We refer to [HvNVW16, Proposition 1.2.2] for the proof. In the case that the measure
space is an interval I ⊆Rwith the Lebesgue measure, proofs of Theorems 4.A.5 and 4.A.8
can also be found in [ABHN11, Theorem 1.1.1] and [ABHN11, 1.1.4] respectively.

Example 4.A.9. Let λn be the Lebesgue measure on Rn , K ⊂ Rn a non-empty compact
subset, and X a Banach space. Then every continuous function f : K → X is strongly
λn-measurable. Indeed, the image f (K ) is a compact subset of X , and hence separa-
ble, so in particular f is λn-almost separably valued. (More generally, if Ω ⊆ Rn can be
covered by countably many compact sets, then every continuous function f : Ω→ X is
separably valued). For each x ′ ∈ X ′, the C-valued map x ′ ◦ f is continuous (as a compo-
sition of continuous maps) and hence λn-measurable. The conclusion now follows from
Theorem 4.A.5.

Moreover, Theorem 4.A.8 shows that every continuous function f : K → X is also
Bochner integrable, since one has∫

K

∥∥ f (ω)
∥∥ dλn ≤ sup

ω∈K

∥∥ f (ω)
∥∥ ·λn(K ) <∞.

Finally, we present a useful result that explains how closed linear operators interact
with Bochner integrals.

Theorem 4.A.10 (Hille). Let (Ω,A ,µ) be aσ-finite measure space and X ,Y Banach spaces.
Suppose that f : Ω→ X is Bochner integrable, and A : X ⊇ dom(A) → Y is a closed linear
operator. Assume that f (ω) ∈ dom(A) for µ-almost every ω ∈ Ω and that A ◦ f : Ω→ Y
(defined for µ-almost every ω ∈Ω) is Bochner integrable. Then f is Bochner integrable as
a dom(A)-valued function,

∫
Ω f dµ ∈ dom(A), and

A
∫
Ω

f dµ=
∫
Ω

A ◦ f dµ. (4.A.5)

We refer to [HvNVW16, Theorem 1.2.4] for the proof. Observe that if A ∈ L(X ,Y ),
then (4.A.5) can be derived easily from Definition 4.A.6 alone.
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Encore: if you want to know more. . .

4.B The lattice structure of W 1,p

In Example 4.1.4(d), it was mentioned that the Sobolev spaces W 1,p (Ω) are vector lat-
tices. In this appendix, we give a proof of this fact, which is a consequence of Theo-
rem 4.B.3 due to Stampacchia. This is not merely a curiosity for vector lattice theory, but
it turns out to be a very useful property for PDE theory in general.

As preparation, we require a Sobolev space version of the chain rule (which is also a
very useful tool in itself).

Proposition 4.B.1 (A chain rule for W 1,p ). Let ; ̸=Ω ⊆ Rn be open, and u ∈ W 1,p (Ω) for
some p ∈ [1,∞]. Let G ∈ C1(R;R) satisfy G ′ ∈ L∞(R) and G(0) = 0. Then the composition
G ◦u belongs to W 1,p (Ω) and

∂k (G ◦u) = (G ′ ◦u)∂k u, k = 1, . . . ,n. (4.B.1)

Proof. The assumptions on G and the mean value theorem imply that |G(x)| ≤ M |x| for
all x ∈R, with M = ∥∥G ′∥∥

L∞(R). Hence |G ◦u| ≤ M |u|, which shows that G◦u ∈ Lp (Ω). Since
G ′ ∈ L∞(R), we also have (G ′ ◦u)∂k u ∈ Lp (Ω) for all k ∈ {1, . . . ,n}.

We treat the case p < ∞ first; this allows us to leverage the Meyers-Serrin theorem
(Theorem 3.A.4), and choose a sequence (un) ∈ C∞(Ω)∩W 1,p (Ω) such that un → u in
W 1,p (Ω). Hence, by the classical integration by parts and chain rule, we obtain∫

Ω
(G ◦un)∂kϕ dx =−

∫
Ω

(G ′ ◦un)(∂k un)ϕ dx (4.B.2)

for all n ∈ N and all ϕ ∈ C∞
c (Ω). The inequality |G ◦un −G ◦u| ≤ M |un −u| implies that

G ◦un →G ◦u in Lp (Ω). Furthermore, since G ′ is continuous, G ′◦un converges pointwise
a.e. to G ′◦u, and hence (G ′◦un)∂k un → (G ′◦u)∂k u in Lp (Ω) by dominated convergence.
By letting n →∞ in (4.B.2), we therefore obtain∫

Ω
(G ◦u)∂kϕ dx =−

∫
Ω

(G ′ ◦u)(∂k u)ϕ dx

for all ϕ ∈ C∞
c (Ω). This proves (4.B.1) in the case p ̸=∞.

The case p =∞ is handled via a simple trick. Given ϕ ∈ C∞
c (Ω), choose a bounded

subset Ω′ such that suppϕ ⊆ Ω′ and Ω′ ⊆ Ω. Then it follows that u ∈ W 1,p (Ω′) for any
1 ≤ p <∞, and the previous arguments can be applied.
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4.B. Encore: The lattice structure of W 1,p

Remark 4.B.2. The assumption that G(0) = 0 in Proposition 4.B.1 is only needed to
obtain G ◦ u ∈ Lp (Ω) (as the proof readily reveals). If one is not concerned about p-
integrability, this assumption on G can be dropped; cf. [GT01, Lemma 7.5].

Theorem 4.B.3 (Stampacchia). Let ; ̸= Ω ⊂ Rn be open and p ∈ [1,∞]. If u ∈ W 1,p (Ω),
then u+,u−, |u| ∈W 1,p (Ω) with

∂k (u+) =
{
∂k u on u > 0

0 on u ≤ 0,
∂k (u−) =

{
0 on u ≥ 0

−∂k u on u < 0,
∂k |u| =


∂k u on u > 0

0 on u = 0

−∂k u on u < 0,

for all k ∈ {1, . . . ,d}. In particular, W 1,p (Ω) is a vector sublattice of Lp (Ω).

Proof. For every ε> 0, we define a smooth approximation of the function x 7→ x+ by

Gε(x) :=
{

(x2 +ε2)1/2 −ε x > 0

0 x ≤ 0.

We use Proposition 4.B.1 and then integrate by parts to find∫
Ω

(Gε ◦u)∂kϕ dx =−
∫
Ω

u∂k u

(u2 +ε2)1/2
ϕ dx =−

∫
{u>0}

u∂k u

(u2 +ε2)1/2
ϕ dx

for all ϕ ∈ C∞
c (Ω). Since Gε ◦u → u+ pointwise a.e. in Ω and u(u2 +ε2)−1/2 → 1 pointwise

a.e. in the subset {u > 0} as ε ↓ 0, the above equalities in the limit yield∫
Ω

u+∂kϕ dx =−
∫

{u>0}
(∂k u)ϕ dx.

This proves the required formula for ∂k (u+).
The formulas for ∂k (u−) and ∂k |u| now follow immediately from the identities u− =

(−u)+ and |u| = u++u−. The lattice operations of supremum and infimum, naturally in-
herited from Lp (Ω), can then be expressed in terms of the modulus, as shown in Propo-
sition 4.1.3(f). This proves that W 1,p (Ω) is a vector sublattice of Lp (Ω).

Remark 4.B.4. One can show that, for p ∈ [1,∞), the lattice operations u 7→ u+, u 7→
u− and u 7→ |u| are continuous on W 1,p (Ω) (this does not follow from Proposition 4.1.7,
which only yields continuity on Lp (Ω)). The curious reader may consult, for instance,
[AU23, Theorem 6.37], for the proof when p = 2 that can be easily adapted for p ∈ [1,∞).
Alternatively, see [BY84, Example 2 and the paragraph thereafter].

However, the situation is more complicated on W 1,∞. This space coincides with
the space of bounded Lipschitz continuous functions, see e.g. [Eva10, Theorem 4, Sec-
tion 5.8]. The lattice operations on it are continuous at the point 0, but one can easily
construct examples to see that they are not continuous on the whole space.
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Chapter 5

Positive and eventually positive
solutions to PDEs

5.1 Positivity via sesquilinear forms

In Example 3.3.6(b), we described the domain and the action of the Dirichlet Laplacian
∆Dir in terms of the expression

∫
Ω∇v ·∇u dx, defined for elements u, v ∈ H 1

0 (Ω). This is
a special case of a sesquilinear form. It is the purpose of this section to develop some
key aspects in the theory of sesquilinear forms, which yield useful tools to study linear
operators on Hilbert spaces. In addition, these so-called form methods are well-suited to
the study of positivity, as shown in Theorem 5.1.7 below.

Definition 5.1.1 (Sesquilinear forms). Let V be a complex Hilbert space.

(a) A map a : V ×V →C is called a sesquilinear form if it is antilinear in the first com-
ponent1 and linear in the second.

(b) A sesquilinear form a : V ×V → C is called bounded if there exists a number c ≥ 0
such that |a(v, w)| ≤ c ∥v∥V ∥w∥V for all v, w ∈V .

A fundamental result is that bounded sesquilinear forms can be represented by bounded
linear operators.

Lemma 5.1.2 (Lax-Milgram). Let V be a complex Hilbert space and let a : V ×V →C be a
bounded sesquilinear form.

(a) There exists a unique A ∈L(V ) that satisfies a(w, v) =− (w | Av)V for all v, w ∈V .2

(b) Moreover, if Rea(v, v) ≥ δ∥v∥2
V for a number δ> 0 and all v ∈V , then A is bijective.

1This is consistent with our convention for inner products.
2We put a minus sign here to be consistent with Definition 5.1.3 below.
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5.1. Positivity via sesquilinear forms

Proof. (a) The uniqueness is clear. For existence, note that for each v ∈ V , −a( · , v) is
a bounded antilinear functional on V . By the Riesz–Fréchet theorem, there exists
Av ∈V such that −a(w, v) = (w | Av)V for all v, w ∈V . Clearly, v 7→ Av is linear and

|(w | Av)V | = |a(w, v)| ≤ c ∥w∥V ∥v∥V for all w ∈V

for some constant c ≥ 0. Hence, ∥Av∥V ≤ c ∥v∥V for all v ∈V , so A is bounded.

(b) We may assume that V ̸= {0}. So, boundedness of A ensures that σ(A) is non-empty
and compact. Let λ ∈ σ(A) with maximal real part. It suffices to show that Reλ <
0, since this implies 0 ∉ σ(A). As λ lies on the boundary of σ(A), there exists an
approximate eigenvector of A for λ, i.e. a normalised sequence (vn) in V such that
λvn − Avn → 0 (see Exercise 5.2). It follows that Reλ≤−δ, since

0 ← Re(λvn − Avn | vn)V = Reλ+Rea(vn , vn) ≥ Reλ+δ.

For the Dirichlet Laplacian, given u, f ∈ L2(Ω), we have u ∈ dom(∆Dir) and ∆Diru = f
if and only if u ∈ H 1

0 (Ω) and a(v,u) := (∇v | ∇u)L2 =−(
v | f

)
L2(Ω) for all v ∈ H 1

0 (Ω) (Exam-
ple 3.3.6(b)). This observation serves as a blueprint for a general way to obtain operators
from forms.

Definition 5.1.3 (Operators induced by forms). Let V , H be complex Hilbert spaces such
that V embeds continuously and densely into H . Let a : V ×V →Cbe a bounded sesquilin-
ear form on V . The operator associated to a, A : H ⊇ dom(A) → H , is given by

dom(A) := {
u ∈V : ∃ f ∈ H , ∀v ∈V : a(v,u) =−(

v | f
)

H

}
,

Au := f ,

where f ∈ H in the definition of Au is the vector that occurs in the definition of dom(A).3

There are two differences between Lemma 5.1.2 and Definition 5.1.3. In the lemma
the inner product used to defined A is ( · | · )V while it is ( · | · )H in the definition. Conse-
quently, the operator A in the lemma maps from V to V , while it maps from the smaller
space dom(A) to the larger space H in the definition. We now show that the operator A
from Definition 5.1.3 is quite well-behaved if a satisfies a so-called ellipticity estimate.

Theorem 5.1.4 (Properties of operators induced by forms). Let V , H be complex Hilbert
spaces such that V embeds continuously and densely into H. Let a : V ×V → C be a
bounded sesquilinear form on V . Assume that a satisfies the ellipticity estimate

Rea(v, v)+µ∥v∥2
H ≥ δ∥v∥2

V (5.1.1)

for some numbers µ ∈R and δ> 0 and for all v ∈V . Then the operator A : H ⊇ dom(A) →
H associated to a has the following properties:

(a) A is closed and densely defined.

3Observe that f is uniquely determined since V is dense in H . Thus, A is indeed well-defined.
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5. POSITIVE AND EVENTUALLY POSITIVE SOLUTIONS TO PDES

(b) One has s(A) ≤µ and every λ ∈Cwith Reλ>µ satisfies ∥R(λ, A)∥H←H ≤ 1
Reλ−µ .

(c) If the form a is symmetric, i.e. a(u, v) = a(v,u) for all u, v ∈V , then σ(A) ⊆R.4

Proof. (a) Let (un) ⊆ dom(A) converge in H to u ∈ H and assume (Aun) converges to v ∈
H . Since a(un−um ,un−um) = (un −um | Aum − Aun)H , it follows from the ellipticity
estimate (5.1.1) that (un) is Cauchy in V , hence convergent in V . The embedding
V ,→ H yields u ∈V . The boundedness of a and the convergence un → u in V imply
a(w,u) = limn→∞a(w,un) = − (w | v)H for every w ∈ V . Hence, u ∈ dom(A) and
Au = v , so A is indeed closed.

We now show (b). The density of dom(A) then follows from Exercise 5.1.

(b) Let λ ∈ C with Reλ ≥ µ. We first show that λ− A : dom(A) → H is surjective, so let
f ∈ H . Since

( · | f
)

H defines a bounded antilinear form on V , the Riesz–Fréchet
representation theorem gives a vector v0 ∈V such that (u | v0)V = (

u | f
)

H for all u ∈
V . Now consider the bounded sesquilinear form b : V ×V → C, defined by b(u, v) :=
λ (u | v)H +a(u, v), which satisfies Reb(v, v) ≥ δ∥v∥2

V for all v ∈V , and let B ∈L(V ) be
the associated bijective operator (Lemma 5.1.2(b)). Then w0 :=−B−1v0 ∈V satisfies

a(u, w0)+λ (u | w0)H = b(u, w0) = (u | v0)V = (
u | f

)
H

for all u ∈V . Hence, w0 ∈ dom(A) and (λ− A)w0 = f , so λ− A is indeed surjective.

On the other hand, λ− A is injective, hence bijective, because

∥v∥H ∥(λ− A)v∥H ≥ Re(v | λv − Av)H

= Reλ∥v∥2
H +Rea(v, v) ≥ (Reλ−µ)∥v∥2

H +δ∥v∥2
V .

In fact, this even gives that ∥(λ− A)v∥H ≥ (Reλ−µ)∥v∥H for all v ∈ dom(A), which
implies the desired resolvent estimate if Reλ>µ.

(c) Consider the form b : V ×V → C given by b(u, v) := a(u, v)+µ (u | v)H . The operator
B associated to b can easily be checked to satisfy B = A−µ (with the same domain as
A). So it suffices to show that σ(B) ⊆R.

The symmetry of a implies that a(v, v) ∈ R and thus b(v, v) ≥ δ∥v∥2
V for all v ∈ V .

Now take a complex number γ with Reγ> 0. Then the form γb : V ×V →C, which is
associated to the operator γB , satisfies

Re
(
γb(v, v)

)= (Reγ)b(v, v) ≥ Reγδ∥v∥2
V

for all v ∈ V ; here we used again that b(v, v) ∈ R. We thus conclude from (b) that
s(γB) ≤ 0, so Re(γλ) ≤ 0 for every λ ∈σ(B). As this is true for each γ ∈Cwith Reγ> 0,
it follows that σ(B) ⊆ (−∞,0].

4In fact, if a is symmetric, then one can show that A is a so-called self-adjoint operator, but we shall not
discuss this further at this point.
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5.1. Positivity via sesquilinear forms

We frequently use Theorem 5.1.4 to study examples, starting with Exercises 5.4 and 5.6
and Example 5.4.3. In Definition 4.2.9 we introduced real operators on complex Banach
lattices. Analogously we now define real sesquilinear forms.

Definition 5.1.5. Let V be a Hilbert space that embeds continuously and densely into
L2(Ω,ν) for a σ-finite measure-space (Ω,ν). A sesquilinear form a : V ×V → C is called
real if VR :=V ∩L2(Ω,ν;R) satisfies V =VR+ iVR and a(u, v) ∈R for all u, v ∈VR.

It is easy to see that the condition V =VR+iVR in the previous definition is equivalent
to the condition Re v ∈ VR for all v ∈ V . The following proposition is a straightforward
consequence of Definitions 4.2.9, 5.1.3, and 5.1.5.

Proposition 5.1.6 (Real forms induce real operators). In the situation of Definition 5.1.5,
if a is bounded and real, then the associated operator A : L2(Ω,ν) ⊇ dom(A) → L2(Ω,ν) is
also real.

For operators constructed via real forms, the following result makes it often quite
easy to check whether the resolvent is positive for all sufficiently large real numbers. The
result is a substantial generalisation of Exercise 4.3. The inequality a(v−, v+) ≤ 0 in asser-
tion (ii) is an infinite-dimensional version of property (vii) in Exercise 1.2.

Theorem 5.1.7 (The Beurling–Deny criterion for positivity of resolvents). Under the as-
sumptions of Theorem 5.1.4, let H = L2(Ω,ν) for a σ-finite measure space (Ω,ν). Assume
in addition that a is real. Then the following are equivalent for the associated operator
A : L2(Ω,ν) ⊇ dom(A) → L2(Ω,ν):

(i) R(λ, A) ≥ 0 for all λ ∈ [µ,∞).

(ii) VR :=V ∩L2(Ω,ν;R) is a sublattice of L2(Ω,ν;R) and a(v−, v+) ≤ 0 for all v ∈VR.

Proof. Observe that, as a is real by assumption, so is A according to Proposition 5.1.6.
This easily implies that R(λ, A) is also a real operator for every λ ∈R∩ρ(A).

“(ii) ⇒ (i)”: Let λ ∈ [µ,∞), 0 ≤ f ∈ L2(Ω), and set v := R(λ, A) f . We know already that
v ∈ VR, and need to show that v ≥ 0. To this end, we now proceed similarly as in
Exercise 4.3. Since v− ∈V , one can compute using

(
v− | v+)

H = 0 that

0 ≤ (
v− | f

)
H = (v− | (λ− A)v)H

=−λ∥v−∥2
H +a(v−, v) ≤−µ∥v−∥2

H −a(v−, v−) ≤−δ∥v−∥2
V ;

where the inequalities respectively used a(v−, v+) ≤ 0 and ellipticity estimate (5.1.1).
Hence v− = 0, which yields v ≥ 0.

“(i) ⇒ (ii)”: Let v ∈ VR. To show that VR is a sublattice, it suffices to prove that v+ ∈ V .
For this we use the following abstract regularisation technique: set wn := nR(n, A)v+

for all n >µ+. Then (wn) ⊆ dom(A) ⊆V and, as shown in Exercise 5.1, wn → v+ in H .
In particular, (wn) is bounded in H . Assume for a moment that (wn) is also bounded
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5. POSITIVE AND EVENTUALLY POSITIVE SOLUTIONS TO PDES

in V . As V is reflexive, a subsequence (wnk ) converges weakly to some w ∈V within
V , hence within H . The uniqueness of weak limits in H then ensures v+ = w ∈V .

Let us thus prove that the norms ∥wn∥V are uniformly bounded. Observe that

a(v −wn , wn) =− (v −wn | Awn)H = n
(
v −wn | v+−wn

)
H

= n
(∥∥v+−wn

∥∥2
H + (v− | wn)H

)
≥ 0

since wn ≥ 0 due to (i). Thus, a(wn , wn) ≤ a(v, wn) for all n. Using the ellipticity
estimate (5.1.1), this implies

δ∥wn∥2
V ≤ a(wn , wn)+µ∥wn∥2

H

≤ a(v, wn)+µ+ ∥wn∥2
H ≤ c ∥v∥V ∥wn∥V +µ+d ∥wn∥H ∥wn∥V

for constants c,d ≥ 0 and all indices n > µ+; for the last inequality, we used that a is
bounded and V ,→ H . Dividing by ∥wn∥V yields that (wn) is bounded in V .

It remains to show the second claim in (ii), i.e. that a(v−, v+) ≤ 0. Note that

a(v−, wnk ) =−(
v− | Awnk

)
H =−n

(
v− | wnk − v+)

H =−n
(
v− | wnk

)
H ≤ 0

for each k. Since a(v−, · ) is a bounded linear functional on V , the weak convergence
of (wnk ) to v+ in V implies that 0 ≥ a(v−, wnk ) → a(v−, v+).

As a first application of Theorem 5.1.7, we will discuss Laplace operators with non-
local boundary conditions in Exercise 5.6 and Example 5.4.3.

5.2 The maximum principle

In this and the next section, we present a different way to obtain positivity of solution
operators to certain PDEs, based on the maximum principle. As a motivation, consider
a function v ∈ C2([0,1];R) that satisfies v ′′ ≥ 0. This means that v is convex, and hence its
maximal value is attained at least at one of the boundary points of {0,1}.

The maximum principle generalises this to a larger class of operators, also on higher
dimensional domains. There, one cannot directly work with convexity of v , but the
Laplace operator also has a related property that translates well into more general sit-
uations: if 0 ≤ v ∈ C2([0,1];R) vanishes at a point x ∈ (0,1), then ∆v(x) ≥ 0. This property
is captured by assumption (1) in the following theorem. For a first intuition, one should
think in Theorem 5.2.1 of the situation where S := Ω is an open set in Rn and M = Ω.
Non-open S will become relevant in Chapter 7 (Theorem 7.2.1 and Example 7.2.2)

Theorem 5.2.1 (An abstract maximum principle). Let (M ,d) be a metric space and let ; ̸=
S ⊆ M be relatively compact.5 Let D ⊆ C(S;R) be a vector subspace such that 1 := 1S ∈ D
and let A : D →RS be a linear map with the following properties:

5Recall that a subset of a metric space is called relatively compact if its closure is compact.

78



5.2. The maximum principle

(1) The map A satisfies the positive minimum principle on S, i.e. for each x ∈ S and
each function 0 ≤ u ∈ D one has the implication

u(x) = 0 =⇒ (Au)(x) ≥ 0.

(2) One has A1≤ 0 and there exists a function 0 ≤ w ∈ D with (Aw)(x) > 0 for all x ∈ S.

Let v ∈ D attain at least one value in [0,∞) and satisfy Av ≥ 0. Then ∂S ̸= ; and v attains
its maximum at ∂S.

Before the proof, we show Theorem 5.2.1 in action for a classic PDE example.

Example 5.2.2 (The weak maximum principle for the Laplace operator). Let ; ̸=Ω⊆Rn

be open and bounded and let c ∈ (−∞,0]. Assume that v ∈ C(Ω;R)∩C2(Ω;R) satisfies
∆v(x)+ cv(x) ≥ 0 for all x ∈Ω.

If v has at least one value in [0,∞) then v attains its maximum on ∂Ω. In particular,
if v vanishes on ∂Ω, then v ≤ 0 in Ω.

Proof. We apply Theorem 5.2.1 to the set S := Ω in the metric space M := Ω. Let D :=
C(Ω;R)∩C2(Ω;R) ⊆ C(Ω;R) and define A : D → RΩ by Au := (∆+ c)u|Ω for all u ∈ D . It
suffices to show that A satisfies the assumptions (1) and (2) of Theorem 5.2.1.

(1) Let x ∈Ω and let 0 ≤ u ∈ D satisfy u(x) = 0. Then u has a global minimum at x. As
u is C2 in a neighbourhood of x, it follows that the Hessian matrix Hu(x) is positive
semidefinite. So its trace satisfies tr

(
Hu(x)

)≥ 0 and thus,

(Au)(x) =∆u(x)+ cu(x) = tr
(
Hu(x)

)≥ 0.

(2) Clearly, A1 = c1 ≤ 0. Let w ∈ D be given by w(x) = eαx1 for all x ∈ Ω and a real
number α that satisfies α2 >−c. Then (Aw)(x) = (α2 + c)w(x) > 0 for all x ∈Ω.

We will discuss below in Example 5.3.6 how the weak maximum principle is related to
the positivity of R(λ,∆Dir). Theorem 5.2.1 can be applied to further types of differential
operators, see Exercise 5.3. For the proof of the theorem, we use the following lemma.

Lemma 5.2.3. Let (M ,d) be a compact metric space and let ; ̸= K ⊆ M be a compact sub-
set. Let ( fk ) be a sequence in C(M ;R) that converges uniformly to a function f ∈ C(M ;R).
If each fk attains its maximum on K , then so does f .

Proof. By assumption, for each k ∈N there is a point xk ∈ K such that fk attains its max-
imum at xk . As K is compact, by passing to a subsequence we may assume that (xk )
converges to a point x∗ ∈ K . For every x ∈ M , by continuity of f one then has

f (x) ≤ fk (x)+∥∥ f − fk
∥∥∞ ≤ fk (xk )+∥∥ f − fk

∥∥∞ ≤ f (xk )+2
∥∥ f − fk

∥∥∞ k→∞−→ f (x∗).
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Proof of Theorem 5.2.1. We first make a preliminary observation: If a function u ∈ D at-
tains its maximum at a point x1 ∈ S and satisfies u(x1) ≥ 0, then (Au)(x1) ≤ 0.

Indeed, set h := u(x1)1−u. Then 0 ≤ h ∈ D and h(x1) = 0. According to assump-
tion (1), A satisfies the positive minimum principle in S, so it follows that (Ah)(x1) ≥ 0
and thus (Au)(x1) ≤ u(x1) · (A1)(x1). As u(x1) ≥ 0 and since (A1)(x1) ≤ 0 by assump-
tion (2), it follows that (Au)(x1) ≤ 0, as claimed.

Now, define vk := v + 1
k w ∈ D for each k ∈ N. For each k ∈ N choose a point xk ∈ S

where vk attains its maximum. Fix an index k ∈ N for the moment. Since w ≥ 0 and by
assumption v is not everywhere < 0 in S, one has vk (xk ) ≥ 0. Moreover, Av ≥ 0 implies
(Avk )(x) ≥ 1

k (Aw)(x) > 0 for all x ∈ S, so it follows from the preliminary observation that
xk ̸∈ S, so in particular xk ∈ ∂S. So each vk attains its maximum at ∂S and Lemma 5.2.3
shows that the same is true for v .

5.3 Intermezzo: Regularity of solutions

In this section we briefly discuss – without proofs, but with a few intuitive explanations –
that the solution u of the equation (λ−∆Dir)u = f has better regularity than f . We need
this later in the course; for the moment we focus on the following motivation.

We know from Exercise 4.3 that the resolvent R(λ,∆Dir) : L2(Ω) → L2(Ω) is positive
if λ > 0, and the technique from this exercise was generalised to a very broad class of
operators in the Beurling–Deny criterion in Theorem 5.1.7. It is natural to ask whether
one can alternatively use the maximum principle from Section 5.2 to obtain positiv-
ity of R(λ,∆Dir). There is a difficulty with this approach: for f ∈ L2(Ω), the function
u =R(λ,∆Dir) f will in general only be in dom(∆Dir), but the maximum principle (Exam-
ple 5.2.2) requires more from u, namely to be continuous on Ω and C2 on Ω.

The question thus arises: under what conditions is the solution u sufficiently smooth?
This is a fundamental question of the regularity theory for PDEs, which is a rather subtle
subject: not only does the answer depend on f , but also on the geometric properties of
Ω. For this reason, it is essential to be able to quantify ‘smoothness’ of the boundary.

Definition 5.3.1. Let ; ̸=Ω ⊆ Rn be bounded and open. For k ∈N∪ {∞}, we say that Ω
has Ck boundary, or equivalently, that ∂Ω is of class Ck , if there existsΦ ∈ Ck (Rn ;R) such
that6

Ω= {x ∈Rn :Φ(x) > 0}

and ∇Φ(x) ̸= 0 for all x ∈ ∂Ω. It follows that ∂Ω is the level set [Φ= 0].

We can now state the major regularity result for the Dirichlet Laplacian∆Dir on L2(Ω).

Theorem 5.3.2 (Elliptic regularity for the Dirichlet Laplacian). Let ; ̸= Ω ⊆ Rn be open
with a bounded C2 boundary. Let λ > 0. Then the resolvent R(λ,∆Dir) of the Dirichlet
Laplacian on L2(Ω) has the following properties:

6Some readers may be familiar with the definition of Ck boundary via local charts. We comment on this
further in the notes at the end of the chapter.
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5.3. Intermezzo: Regularity of solutions

(a) dom(∆Dir) =R(λ,∆Dir)L2(Ω) ⊆ H 2(Ω).

(b) More generally, if Ω has Ck+2 boundary, then one has R(λ,∆Dir)H k (Ω) ⊆ H k+2(Ω)
for every k ∈N0.

This is a non-trivial result that is best left for a dedicated course in PDEs. Thus we do
not prove it here and refer instead to the literature, e.g. [Bre11, Theorem 9.25]. However,
it is instructive to discuss a few special cases of assertion (a):

Remarks 5.3.3. In the setting of Theorem 5.3.2, let u ∈ dom(∆Dir). Assertion (a) of the
theorem says that u ∈ H 2(Ω). Let us explain this in the following simpler situations:

(a) If n = 1, the fact that u ∈ H 2(Ω) is not surprising at all: by the definition of dom(∆Dir),
one has u ∈ H 1

0 (Ω) and ∆u ∈ L2(Ω), so the first and second weak derivatives of u
exist and are in L2(Ω). Thus u ∈ H 2(Ω). The point here is that, since Ω is one-
dimensional, there is only one second derivative and it equals ∆u.

(b) Now let n ≥ 2 but consider Ω = Rn . Again, we know u ∈ H 1
0 (Rn) and ∆u ∈ L2(Rn).

But why does ∆u ∈ L2(Rn) imply that the weak derivatives ∂ j∂k u exist7 and are in
L2(Rn) for all j ,k? The key insight is as follows:

Assume for a moment that also u ∈ C∞
c (Rn). One readily checks that ∆Dir acts as

the classical Laplace operator on u. Moreover, integration by parts with respect to
the j th and the kth variables shows that

∫
Rn (∂2

j u)(∂2
k u) dx = ∫

Rn

∣∣∂ j∂k u
∣∣2 dx for all

indices j ,k. Hence, ∥∆Diru∥2
L2 =

∑n
j ,k=1

∥∥∂ j∂k u
∥∥2

L2 and thus,

∥∆Diru∥2
L2 +∥u∥2

H 1 = ∥u∥2
H 2 for all u ∈ C∞

c (Rn). (5.3.1)

One can prove – although we shall not do this here – that C∞
c (Rn) is dense in

dom(∆Dir) with respect to ∥·∥∆Dir , so (5.3.1) implies that dom(∆Dir) ⊆ H 2(Rn).

(c) On domainsΩ⊆Rn , things are more involved. Clearly, (5.3.1) holds for u ∈C∞
c (Ω),

but this space will typically not be dense in dom(∆Dir). Indeed, if u is in the clo-
sure of C∞

c (Ω) within dom(∆Dir), then (5.3.1) implies u ∈ H 2
0 (Ω), which is a proper

subspace of dom(∆Dir) in general.

Theorem 5.3.2 is particularly useful when combined with the following result that
connects weak to classical differentiability.

Theorem 5.3.4 (A Sobolev embedding theorem). Let n ≥ 2 and let ; ̸= Ω ⊆ Rn be open
and bounded with C1 boundary. Let k ∈ N and p ∈ [1,∞] satisfy n < kp and let m ∈ N0

satisfy m < k − n
p . Then W k,p (Ω) ,→ Cm(Ω).

7We use here the common notation ∂ j ∂k u for the weak partial derivative with respect to the kth and

the j th variable. In terms of the multi-index notation used in Definition 3.2.4 this means ∂ j ∂k u := ∂e j +ek u.
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For n = 1 a bit more is true, see Theorem 5.3.7(b) below. A proof of Theorem 5.3.4
can be found, for example, in [Eva10, Section 5.6.3]. However, the result is true under
weaker regularity assumptions onΩ; we present some details for the interested reader in
Theorem 5.B.8 of the supplementary Section 5.B.

Theorems 5.3.2 and 5.3.4 can be used to derive positivity of R(λ,∆Dir), in some cases,
from the maximum principle (as a classical alternative to the form approach). To demon-
strate this, we use the following properties.

Proposition 5.3.5. Let ; ̸=Ω⊆Rn be open and 1 ≤ p <∞.

(a) The cone of positive test functions, C∞
c (Ω)∩Lp (Ω)+, is dense in Lp (Ω)+.

(b) Let n ≥ 2 and assume that Ω is bounded and has C1 boundary. Then every u ∈
C(Ω)∩W 1,p

0 (Ω) vanishes on ∂Ω.

Again, we refrain from showing the proofs. Assertion (a) can be obtained by means
of the standard cut-off and regularisation technique which is, for instance, also used in
Supplement 3.A. Assertion (b) reflects the intuition discussed after Example 3.3.6: func-
tions in H 1

0 (Ω) “vanish” on ∂Ω. The proof is based on the so-called trace operator that
is explained in a bit more detail in Supplement 3.B, where we also discuss Ω with less
regular boundary.

The conclusion of the next example is already known from Exercise 4.3, even without
regularity or boundedness assumptions on Ω. Yet, the example seems worthwhile as it
demonstrates the connection between the maximum principle and positive resolvents.

Example 5.3.6 (Positivity of the resolvent of the Dirichlet Laplacian, again). Let ; ̸=Ω⊆
Rn be a bounded open set with Ck+2 boundary, where k ∈ N satisfies k > n

2 . Then for
every λ> 0 the resolvent of the Dirichlet Laplacian on L2(Ω) satisfies R(λ,∆Dir) ≥ 0.

Proof. Fixλ> 0. Since n
2 < k, we have 2 < (k+2)−n

2 , and thus Theorem 5.3.2(b) combined
with the Sobolev embedding theorem 5.3.4 yields

R(λ,∆Dir)C∞
c (Ω) ⊆ H k+2(Ω) ⊆ C2(Ω).

By Proposition 5.3.5(a), it suffices to show that R(λ,∆Dir) maps C∞
c (Ω) ∩ L2(Ω)+ into

L2(Ω)+.
Let 0 ≤ f ∈ C∞

c (Ω) and set u :=R(λ,∆Dir) f . Then u ∈ C2(Ω) as shown above. In par-
ticular, u is continuous onΩ. Since u ∈ dom(∆Dir) ⊆ H 1

0 (Ω), we conclude that u vanishes
on ∂Ω (Proposition 5.3.5(b)). Since (∆Dir −λ)(−u) = f ≥ 0, the weak maximum principle
for the Laplace operator (Example 5.2.2) implies that −u ≤ 0, so u ≥ 0.

The observant reader might have noticed that the regularity improvement in Theo-
rem 5.3.2(b) is more than we needed in Example 5.3.6: here, it suffices to know that the
regularity of R(λ,∆Dir) f is not worse than that of f , i.e. if R(λ,∆Dir)H k (Ω) ⊆ H k (Ω) for
each k ≥ 0. We will, however, use the stronger result of Theorem 5.3.2 in later examples.

We end this subsection with the following theorem on the regularity of Sobolev func-
tions in dimension 1. It shows that, to a large extent, one can compute with weak deriva-
tives in one dimension similarly as with classical derivatives.
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Theorem 5.3.7. Let ; ̸= I = (a,b) ⊆R be a bounded open interval and let p ∈ [1,∞].

(a) Fundamental theorem of calculus: If u ∈W 1,p (I ), then u has a representative ũ that
is continuous on Ī such that

ũ(x) = ũ(y)+
∫ x

y
u′(t ) dt for x, y ∈ Ī . (5.3.2)

(b) Sobolev embedding: For all k ∈N, we have the continuous embedding W k,p (I ) ,→
Ck−1(Ī ). More precisely, W k,p (I ) ,→ L∞(I ) and every u ∈ W k,p (I ) has a representa-
tive in Ck−1(Ī ).8

(c) Integration by parts: If u, v ∈W 1,p (I ), then uv ∈W 1,p (I ) and∫ x

y
uv ′ dt = (

u(x)v(x)−u(y)v(y)
)−∫ x

y
u′v dt , for x, y ∈ [a,b].

Throughout the course, Theorem 5.3.7 will be used in a variety of examples. Hence,
instead of a mere reference to the literature, we present the interested reader with proofs
of parts (a) and (b) and a brief sketch of the proof of (c) in Supplement 5.A.

5.4 Positivity close to the spectral bound

For the Dirichlet Laplacian ∆Dir : L2(Ω) ⊇ dom(∆Dir) → L2(Ω) on an open set ; ̸=Ω⊆ Rn

we know from Exercise 4.3 that R(λ,∆Dir) ≥ 0 for all λ> 0. If Ω is bounded, one can even
show that s(∆Dir) < 09, which raises the question of whether one also has positivity of the
resolvent at all points λ ∈ (s(∆Dir),0]. This answer is affirmative, and one way to see this
is the following general theorem (for Q = 0).

For elements x, y of a Banach lattice E we continue to use the convention introduced
in Notation 1.2.4: we write x ⪯ y if there exists a number c > 0 such that x ≤ c y . For two
operators T,S ∈ L(E ,F ) between Banach lattices, we write S ≤ T if T −S ≥ 0 and, in the
case of complex scalars, both operators are real. Naturally, we also write S ⪯ T if there is
a number c > 0 such that S ≤ cT .

Theorem 5.4.1. Let A : E ⊇ dom(A) → E be a closed linear operator on a complex Banach
lattice E and let 0 ≤ Q ∈ L(E) be a projection. Let λ0,µ0 ∈ R satisfy λ0 < µ0 and (λ0,µ0] ⊆
ρ(A). If R(µ0, A) ⪰Q, then

R(µ, A) ⪰Q for all µ ∈ (λ0,µ0].

Proof. Consider the set U := {
µ ∈ (λ0,µ0) : R(λ, A) ⪰ Q for all λ ∈ (µ,µ0)

}
. We want to

show that U = (λ0,µ0). As the latter is connected, it suffices to show that U is non-empty,

8From now on we identify each u ∈W k,p (I ) with its representative in Ck−1(Ī ).
9This is a consequence of the Poincaré inequality; however, we leave this subject aside for now.
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open, and closed within (λ0,µ0). The closedness is straightforward to check. The non-
emptiness follows from the Taylor expansion formula of R( · , A) in Proposition 3.3.2(a):
for all λ<µ0 sufficiently close to µ0 one has

R(λ, A) =
∞∑

k=0
(µ0 −λ︸ ︷︷ ︸

≥0

)k R(µ0, A)k+1︸ ︷︷ ︸
⪰Qk+1=Q

⪰Q.

The same Taylor series argument can be used to show that ifµ ∈U , then a left neighbour-
hood of µ is also in U . Since [µ,µ0) ⊆U as well, U is indeed open.

The fact that Q can be an arbitrary positive projection in Theorem 5.4.1 will become
relevant later. For now, we note that even the case Q = 0 can be interesting:

Example 5.4.2 (Positivity of the resolvent for the Dirichlet Laplacian left of zero). Let
; ̸=Ω ⊆ Rn be open. The Dirichlet Laplacian ∆Dir : L2(Ω) ⊇ dom(∆Dir) → L2(Ω) satisfies
σ(∆Dir) ⊆ (−∞,0] and R(λ,∆Dir) ≥ 0 for all λ ∈ (s(∆Dir),∞).

Proof. The property σ(∆Dir) ⊆ (−∞,0] is proved in Exercise 5.4. Moreover, you showed
in Exercise 4.3 that R(λ, A) ≥ 0 for all λ ∈ (0,∞). By applying Theorem 5.4.1 for Q = 0 and
any µ0 > 0, one sees that this inequality remains true for all λ> s(∆Dir).

Theorem 5.4.1 for Q = 0 shows that if the resolvent of an operator is positive at one
point µ0, then it is also positive on the left of µ0 up to the next spectral value on the real
axis. On the other hand, the theorem gives no information on positivity on the right of
µ0. The next example shows that there are even second-order differential operators A
whose resolvent is positive in a right neighbourhood of s(A), but not on all of (s(A),∞).

Example 5.4.3 (A Laplacian with non-local boundary conditions). Consider the sesquilin-
ear form a : H 1(0,1)×H 1(0,1) →C defined by

a(v,u) :=
∫ 1

0
v ′u′ dx + 1

2

(
v(0) v(1)

)(1 1
1 1

)(
u(0)
u(1)

)
. (5.4.1)

Denote the associated operator by ∆B : L2(0,1) ⊇ dom(∆B ) → L2(0,1).

(a) The operator ∆B is closed and acts as the weak second derivative on its domain

dom(∆B ) =
{

u ∈ H 2(0,1) :

(−u′(0)
u′(1)

)
=−1

2

(
1 1
1 1

)(
u(0)
u(1)

)}
.

(b) One has σ(∆B ) ⊆ (−∞,0).

(c) One has R(λ,∆B ) ≥ 0 for all λ ∈ (s(∆B ),0], but not for all λ> 0.

Proof. The form a is the one given in Exercise 5.6 for the choice B := −1
2

(
1 1
1 1

)
(carefully

note the minus sign in the form in that exercise).

(a) This is shown for general B in Exercise 5.6.
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5.4. Positivity close to the spectral bound

(b) As B is a self-adjoint matrix, the form a is symmetric in the sense of Theorem 5.1.4(c),
and henceσ(∆B ) ⊆R. Moreover, as B is negative semidefinite, one can use any num-
ber µ> 0 in the ellipticity estimate in Exercise 5.6(b). Hence, s(∆B ) ≤ 0. It remains to
show that 0 ̸∈σ(∆B ). To this end, we prove that −∆B : dom(∆B ) → L2(0,1) is bijective.

If u ∈ ker(−∆B ), then u ∈ H 2(0,1) and u′′ = 0. Thus, in fact u ∈ H k (0,1) for all k ∈N,
in particular u ∈ C2([0,1]) by Theorem 5.3.7(b). By using classical derivatives one can
now immediately check that u′′ = 0 and the boundary conditions in dom(∆B ) imply
u = 0. So −∆B is injective.

On the other hand, let f ∈ L2(0,1). Define a function u ∈ L2(0,1) by

u(x) = 1

4

∫ 1

0
f (z) dz + 1

2

∫ 1

x

∫ y

0
f (z) dz dy + 1

2

∫ x

0

∫ 1

y
f (z) dz dy (5.4.2)

for all x ∈ [0,1]. By using the fundamental theorem of calculus for H 2 (see Theo-
rem 5.3.7(a)) one can check that u ∈ dom(∆B ) and −∆B u = f . So −∆B is surjective.

(c) Clearly, if f is positive, then so is u in formula (5.4.2), and hence R(0,∆B ) is a positive
operator. Theorem 5.4.1 for Q = 0 thus implies that R(µ, A) ≥ 0 for all µ ∈ (s(A),0].
On the other hand, the matrix B has a strictly negative off-diagonal entry, so Exer-
cise 5.6(c) shows that R(λ,∆B ) ̸≥ 0 for some λ> s(∆B ).

The boundary conditions in dom(∆B ) in Example 5.4.3 are a simple example of non-
local Robin boundary conditions. One can interpret them in more physical terms: the
outward flux through the boundary points, represented by the vector (−u′(0) u′(1))T, is
equal to the average of the boundary values.

In Example 5.4.3 the resolvent R(λ,∆B ) is positive in a right neighbourhood of the
spectral bound, but not for large λ ∈R. We have already encountered a similar behaviour
in finite dimensions in Theorem 2.3.1(ii). In infinite dimensions we will study this phe-
nomenon in more generality in the next chapter.

85



Exercises for Chapter 5

Exercise 5.1 (Approximation by resolvents). Let A : X ⊇ dom(A) → X be a closed opera-
tor on a complex Banach space X . Assume that there exist λ0 ∈R, C ≥ 0 such that

[λ0,∞) ⊆ ρ(A) and ∥λR(λ, A)∥ ≤C for all λ ∈ [λ0,∞).

Prove the following statements:

(a) λR(λ, A)x → x as λ→∞ for all x ∈ dom(A).

(b) If X is reflexive10, then A is densely defined.

Hints: For x ∈ X , use the equality nR(n, A)x−x = AR(n, A)x for all integers n ≥λ0.
Also observe that the graph of A is a closed convex subset of X × X and is hence
weakly closed by the Hahn–Banach separation theorem.

Exercise 5.2 (Approximate eigenvectors for the boundary of the spectrum). Let A : X ⊇
dom(A) → X be a closed operator on a complex Banach space X . Fix λ ∈ ∂σ(A) and
let (λn) be a sequence in ρ(A) that converges to λ. Show that there exists a sequence
(yn) ⊆ X such that

∥∥yn
∥∥ = 1 for all n ∈ N and (λ− A)yn → 0 in X as n → ∞. Such a

sequence is called an approximate eigenvector for the spectral value λ.
Hint: Use Proposition 3.3.2 to first obtain a sequence (xn) ⊆ X with ∥xn∥ = 1 and

∥R(λn , A)xn∥→∞ as n →∞.

Exercise 5.3 (The maximum principle for first order differential operators). Let ; ̸=Ω⊆
Rn be a bounded open set such that 0 ∉Ω, and let b :Ω→Rn be a vector field such that

xTb(x) > 0 for all x ∈Ω. (5.4.3)

For D := C(Ω;R)∩C1(Ω;R), consider the linear operator A : D →RΩ defined by

A f := bT∇ f , f ∈ D.

Show that if u ∈ D satisfies Au ≥ 0 in Ω, then u attains its maximum on ∂Ω.
Hint: use (5.4.3) to design a function 0 ≤ w ∈ D such that Aw(x) > 0 for all x ∈Ω.

10Recall that a Banach space X is reflexive if and only if every bounded sequence in X has a weakly
convergent subsequence (due to the Eberlein–Šmulian theorem).
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5.4. Positivity close to the spectral bound

Exercise 5.4. Let ; ̸=Ω⊆ Rn be open. According to Example 3.3.6(c) no strictly positive
number belongs to the spectrum of the Dirichlet Laplacian ∆Dir : L2(Ω) ⊇ dom(∆Dir) →
L2(Ω). Use Theorem 5.1.4 and the characterisation of ∆Dir in Example 3.3.6(b) to show
that even σ(∆Dir) ⊆ (−∞,0].

Exercise 5.5 (Estimates via maximum principle). Let ; ̸=Ω⊆Rn be bounded and open.
For λ> 0 and f ∈ C(Ω)+, assume u ∈ C2(Ω)∩C(Ω) solves the boundary value problem{

λu −∆u = f in Ω

u = 0 on ∂Ω.

Prove that 0 ≤ u(x) ≤ 1
λ

∥∥ f
∥∥∞ for all x ∈Ω.

Exercise 5.6 (Laplacian with non-local boundary conditions). Let B ∈R2×2, and consider
the sesquilinear form a : H 1(0,1)×H 1(0,1) →C defined by

a(v,u) :=
∫ 1

0
v ′u′ dx − (

v(0) v(1)
)

B

(
u(0)
u(1)

)
.

Let ∆B : L2(0,1) ⊇ dom(∆B ) → L2(0,1) denote the operator associated to a.

(a) Prove that

dom(∆B ) =
{

u ∈ H 2(0,1) :

(−u′(0)
u′(1)

)
= B

(
u(0)
u(1)

)}
and that ∆B u is the second weak derivative of u for every u ∈ dom(∆B ).

Hint: Use the integration by parts formula in Theorem 5.3.7(c).

(b) Show that there exist µ ∈R and c > 0 such that

Rea(u,u)+µ∥u∥2
L2(0,1) ≥ c ∥u∥2

H 1(0,1) for all u ∈ H 1(0,1).

Conclude that ∆B is closed and that s(∆B ) ≤µ.

(c) Prove that the following are equivalent:

(i) There exists λ0 ≥ s(∆B ) such that R(λ,∆B ) ≥ 0 for all λ≥λ0.

(ii) R(λ,∆B ) ≥ 0 for all λ> s(∆B )

(iii) All off-diagonal entries of the matrix B are positive, i.e. B j k ≥ 0 for j ̸= k.

Hint: use Stampacchia’s lemma (Example 4.1.4(d)), the Beurling-Deny criterion
(Theorem 5.1.7), and Theorem 5.4.1.
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Notes for Chapter 5

Positivity via forms

The characterisation of positivity via forms (Theorem 5.1.7) can be extended to a much
more general setting: for a closed convex set C in a Hilbert space H , a similar criterion
can be given to characterise the invariance of C under λR(λ, A) for all sufficiently large
λ. This is due to Ouhabaz and is explained in his book [Ouh05].

Example 5.4.3 is, up to minor changes, taken from [DGK16a, Theorem 6.11]. The
motivation for studying it in detail in this reference was an observation by Akhlil (private
communication; see also [Akh18, Section 3]), who noted that the property R(λ,∆B ) ≥ 0
does not hold for all λ> s(∆B ) in this example.

The maximum principle

The maximum principle in its many guises is a fundamental tool for the analysis of so-
called elliptic and parabolic PDEs, and techniques based on the maximum principle
have been developed to a high degree of sophistication. Two much-loved references
on this subject include the books of Protter and Weinberger [PW84], and Gilbarg and
Trudinger [GT01]. More recent books, which focus on nonlinear equations and reflect
modern research trends, include those of Fraenkel [Fra11] and Pucci and Serrin [PS07].

The abstract perspective on the maximum principle presented in this chapter seems
to be quite uncommon in the PDE literature, but not entirely without precedent. For ex-
ample, linear differential operators which satisfy the positive minimum principle (Con-
dition (1) of Theorem 5.2.1) are characterised in quite a general setting in [DL00, Chapter
V, §5]. Closely related, but from a completely different perspective, is the minimum (or
maximum) principle for generators of Markov processes, often attributed to Dynkin; see
for example [Dyn65, Chapter V, §3] or [Sch21, Lemma 7.20].

Regularity of the boundary

In Section 5.3, we have stated results for domains Ω ⊆ Rn with Ck boundary (k ≥ 1),
where Ck regularity is defined using level sets (Definition 5.3.1). It is just as reasonable to
define regularity of the boundary in terms of local charts: in short, ∂Ω is of class Ck if it is
locally the graph of a function f ∈ Ck (Rn−1;R). This is precisely how we defined Lipschitz
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5.4. Positivity close to the spectral bound

boundaries in Definition 3.B.1. The former definition is efficient, but lacks the general
scope of the latter. However, for Ck regularity (k ≥ 1), the two definitions are equivalent.
The reader should not be surprised to learn that this is due to the implicit function the-
orem, although it is still quite some effort to present the arguments rigorously; a proof
may be found, for instance, in [Hen05, Theorem 1.3].

Many properties of functions and function spaces relevant for PDE analysis depend
subtly on boundary regularity. For the Sobolev embedding theorems, Lipschitz regularity
is sufficient for many applications, and yields all the ‘standard’ embeddings as discussed
in Supplement 5.B. For a much more thorough investigation of optimal geometric con-
ditions and finer embedding theorems, the classic text [AF03, Chapter 4] remains an in-
dispensable reference.

In contrast, within the class of Lipschitz domains, the elliptic regularity for the Dirich-
let Laplacian (Theorem 5.3.2) holds only in special cases, and is not true in general. The
study of regularity of PDE solutions on ‘rough’ domains is challenging and very much an
active research area. A well-known reference on this subject is the monograph of Gris-
vard [Gri11], which has a rather ‘classical PDE’ flavour. However, much progress in this
subject has also relied on techniques from harmonic analysis; see, for instance, the trea-
tise of Kenig [Ken94].
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Encore: if you want to know more. . .

5.A Sobolev spaces over intervals

In this section, we present some essential facts about Sobolev functions in dimension 1,
beginning with a version of the fundamental theorem of calculus (Theorem 5.3.7(a) in
the main text).

Theorem 5.A.1. Let ; ̸= I ⊆ R be an open interval (not necessarily bounded), and let p ∈
[1,∞]. If u ∈W 1,p (I ), then u has a continuous representative ũ such that

ũ(x) = ũ(y)+
∫ x

y
u′(t ) dt ∀x, y ∈ I . (5.A.1)

The proof will be established via two lemmas of a technical nature.

Lemma 5.A.2. Let f ∈ L1
loc(I ), fix x0 ∈ I , and define

g (x) :=
∫ x

x0

f (t ) dt , x ∈ I .

Then g ∈ C(I ) and g is weakly differentiable with g ′ = f .

Proof. Write I = (a,b) and let ϕ ∈ C∞
c (I ). Then∫

I
g (x)ϕ′(x) dx =−

∫ x0

a

(∫ x0

x
f (t ) dt

)
ϕ′(x) dx +

∫ b

x0

(∫ x

x0

f (t ) dt

)
ϕ′(x) dx.

We now compute the right hand side of the above equality using Fubini’s theorem, which
yields

−
∫ x0

a

∫ t

a
ϕ′(x) dx f (t ) dt +

∫ b

x0

∫ b

t
ϕ′(x) dx f (t ) dt =−

∫ b

a
ϕ(t ) f (t ) dt .

Hence
∫

I gϕ′ dx =−∫
I f ϕ dx for all ϕ ∈ C∞

c (I ), and the lemma is proved.

Lemma 5.A.3. Let f ∈ L1
loc(I ) satisfy∫

I
f ϕ′ dx = 0 ∀ϕ ∈ C∞

c (I ). (5.A.2)

Then f is constant a.e. in I .
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5.A. Encore: Sobolev spaces over intervals

Proof. We follow [Bre11, Lemma 8.1], which features a very clever trick. Fix a function
w ∈ C∞

c (I ) such that
∫

I w dx = 1. Given ψ ∈ C∞
c (I ), we define

ϕ(x) :=
∫ x

a
ψ(t )−

(∫
I
ψ ds

)
w(t ) dt .

Clearly ϕ ∈ C∞(I ), and moreover ϕ(a) = ϕ(b) = 0 by construction. Since ψ, w both have
compact support, it follows that ϕ ∈ C∞

c (I ). Hence, the assumption (5.A.2) yields

0 =
∫

I
f ϕ′ dx =

∫
I

f

[
ψ−

(∫
I
ψ dt

)
w

]
dx =

∫
I
ψ

[
f −

(∫
I

f w dt

)]
dx.

Since ψ ∈ C∞
c (I ) was arbitrary, we deduce that f −∫

I f w dt = 0 a.e. in I .

Proof of Theorem 5.A.1. Let u ∈ W 1,p (I ) and fix y ∈ I . By Lemma 5.A.2, the function de-
fined by

v(x) :=
∫ x

y
u′(t ) dt , x ∈ I

is continuous on I and weakly differentiable with v ′ = u′. By definition of weak deriva-
tives, it therefore holds that

∫
I uϕ′ dx = ∫

I vϕ′ dx for all ϕ ∈ C∞
c (I ). However, this implies

that u − v = c a.e. in I for some constant c ∈ C by Lemma 5.A.3. It follows that ũ := v + c
is a continuous representative of u. Since v(y) = 0, we deduce that c = ũ(y), and hence ũ
satisfies (5.A.1).

Theorem 5.A.4 (Sobolev embedding in dimension 1). Let p ∈ [1,∞] and let ; ̸= I ⊆ R

be an open interval. Then W k,p (I ) ,→ Ck−1
b (I ); more precisely, every u ∈ W k,p (I ) has a

representative ũ ∈ Ck−1(I ) such that ∂αũ ∈ Cb(I ) for all multi-indices |α| ≤ k −1.

If I is a bounded interval, the theorem above is a direct consequence of Theorem 5.A.1
applied to u and all weak derivatives of order ≤ k −1. In particular, this completes the
proof of Theorem 5.3.7(b) in the main text. If the interval is unbounded, it is not obvious
why the continuous representative is bounded, and hence additional tools are needed.
A detailed proof in this general case can be found in [Bre11, Theorem 8.8].

We conclude this section by stating a Sobolev version for the product rule and inte-
gration by parts.

Proposition 5.A.5. Let ; ̸= I = (a,b) ⊂ R be a bounded interval, let p ∈ [1,∞], and sup-
pose u, v ∈ W 1,p (I ). Then uv ∈ W 1,p (I ) with (uv)′ = u′v +uv ′. Moreover, the classical
integration by parts formula holds:∫ x

y
u′v dt = (

u(x)v(x)−u(y)v(y)
)−∫ x

y
uv ′ dt , ∀x, y ∈ [a,b].

Once it is known that functions in W 1,p (I ) can be approximated by functions in C1(Ī ),
then the product rule can be proved by first using the classical product rule, then passing
to the limit. The integration by parts formula follows immediately from integrating the
product rule. Note that the point evaluations are well-defined, thanks to Theorem 5.A.1.
We refer to [Bre11, Corollary 8.10] for the full details.
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5. POSITIVE AND EVENTUALLY POSITIVE SOLUTIONS TO PDES

5.B Sobolev embedding theorems

This section is a brief (!) overview of Sobolev embedding theorems, which play a funda-
mental role in the analysis of partial differential equations and the calculus of variations.
A detailed treatment of this subject is usually part of a dedicated course in PDE theory.
Thus, we do not show many proofs, but rather focus on the overall strategy and key ideas.

Before we begin, recall that a Banach space Y is said to embed continuously into a
Banach space X , written as Y ,→ X , if Y ⊆ X and there exists C > 0 such that

∥∥y
∥∥

X ≤
C

∥∥y
∥∥

Y for all y ∈ Y .
As a basic intuition, we may consider Sobolev spaces to be a compromise between

Lp spaces and the classical spaces of continuously differentiable functions. From this
perspective, given k ∈N, p ∈ [1,∞], and u ∈W k,p (Ω), there are two natural questions:

1. (Improved integrability) Since u is ‘better than the average’ Lp function, does it also
belong to some Lq (Ω) with q > p?

2. (Recovery of classical functions) If u has sufficiently many weak derivatives, does it
then have a continuous representative, or even an m-times continuously differen-
tiable representative for some m ∈N?

Theorem 5.A.4 gives a satisfying answer in dimension 1. In higher dimensions, how-
ever, the answers to the same questions are surprisingly subtle, and depend on the pre-
cise relationship between the parameters k, p, the dimension n, and even on geometric
properties of the setΩ. Fortunately, much can be learned from the simplest caseΩ=Rn ,
which is already non-trivial. We begin with the Sobolev–Gagliardo–Nirenberg inequality
in Rn (Theorem 5.B.1) for the Sobolev spaces W 1,p (Rn) with 1 ≤ p < n. In brief, the result
asserts that a function in W 1,p automatically has better integrability and belongs to Lq

for a precisely determined q > p.

Theorem 5.B.1 (Sobolev, Gagliardo, Nirenberg). Let 1 ≤ p < n, and define the Sobolev
exponent

p⋆ := np

n −p
.

Then W 1,p (Rn) ,→ Lp⋆

(Rn); in particular, there exists a constant C > 0 such that

∥u∥p⋆ ≤C ∥∇u∥p ∀u ∈W 1,p (Rn). (5.B.1)

This is a standard result in PDE analysis and thus can be found in many textbooks.
Some classic choices include [GT01, Theorem 7.10], [Eva10, Section 5.6, Theorem 1],
and [Bre11, Theorem 9.9]. The following simple argument helps to get some intuition
for the result. We suppose for the moment that an estimate of the form

∥u∥q ≤C ∥∇u∥p

holds for some q ∈ (p,∞) and for all u ∈ C∞
c (Rn) ⊆ W 1,p (Rn). Since Rn is invariant un-

der the dilation maps x 7→ λx for all λ > 0, the estimate should also hold for the dilated
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5.B. Encore: Sobolev embedding theorems

functions x 7→ uλ(x) := u(λx). We compute

1

λn/q
∥u∥q = ∥uλ∥q ≤C ∥∇uλ∥p =Cλ1−n/p ∥∇u∥p

and hence

∥u∥q ≤Cλ1−( n
p − n

q ) ∥∇u∥p , ∀λ> 0.

In order for the right hand side of the latter inequality to remain bounded for λ→ 0 and
also λ→∞, the exponent in λ must be 0, and hence we require 1

n = 1
p − 1

q . Upon solving

for q , we obtain q = np
n−p = p⋆. The necessity of the condition p < n is also evident.

Theorem 5.B.1 has a standard follow-up result.

Corollary 5.B.2. Let n ∈N.

(a) If 1 ≤ p < n, then W 1,p (Rn) ,→ Lq (Rn) for all q ∈ [p, p⋆].

(b) If n ≥ 2, then W 1,n(Rn) ,→ Lq (Rn) for every q ∈ [n,∞).

The first part of the corollary is a consequence of the following interpolation inequal-
ity, which is proved by a direct application of Hölder’s inequality: if v ∈ Lr (Rn)∩Ls(Rn)
with 1 ≤ r ≤ s ≤∞, then v ∈ Lp (Rn) for all p ∈ [r, s] and

∥v∥p ≤ ∥v∥1−θ
s ∥v∥θr (5.B.2)

where θ ∈ (0,1) satisfies 1
p = (1−θ)

s + θ
r . Part (b) can be proved by recycling some steps from

the proof of Theorem 5.B.1 followed by an induction argument; see e.g. [Bre11, Corollary
9.11] or [Leo09, Exercise 12.37] for details. Although it is a tempting conjecture (since
p⋆ ↑∞ as p ↑ n), one does not achieve the embedding W 1,n(Rn) ,→ L∞(Rn), as explained
in Remark 5.B.5(a) below.

The remaining case p > n is handled by the theorem of Morrey.

Theorem 5.B.3 (Morrey). Let n < p <∞. Then u ∈ W 1,p (Rn) ,→ L∞(Rn); moreover, there
exists a constant C > 0 such that for every u ∈W 1,p (Rn), one has∣∣u(x)−u(y)

∣∣≤C
∣∣x − y

∣∣1− n
p ∥∇u∥p a.e. x, y ∈Rn (5.B.3)

In particular, every u ∈W 1,p (Rn) has a bounded, continuous representative.11

Again, we refer to standard literature for the proof, for instance [Bre11, Theorem
9.12], [Eva10, Section 5.6, Theorem 4] and [GT01, Theorem 7.10].

The above results can be applied inductively to obtain embeddings for higher-order
Sobolev spaces. Part (c) of the following result is especially important for PDE applica-
tions, as it establishes a relationship between weak and classical derivatives.

11Readers familiar with the Hölder spaces will observe further that the continuous representative be-
longs to C0,α(Rn ) with α= 1−n/p.
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Corollary 5.B.4 (Summary of Sobolev embeddings in Rn). Let k,n ∈ N with n ≥ 2 and
1 ≤ p <∞. One has the following continuous embeddings:

(a) If kp < n, then W k,p (Rn) ,→ Lq (Rn) for all q ∈ [p, p⋆(k)] where p⋆(k) := np
n−kp .

(b) If kp = n, then W k,p (Rn) ,→ Lq (Rn) for all q ∈ [p,∞).

(c) If kp > n and m ∈N0 satisfies m < k − n
p , then W k,p (Rn) ,→ Cm

b (Rn); more precisely,

every u ∈ W k,p (Rn) has a representative ũ ∈ Cm(Rn) such that ∂αũ ∈ Cb(Rn) for all
multi-indices |α| ≤ m.

Proof. We provide the details, since they are often omitted in PDE books. For brevity, we
write D to denote any first-order partial derivative and omit writing Rn from the spaces.

(a) Theorem 5.B.1 yields the result for k = 1. Now assume that the claim holds for
kp < n for some k ≥ 1, and let u ∈W k+1,p with (k +1)p < n. Then u,Du ∈W k,p ,→
Lp⋆(k) by the induction hypothesis. Since (k + 1)p < n implies p⋆(k) < n, there-
fore u ∈ W 1,p⋆(k) ,→ L(p⋆(k))⋆ = Lp⋆(k+1) by Theorem 5.B.1, and the inductive step
is complete. We then obtain W k,p ,→ Lq for all q ∈ [p, p⋆(k)] by the interpolation
inequality (5.B.2).

(b) Corollary 5.B.2 covers the case of k = 1, and hence we may assume that u ∈ W k, n
k

for some k ≥ 2. We have u,Du ∈ W k−1, n
k ,→ L(n/k)⋆(k−1) = Ln by part (a), since

(k −1) n
k < n. Thus u ∈W 1,n ,→ Lq for all q ∈ [p,∞) by Corollary 5.B.2.

(c) Write k = m +ℓ, where ℓ ∈ N satisfies ℓ−1 ≤ n
p < ℓ. We treat the case m = 0 first,

so k = ℓ. Then u,Du ∈ W k−1,p where (k −1)p ≤ n. If (k −1)p < n, it follows from
part (a) that W k−1,p ,→ Lr , where r = p⋆(k −1) > n. Consequently u ∈ W 1,r with
r > n, so Theorem 5.B.3 yields that u ∈ Cb. If (k −1)p = n, then part (b) yields that
W k−1,p ,→ Lr for all r ∈ [p,∞). By choosing r > p∨n, we obtain from Theorem 5.B.3
again that u ∈W 1,r ,→ Cb.

In the general case m ≥ 1, the above conclusion holds for ∂αu for all multi-indices
|α| ≤ m, and thus u ∈ Cm

b .

Let us comment on some exceptional cases to highlight some of the many hidden
subtleties in Sobolev embedding theorems.

Remarks 5.B.5.

(a) It is important to note that Corollary 5.B.2 does not assert that W 1,n(Rn) ⊆ L∞(Rn).
For n ≥ 2, this is false! Here is a standard example: define a function u ∈ C∞(Rn \
{0};R) such that

u(x) = log

(
log

(
4

∥x∥2

))
, ∥x∥2 < 1,

and u(x) = 0 for all ∥x∥2 ≥ 2. Clearly u ∉ L∞(Rn), due to the singularity at x = 0. It
is then a slightly tedious exercise to check that u ∈W 1,n(Rn) nevertheless.
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In fact, by further and even more tedious calculations, the same example works to
show that W k,p (Rn) ̸⊆ L∞(Rn) if kp = n and p > 1; see [AF03, Example 4.43].

(b) The case p = 1 and k = n is special: we have W n,1(Rn) ,→ L∞(Rn) (and hence
W n,1(Rn) ,→ Lp (Rn) for all 1 ≤ p ≤∞ by interpolation). Indeed, if u ∈ C∞

c (Rn) and
x = (x1, . . . , xn) is arbitrary, we have

u(x) =
∫ x1

−∞

∫ x2

−∞
· · ·

∫ xn

−∞
(∂1∂2 · · ·∂nu)(t1, . . . , tn) dt1 · · · dtn ,

and hence
∥u∥L∞(Rn ) ≤ ∥∂1∂2 · · ·∂nu∥L1(Rn ) ≤ ∥u∥W n,1(Rn ) .

The inequality for general u ∈W n,1(Rn) follows, as usual, by taking an approximat-
ing sequence of test functions (uk ) such that uk → u in W n,1 and uk (x) → u(x) a.e.
x ∈Rn , cf. Corollary 3.A.5.

(c) Theorem 5.B.3 does not extend to p =∞, since the typical proofs require the ap-
proximation result Corollary 3.A.5. Nevertheless, it is true that a function u : Rn →
R is (uniformly) Lipschitz continuous if and only if u ∈ W 1,∞(Rn); a proof may be
found, for instance, in [Eva10, Theorem 4, Section 5.8].

Corollary 5.B.4 gives a rather satisfactory picture of the Sobolev embeddings in Rn .
We now turn to the case of domains, i.e. open subsets Ω ⊆ Rn , where the situation is
not so neat. It turns out that the results are highly influenced by geometric properties of
the boundary ∂Ω, and many different approaches are available for the analysis of such
properties. Here, we choose to present the extension technique, which can be formulated
easily in operator-theoretic terms (see Theorem 5.B.7 below).

The key idea is conceptually quite simple.12 Given a non-empty open subsetΩ⊆Rn ,
we ask if there is a method to extend each function u ∈ W k,p (Ω) to some ũ ∈ W k,p (Rn),
for which the embedding theorems in Rn can then be applied. Any such method must
necessarily take into account the local behaviour of u near the boundary ∂Ω, in order
to preserve the values of u within Ω while allowing weak differentiability on Rn . The
following example, which is a simplified version of [Maz11, Example 2 in Section 1.5.1],
shows that Ω cannot be arbitrary if this is to work.

Example 5.B.6. Consider the set

Ω= {
(x1, x2) ∈R2 : 0 < x1 < 1,0 < x2 < x3

1

}
and define u(x) := x1−β

1 with 1 < β < 2. By elementary calculations and using the result
of Exercise 3.4(b), one checks that u ∈ H 1(Ω) =W 1,2(Ω).

Suppose that u can be extended to a function ũ ∈ H 1(R2). By Corollary 5.B.2(b), it
holds that ũ ∈ Lq (R2) for all q ≥ 2. But then∫

R2
|ũ(x)|q dx ≥

∫
Ω
|u(x)|q dx =

∫ 1

0

∫ x3
1

0
x(1−β)q

1 dx2 dx1 =
∫ 1

0
x3−(β−1)q

1 dx1,

12But technically quite involved!
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and we can choose q > 2 sufficiently large so that the final integral does not converge.
This is a contradiction, and thus we deduce that no such extension ũ exists.

The previous example illustrates what happens when the boundary ∂Ω is badly be-
haved: at the point (0,0), the set Ω has a cusp, which allows functions to blow-up while
still being in a Sobolev space. However, for the extended function, the boundary is ‘re-
moved’ and membership in a Sobolev space now excludes very wild behaviour.

It turns out that Lipschitz boundary (see Definition 3.B.1) is the sweet spot for the
extension technique.

Theorem 5.B.7 (Sobolev extension operator). Let ; ̸=Ω⊆Rn be a bounded open set with
Lipschitz boundary. For every k ∈N and 1 ≤ p ≤∞, there exists a bounded linear operator
E : W k,p (Ω) →W k,p (Rn) such that (Eu)(x) = u(x) for a.e. x ∈Ω. In particular, there exists
a constant C > 0 such that

∥Eu∥W k,p (Rn ) ≤C ∥u∥W k,p (Ω) (5.B.4)

for u ∈W k,p (Ω).

There is a large variety of techniques for creating extension operators; see e.g. [AF03,
Section 5.4] and the references therein. In the statement of Theorem 5.B.7, the operator
E a priori depends on the parameters k and p, as well as Ω of course. However, a re-
markable theorem of Elias Stein shows that in fact there is a universal construction, in
the sense that given a bounded domain with Lipschitz boundary, there is an extension
operator E that works simultaneously for all k ∈ N and 1 ≤ p ≤ ∞. We refer the reader
to Stein’s original monograph [Ste70, Chapter 6, §3] or [Leo09, Theorem 13.17] for the
details of this beautiful result.

Using the heavy machinery of Theorem 5.B.7, it is now almost trivial to write down
Sobolev embeddings for bounded Lipschitz domains. We highlight in particular the em-
bedding into Cm spaces, since it is used in the main text.

Theorem 5.B.8. Let n ≥ 2 and let ; ̸=Ω⊆Rn be a bounded open set with Lipschitz bound-
ary. Then all the embeddings of Corollary 5.B.4 remain true when Rn is replaced by Ω. In
particular, if kp > n and m ∈N0 satisfies m < k − n

p , then W k,p (Ω) ,→ Cm(Ω).

Proof. If u ∈W k,p (Ω), then by Corollary 5.B.4 and Theorem 5.B.7 we obtain

∥u∥Lq (Ω) ≤ ∥Eu∥Lq (Rn ) ≤C ∥Eu∥W k,p (Rn ) ≤ C̃ ∥u∥W k,p (Ω)

in the case kp ≤ n, where C̃ is the product of C in (5.B.4) with the implied embed-
ding constants in Corollary 5.B.4. Likewise, in the case kp > n we obtain ∥u∥Cm (Ω) ≤
C̃ ∥u∥W k,p (Ω).
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Chapter 6

Eventually positive resolvents and
their spectral properties

We know by now that the resolvent of the Dirichlet Laplacian is positive everywhere on
the right of the spectral bound (Example 5.4.2) and that this is closely related to esti-
mates for sesquilinear forms (Exercise 4.3) and to the classical maximum principle (Ex-
ample 5.3.6). The same techniques can be used to prove similar results for many second
order elliptic differential operator with “nice” boundary conditions.

Therefore, the phenomenon observed at the end of the previous chapter (Exam-
ple 5.4.3) might be all the more surprising: choosing slightly uncommon boundary con-
ditions can result in the resolvent being positive in a right neighbourhood of the spectral
bound, but not everywhere up to ∞. As we proceed, we shall see that this eventual pos-
itivity – where “eventual” means “as one moves towards the spectral bound from the
right” – occurs in many more examples. Consequently, we lay the groundwork for a gen-
eral theory of eventual positivity in this chapter.

6.1 Eventually positive resolvents

The following concept is at the heart of this and the next two chapters.

Definition 6.1.1 (Eventual positivity of resolvents). Let A : E ⊇ dom(A) → E be a closed
operator on a complex Banach lattice E . Let λ0 ∈ R be a spectral value of A such that a
right neighbourhood of λ0 is contained in ρ(A). Let u ∈ E+ and 0 ≤Q ∈L(E).

(a) R( · , A) is said to be individually eventually positive with respect to u at λ0 if for
each 0 ⪇ f ∈ E one has R(λ, A) f ⪰ u for all λ in a ( f -dependent) right neighbour-
hood of λ0.

(b) R( · , A) is said to be uniformly eventually positive with respect to Q at λ0 if one
has R(λ, A) ⪰Q for all λ in a right neighbourhood of λ0.

The case u ⪈ 0 and Q ⪈ 0 in Definition 6.1.1 will become relevant in Chapter 7. In
the present chapter we focus on the weakest choices of u and Q, namely u = 0 and Q = 0.
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The Laplace operator with non-local boundary conditions in Example 5.4.3 is uniformly
eventually positive with respect to 0 at its spectral bound, as shown in that example.
It is natural to wonder whether individual and uniform eventual positivity are in fact
equivalent, but here is a counterexample.

Example 6.1.2 (Individual versus uniform eventual positivity). There exists an operator
A ∈L

(
C([−1,1]

)
with spectrum σ(A) = {0,−1,−3} and the following properties:

(a) R( · , A) is individually eventually positive with respect to 0 at λ0 := 0.

(b) R(λ, A) is not uniformly eventually positive with respect to 0 at λ0 = 0.

Proof. Let ϕ ∈ C([−1,1])′ be given by
〈
ϕ , f

〉 = 1
2

∫ 1
−1 f (ω) dω. Let S : kerϕ→ kerϕ be the

reflection operator given by (S f )(ω) = f (−ω) for all f ∈ kerϕ and allω ∈ [−1,1]. We define
A as the block diagonal operator

A :=
(
0 0
0 −S −2

)

with respect to the decomposition C([−1,1]) = C1⊕kerϕ. In other words, A1 = 0 and
A f = (−S −2) f for all f ∈ kerϕ. Clearly, 1 and −1 are eigenvalues of S, so it follows from
S2 = idkerϕ and the spectral mapping theorem for polynomials thatσ(S) = {−1,1}. Hence,
σ(A) =σ(0)∪σ(−S −2) = {0,−1,−3}. We now prove (a) and (b).

(a) By using S2 = idkerϕ one can readily check that, for λ ∈ ρ(A),

R(λ, A) =
 1
λ 0

0 λ+2−S
(λ+2)2−1

 .

Now let 0 ⪇ f ∈ C([−1,1]) and write f as f = 〈
ϕ , f

〉
1+g for a function g ∈ kerϕ.

Of course, λR(λ, A) f = 〈
ϕ , f

〉
1+λR(λ, A)g → 〈

ϕ , f
〉
1 with respect to ∥·∥∞ for λ ↓

0. Since λR(λ, A) f is real for real λ and
〈
ϕ , f

〉
1 is a constant function with value〈

ϕ , f
〉> 0, it follows that R(λ, A) f ≥ 0 for all λ> 0 that are sufficiently close to 0.

(b) Fix a number λ > 0; we show that R(λ, A) ≱ 0. For each ε > 0, one can choose fε ∈
C([−1,1])+ that satisfies fε(1) = 1, fε(−1) = 0 and

〈
ϕ , fε

〉 = ε. Again, we write fε as
fε = ε1+gε for gε ∈ kerϕ. Since gε(−1) =−ε and gε(1) = 1−ε, we get

R(λ, A) fε(−1) = ε

λ
+ (λ+2)gε(−1)− gε(1)

(λ+2)2 −1
ε↓0−→ −1

(λ+2)2 −1
< 0.

So there exists ε> 0 such that R(λ, A) fε(−1) < 0. Thus R(λ, A)≱ 0 because fε ≥ 0.
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6.2 Intermezzo: Eigenvalues and poles of the resolvent

We now study eventual positivity of resolvents with similar spectral theoretic techniques
as in the finite-dimensional case. In this section, we present some spectral theoretic
machinery in infinite dimensions that resembles, to a certain extent, the tools from Sec-
tion 2.1. For this to be possible, compactness will have to play an essential role.

In addition, we will need standard results for holomorphic functions with values in a
Banach space. Readers not familiar with this theory can find a brief summary thereof in
Appendix 6.A.

Proposition 6.2.1 (The resolvent is analytic). Let A : X ⊇ dom(A) → X be a closed linear
operator on a complex Banach space X . The resolvent mapping µ 7→R(µ, A) is analytic on
ρ(A) as a function with values in L(X ).

Proof. This follows from the series expansion of the resolvent in Proposition 3.3.2(a) and
the characterisation of analyticity in terms of the Taylor series (Theorem 6.A.4).

The following is an infinite-dimensional analogue of Proposition 2.1.4.

Proposition 6.2.2 (Spectral decomposition). Let A : X ⊇ dom(A) → X be a closed linear
operator on a complex Banach space X and let σ0 ⊆ σ(A) such that σ0 is compact and
σ(A)\σ0 is closed. Then there exists a unique projection P ∈L(X ) with the following prop-
erties:

(a) rgP ⊆ dom(A) and PAx = AP x for all x ∈ dom(A).

(b) σ
(

A|rgP

)
=σ0 and σ

(
A|kerP

)
=σ(A) \σ0.1

Moreover, for any closed C1-cycle γ in C that encircles each element of σ0 precisely once,
but no element of σ(A) \σ0, we have

P = 1

2πi

∮
γ
R(µ, A) dµ.

The notion of cycle that occurs in Proposition 6.2.2 means a formal sum of finitely
many paths. This is necessary in infinite dimensions, since the spectrum need not con-
sist of isolated points and hence, no single path with the required properties might ex-
ist. We do not present the proof of Proposition 6.2.2 and instead refer to the literature,
e.g. [EN00, Proposition IV.1.16]. However, in the case that σ0 is an isolated singleton
which is also a pole of the resolvent, the analysis appears much like in the finite dimen-
sional case (see Theorem 6.2.6 below).

Definition 6.2.3 (Spectral projections). In the situation of Proposition 6.2.2, the projec-
tion P is called the spectral projection of A associated to σ0.

1Here, A|rgP ∈L(rgP ) and A|kerP acts as a closed operator on kerP with domain dom(A)∩kerP .
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After defining spectral projections in finite dimensions (Definition 2.1.5) we men-
tioned that the roles of σ0 and σ(A) \σ0 are symmetric – i.e. swapping them gives the
complementary projection. In infinite-dimensions this is, in general, only true if A ∈
L(X ). For unbounded A, the setσ(A)\σ0 can be unbounded, so that no associated spec-
tral projection is defined. Even if the set is bounded, the spectral projections of σ(A) \σ0

and σ0 need not add up to idX – indeed, this is the case whenever σ0 :=σ(A) =;.

Definition 6.2.4 (Powers of unbounded operators). Let A : X ⊇ dom(A) → X be a linear
operator on a Banach space X . The powers of A are defined inductively by

A0 := id, An+1x := A(An x) for x ∈ dom
(

An+1) := {
x ∈ dom

(
An)

: An x ∈ dom(A)
}
.

Of course, dom(An) is a decreasing sequence of subspaces. Moreover, Am An = Am+n

whenever the composition is defined. Exercise 6.2 explores such properties.

Definition 6.2.5 ((Generalised) eigenspaces and semisimplicity). Let A : X ⊇ dom(A) →
X be a linear operator on a complex Banach space X and let λ ∈C.

(a) λ is called an eigenvalue of A if ker(λ−A) ̸= {0}. In this case, ker(λ−A) is called the
associated eigenspace and its non-zero elements are called the associated eigen-
vectors. The dimension of ker(λ− A) is called the geometric multiplicity of λ.

The point spectrum σpnt(A) is the set of all eigenvalues of A.

(b) If λ is an eigenvalue of A, then the subspace
⋃

k∈Nker(λ− A)k of dom(A) is called
the associated generalised eigenspace. Its dimension is called the algebraic mul-
tiplicity of λ.

(c) If λ is an eigenvalue of A, it is called a semisimple eigenvalue if its generalised
eigenspace coincides with its eigenspace.

Note that ker(λ− A) ⊆ ker(λ− A)2 ⊆ . . . , so the generalised eigenspace is indeed a
subspace of dom(A). In finite dimensions, semisimplicity of an eigenvalue λ is obvi-
ously equivalent to equality of its geometric and algebraic multiplicities. However, in
infinite dimensions, it can happen that both multiplicities are ∞ without equality of the
eigenspace and the generalised eigenspace.

For a spectral value that is a pole of the resolvent, many of the properties from the
finite-dimensional setting (Proposition 2.1.6) remain true. We summarise the most im-
portant ones for our purposes in the following theorem.

Theorem 6.2.6 (Poles of the resolvent). Let A be a closed operator on a complex Banach
space X and let λ ∈σ(A) be a pole of the resolvent R( · , A) : ρ(A) →L(X ) of order p ∈N. Let

R(µ, A) =
∞∑

k=−p
Qk+1(µ−λ)k .

denote the Laurent series expansion of the resolvent aboutλwith coefficients Qk+1 ∈L(X ).2

2Note that Q−p+1 ̸= 0 since p is the pole order of λ.
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(a) One has {0} ̸= rgQ−p+1 ⊆ ker(λ− A). In particular, λ is an eigenvalue of A.

(b) One has rgQ0 = ker(λ− A)k for all k ≥ p, so rgQ0 is the generalised eigenspace of A
for the eigenvalue λ. Thus, the eigenvalue λ is semisimple if and only if p = 1.

(c) The coefficient Q0 ∈L(X ) is the spectral projection of A associated with λ.

(d) If A is densely defined, then λ is also a pole of R( · , A′) of order p with the Laurent
series expansion

R(µ, A′) =
∞∑

n=−p
Q ′

k+1(µ−λ)k .

In particular, λ is also an eigenvalue of A′ with the associated spectral projection Q ′
0.

Proof of (c) and (d). (c) As in Proposition 2.1.6(a), this follows from contour integral for-
mula of the spectral projection in Proposition 6.2.2 and the scalar-valued integral
formulas in Proposition 2.1.2.

(d) This follows from (a) by using the fact R( · , A′) =R( · , A)′ from Exercise 3.5(d).

The proofs of (a) and (b) rely on a detailed analysis of the coefficients Qk of the Lau-
rent series expansion. To stay on track, we again refrain from discussing those arguments
here. Readers fond of complex analysis or looking for a deeper understanding of spectral
theory, can find the full analysis in Supplement 6.B, in Theorems 6.B.1 and 6.B.3.

In practice, a very convenient way to check that a spectral value is a pole of the resol-
vent is to use the following concept and Theorem 6.2.9 below.

Definition 6.2.7 (Compact resolvent). A closed operator A on a complex Banach space
X is said to have compact resolvent if there exists λ ∈ ρ(A) such that R(λ, A) : X → X is a
compact operator.

Proposition 6.2.8. Let A : X ⊇ dom(A) → X be a closed operator on a complex Banach
space X . The following are equivalent:

(i) A has compact resolvent.

(ii) ρ(A) ̸= ; and the operator R(λ, A) : X → X is compact for each λ ∈ ρ(A).

(iii) ρ(A) ̸= ; and embedding dom(A) ,→ X is compact.

Proof. “(i) ⇒ (iii)”: Let λ ∈ ρ(A) be such that R(λ, A) : X → X is compact. Composing
with λ− A ∈L(dom(A) , X ) yields that iddom(A) : dom(A) → X is compact.

“(iii) ⇒ (ii)”: Let λ ∈ ρ(A). If the embedding dom(A) ,→ X is compact, then its composi-
tion with R(λ, A) ∈L(X ,dom(A)) ensures that R(λ, A) : X → X is compact.

“(ii) ⇒ (i)”: This implication is obvious.
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It can happen that dom(A) embeds compactly into X but ρ(A) = ;. For instance,
this is the case for the first order differential operator on C([0,1]) from Example 3.3.4(a),
where the compact embedding follows from the Arzelà–Ascoli theorem.

In examples, compactness of the resolvent is often established by using a compact
embedding result for Sobolev spaces to check condition (iii) in Proposition 6.2.8. The
reason why we are interested in operators with compact resolvent is that they have par-
ticularly nice spectral properties that are reminiscent of the finite-dimensional case.

Theorem 6.2.9 (Compact resolvent and spectrum). Let A : X ⊇ dom(A) → X be a closed
operator on a complex Banach space X . If A has compact resolvent, then

(a) σ(A) consists only of eigenvalues.

In fact, each spectral value of A is a pole of the resolvent and an eigenvalue of finite
algebraic multiplicity.

(b) σ(A) has no accumulation points in C.

One can either derive Theorem 6.2.9 from the Riesz–Schauder spectral theory of
compact operators by using that the resolvent satisfies appropriate spectral mapping
results, or one can obtain it as a special case of the so-called analytic Fredholm theory,
see e.g. [GGK90, Section XI.8]. Theorem 6.2.9 will only be useful for our purposes if there
are any spectral values at all.3 For operators associated to symmetric sesquilinear forms,
this is guaranteed by part (c) of the following result.

Proposition 6.2.10 (Compact embedding of form domains). Let the Hilbert spaces V , H,
the sesquilinear form a : V ×V → C, and its associated operator A : H ⊇ dom(A) → H
satisfy the assumptions of Theorem 5.1.4. Then:

(a) The inclusion map dom(A) ,→V is continuous.

(b) If the embedding V ,→ H is compact, then A has compact resolvent.

(c) If the form a is symmetric, then σ(A) ̸= ;.4

Proof of (a) and (b). (a) Recall that dom(A) ⊆V ⊆ H and that all three spaces are Banach
spaces. The embeddings dom(A) ,→ H and V ,→ H are continuous, so the closed
graph theorem implies that the inclusion map from dom(A) into V is also continu-
ous (Exercise 3.3(a)).

(b) Now assume that V ,→ H is compact. Then it follows from (a) that dom(A) ,→ H is
compact. Moreover, one has ρ(A) ̸= ; by Theorem 5.1.4(b).

We will not prove part (c) in the main text, but the interested reader can find a proof
in Theorem 6.C.5(a) in Supplement 6.C.

3Note that there are operators with compact resolvent and empty spectrum (Example 3.3.4(b)).
4Readers familiar with form methods might recognise that this is a special case of the fact that self-

adjoint operators have non-empty spectrum.
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6.3 Spectral consequences of eventual positivity

To apply the spectral theoretic results from the previous sections in concrete examples,
one needs tools to check that an operator has compact resolvent. Compact embedding
theorems for Sobolev spaces are very useful for this purpose. The following result in one
dimension is easy to prove, given the properties from Theorem 5.3.7.

Theorem 6.3.1. Let ; ̸= I ⊂R be an open bounded interval. For all 1 < p ≤∞, the embed-
dings W 1,p (I ) ,→ C(Ī ) and W 1,p (I ) ,→ Lp (I ) are compact.

Proof. Let B = {u ∈ W 1,p (I ) : ∥u∥W 1,p ≤ 1} be the closed unit ball in W 1,p (I ). By the em-
bedding W 1,p (I ) ,→ C(Ī ) from Theorem 5.3.7(b), we deduce that B is bounded in C(Ī ).
By the fundamental theorem of calculus for Sobolev functions (Theorem 5.3.7(a)) and
Hölder’s inequality, it follows for all u ∈ B that

∣∣u(x)−u(y)
∣∣≤ ∫ x

y

∣∣u′(t )
∣∣ dt ≤ ∥∥u′∥∥

Lp (I )

∣∣x − y
∣∣1−1/p ∀x, y ∈ Ī . (6.3.1)

Since
∥∥u′∥∥

Lp (I ) ≤ 1 for all u ∈ B and p > 1, the above inequality shows that B is equicon-
tinuous. Hence, the Arzelà-Ascoli theorem implies that B is compact in C(Ī ). Finally, the
embedding C(Ī ) ,→ Lp (I ) is continuous, and the remaining assertion follows.

The case p = 1 is different and will be treated in Exercise 6.5. Here is a first example of
how compactness of the resolvent can be used to determine the spectrum of an operator.

Example 6.3.2. Consider the Dirichlet Laplacian ∆Dir : L2(0,π) ⊇ dom(∆Dir) → L2(0,π).

(a) One has σ(∆Dir) =σpnt(∆Dir) = {−k2 : k ∈N}
.

(b) The eigenspace ker(−k2 −∆Dir) is spanned by sin(k · ) for all k ∈N.

In particular, s(∆Dir) =−1 is an eigenvalue with a positive eigenvector.

Proof. One readily checks for every k ∈ N that sin(k · ) is indeed in dom(∆Dir) and is an
eigenvector of ∆Dir for the eigenvalue −k2. Let us show that, conversely, every spectral
value is an eigenvalue of the form −k2 and that its eigenspace is spanned by sin(k · ).

First, we deduce from Example 3.3.6(b) that∆Dir is the operator associated to a sesquilin-
ear form a on H 1

0 (0,π) and that a satisfies the assumptions of Theorem 5.1.4. The em-
bedding H 1

0 (0,π) ,→ L2(0,π) is compact (Theorem 6.3.1) and thus, ∆Dir has compact re-
solvent (Proposition 6.2.10).

We already know that σ(∆Dir) ⊆ (−∞,0] (Example 5.4.2) and the compactness of the
resolvent implies that every spectral value is actually an eigenvalue (Theorem 6.2.9(a)).
Now, let λ ∈ (−∞,0] be an eigenvalue of ∆Dir with a corresponding eigenvector 0 ̸= u ∈
dom(∆Dir) ⊆ H 2(0,π). Then u′′ = ∆Diru = λu ∈ H 2(0,π). A simple inductive argument5

yields u ∈ H k (0,π) ⊆ Ck−1([0,π]) for all k ∈ N, where the latter inclusion is due to the
one-dimensional Sobolev embedding theorem 5.3.7(b).

5This is often called bootstrapping in the PDE literature.

103
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Classical ODE theory can thus be applied to u′′ =λu and yields that u =αcos(
p−λ · )+

βsin(
p−λ · ) for suitable scalars α,β ∈ C. As u ∈ H 1

0 (Ω) one has u(0) = u(π) = 0 (Exer-
cise 6.3). The equality u(0) = 0 impliesα= 0, so 0 ̸= u =βsin(

p−λ · ). The equality u(π) =
0 now gives

p−λ ∈N, i.e. there exists k ∈N such that λ=−k2 and u =βsin(k · ).

We already know from Example 5.4.2 that the resolvent R( · ,∆Dir) is positive on the
right of the spectral bound s(∆Dir). In Example 6.3.2 we have now seen by a direct com-
putation that the eigenvalue s(∆Dir) has a positive eigenvector. Thinking back to the
Perron–Frobenius type results in finite dimensions (Theorems 1.3.8 and 1.3.9 in the pos-
itive case, Theorems 2.2.3 and 2.3.1 in the eventually positive case), one might wonder
whether the existence of a positive eigenvector is a consequence of (eventual) positivity
of the resolvent in general infinite-dimensional situations, as well. The answer is ‘yes’:

Theorem 6.3.3 (Eigenvectors for eventually positive resolvents). Let A be a closed oper-
ator on a complex Banach lattice E and let λ ∈ R be a pole of the resolvent R( · , A).6 If
R( · , A) is individually eventually positive with respect to 0 at λ, then:

(a) There exists a positive eigenvector v ∈ E of A for the eigenvalue λ.

(b) If the eigenvalue λ is semisimple, then its associated spectral projection is positive.

(c) If A is densely defined, then A′ has a positive eigenvectorϕ ∈ E ′ for the eigenvalue λ.

Proof. Let p ∈Ndenote the pole order ofλ and consider the the Laurent series expansion

R(µ, A) =
∞∑

k=−p
Qk+1(µ−λ)k

of the resolvent about λ, where Q−p+1 ̸= 0 and where the range of Q−p+1 is contained in
the eigenspace ker(λ− A) according to Theorem 6.2.6(a). One has Q−p+1 = limµ→λ(µ−
λ)pR(µ, A). For every x ∈ E+ it thus follows that Q−p+1x = limµ↓λ(µ−λ)pR(µ, A)x ≥ 0 due
to the eventual positivity of R( · , A). So Q−p+1 is a positive operator.

(a) Since E+ spans E and Q−p+1 ̸= 0 there exists a vector x ∈ E+ such that v :=Q−p+1x ̸= 0.
Hence, v is a positive eigenvector of A for the eigenvalue λ.

(b) If the eigenvalue λ is semisimple, then p = 1 and 0 ≤Q−p+1 =Q0 is the spectral pro-
jection (Theorem 6.2.6(b) and (c)).

(c) By Theorem 6.2.6(a) and (d), λ is an eigenvalue of A′ and rg(Q ′
−p+1) ⊆ ker(λ− A′).

As the dual cone E ′+ spans E ′ and Q ′
−p+1 ̸= 0, there exists ψ ∈ E ′+ such that 0 ̸= ϕ :=

Q ′
−p+1ψ ∈ ker(λ− A′). Also ϕ≥ 0 because Q ′

−p+1 ≥ 0 (Corollary 4.4.5).

Let us demonstrate Theorem 6.3.3 in two examples.

6Hence, λ is an eigenvalue of A and, if A is densely defined, also an eigenvalue of A′ (Theorem 6.2.6(a)
and (d)).
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Example 6.3.4. Let ∆B : L2(0,1) ⊇ dom(∆B ) → L2(0,1) denote the Laplace operator with
non-local boundary conditions from Example 5.4.3. Then −∞< s(∆B ) < 0 and s(∆B ) is
an eigenvalue of ∆B with a positive eigenvector.

Proof. We know from Example 5.4.3 that s(∆B ) < 0 and R(λ,∆B ) ≥ 0 for all λ ∈ (s(∆B ),0].
Moreover, Proposition 6.2.10(b) shows that ∆B has compact resolvent since the embed-
ding of the associated form domain H 1(0,1) into L2(0,1) is compact (Theorem 6.3.1).
Thus, all spectral values of ∆B are poles of the resolvent (Theorem 6.2.9(a)).

As the form that we used to define ∆B is symmetric, one has σ(∆B ) ̸= ; (Proposi-
tion 6.2.10(c)), equivalently s(∆B ) > −∞. As σ(∆B ) ⊆ (−∞,0) (Example 5.4.3) is non-
empty and closed, s(∆B ) ∈σ(∆B ) and hence is a pole of R( · ,∆B ). So we can apply Theo-
rem 6.3.3(a) to see that there exists a positive eigenvector for s(∆B ).

In contrast to the simple case on the interval that was treated in Example 6.3.2, for the
Dirichlet Laplacian on general domains in Rn , the eigenvalues or eigenvectors cannot be
explicitly computed. Yet a positive eigenvector corresponding to s(∆Dir) exists:

Example 6.3.5 (Dirichlet Laplacian on domains). Let ; ̸=Ω⊆Rn be open and bounded.
The Dirichlet Laplacian ∆Dir on L2(Ω) has compact resolvent, and its spectral bound
s(∆Dir) is not −∞ and is an eigenvalue with a positive eigenvector.

Proof. The argument is the same as in Example 6.3.4, except that one now has to use
compactness of Sobolev embeddings in several dimensions (Theorem 6.3.6 below).

The following result is a version of Theorem 6.3.1 in several dimensions. It was used
in the previous example and will be frequently useful in the rest of the course.

Theorem 6.3.6 (Compact embeddings of Sobolev spaces). Let ; ̸=Ω ⊆ Rn be open and
bounded and let p ∈ [1,∞).

(a) The embedding W 1,p
0 (Ω) ,→ Lp (Ω) is compact.

(b) If Ω has C1-boundary, then the embedding W 1,p (Ω) ,→ Lp (Ω) is compact.

The proof of Theorem 6.3.6 usually relies on the Fréchet-Kolmogorov compactness
theorem (see Exercise 6.5). Details may be found in [Bre11, Theorem 9.16].

6.4 The left neighbourhood of spectral values

For an operator A, eventual positivity ofR( · , A) at a pointλ0 ∈Rmeans, loosely speaking,
that the solution u to (λ−A)u = f is positive if f ≥ 0 and λ is in a right neighbourhood of
λ0. It is natural to ask what happens on the left of λ0. A glance at the case E =C suggests
that one might expect negativity of solutions there. It turns out that this is the correct
idea in principle, but there are also quite a few subtleties and surprises.

Definition 6.4.1 (Eventual negativity of resolvents). Let A : E ⊇ dom(A) → E be a closed
operator on a complex Banach lattice E . Let λ0 ∈ R be a spectral value of A such that a
left neighbourhood of λ0 is contained in ρ(A). Let u ∈ E+ and 0 ≤Q ∈L(E).
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(a) R( · , A) is said to be individually eventually negative with respect to u at λ0 if for
each 0 ⪇ f ∈ E , one has R(λ, A) f ⪯ −u for all λ in an ( f -dependent) left neigh-
bourhood of λ0.

(b) R( · , A) is said to be uniformly eventually negative with respect to Q at λ0 if one
has R(λ, A) ⪯−Q for all λ in a left neighbourhood of λ0.

We will see in the subsequent chapters that eventual positivity indeed occurs in var-
ious examples. In the present section we focus on the opposite phenomenon: a rather
surprising result that says that, in many cases, eventual positivity and negativity are not
possible at the same time. We need the following notion from Banach lattice theory.

Definition 6.4.2 (Ideals in vector lattices). Let E be a real vector lattice or a (real or com-
plex) Banach lattice.7 An ideal in E is a vector subspace I ⊆ E such that, for all x, y ∈ E ,
the properties y ∈ I and |x| ≤ ∣∣y

∣∣ imply that x ∈ I .

Note that a vector subspace I ⊆ E is an ideal if and only if I is a vector sublattice and
0 ≤ x ≤ y ∈ I implies x ∈ I . Let us give examples of ideals in our favourite Banach lattices.

Examples 6.4.3.

(a) Let (Ω,µ) be aσ-finite measure space and letΩ′ ⊆Ω be measurable. For p ∈ [1,∞],
it is easy to check that

IΩ′ :=
{

f ∈ Lp (Ω,µ) : f |Ω′ = 0
}

is a closed ideal of Lp (Ω,µ). If p ̸=∞ one can prove that, in fact, all closed ideals in
Lp (Ω,µ) are of this form [BKFR17, Proposition 10.15].

(b) Let (Ω,µ) be a σ-finite measure space. Clearly, L∞(Ω,µ) is an ideal in Lp (Ω,µ) for
each p ∈ [1,∞]. It is not closed unless p =∞ or Lp (Ω,µ) is finite-dimensional.

(c) Let K be a compact metric space 8 and let J ⊆ K be a closed set. Then

I J :=
{

f ∈ C(K ) : f |J = 0
}

is a closed ideal of C(K ). Again, one can prove that all closed ideals in C(K ) are of
this form [BKFR17, Proposition 10.13].

(d) Let ; ̸= Ω ⊆ Rn be an open set, and p ∈ [1,∞). Then W 1,p
0 (Ω;R) is an ideal in

W 1,p (Ω;R). A proof for the case p = 2, which can easily be adapted for general
p ∈ [1,∞), can be found in [AU23, Theorem 6.39]. An important ingredient is the
fact that the lattice operations are continuous on W 1,p (Ω), cf. Remark 4.B.4.

In many examples, one can use the following theorem to exclude eventually nega-
tive behaviour. The assumption dom(Am) ⊆ I and the conclusion dom(A) ⊆ I is closely
related to Sobolev embedding theorems, as we shall see in Example 6.4.6.

7This slightly strange assumption is merely due to the fact that we did not define complex vector lattices.
8Or more generally, a compact Hausdorff topological space.
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Theorem 6.4.4. Let A : E ⊇ dom(A) → E be a closed operator on a complex Banach lattice
E and let λ0 ∈ R be an isolated spectral value of A. Let I ⊆ E be an ideal (not necessarily
closed) and assume:

(1) dom(Am) ⊆ I for some m ∈N.

(2) R( · , A) is uniformly eventually positive and negative with respect to 0 at λ0.

Then dom(A) ⊆ I .

In Chapter 7 we will show that the theorem remains true, up to minor changes, if
one only assumes individual eventual positivity and negativity in (2); but this requires a
bit more preparation. In the rest of Chapter 6 we give the rather simple proof of Theo-
rem 6.4.4 and discuss an example. We use the following finite expansion of the resolvent.

Lemma 6.4.5. Let A be a closed operator on a complex Banach space X and n ∈N0. Then

R(λ, A) =
n∑

k=1
(µ−λ)k−1R(µ, A)k +R(λ, A)(µ−λ)nR(µ, A)n for all λ,µ ∈ ρ(A).

Proof. This follows by iterating the resolvent identity (Proposition 3.3.2(c)).

Proof of Theorem 6.4.4. By assumption (2) there are λ,µ ∈ ρ(A) ∈R that satisfy λ<λ0 <µ
such that R(λ, A) ≤ 0 and R(µ, A) ≥ 0. Abbreviating S := R(λ, A)(µ−λ)m−1R(µ, A)m−1,
the finite resolvent expansion in Lemma 6.4.5 gives

0 ≤−R(λ, A) =−
m−1∑
k=1

(µ−λ)k−1R(µ, A)k − S ≤−S.

For every f ∈ E+ we conclude that 0 ≤−R(λ, A) f ≤−S f ∈ I , since S maps into dom(Am)
and thus, by assumption (1), into I . As I is an ideal in E , it follows that R(λ, A) f ∈ I . Since
E+ spans E , this shows that dom(A) = rgR(λ, A) ⊆ I , as claimed.

Example 6.4.6. Let ; ̸=Ω⊆ Rn be open and bounded with C2m boundary, where m ∈N
satisfies m > n

4 , and consider the Dirichlet Laplacian∆Dir on L2(Ω). If n ≥ 4, the resolvent
R( · ,∆Dir) is not uniformly eventually negative with respect to 0 at s(∆Dir).

Proof. We apply the contrapositive of Theorem 6.4.4, for the ideal I := L∞(Ω) in L2(Ω).
Assumption (1) of the theorem is satisfied: by iterating Theorem 5.3.2(b) one obtains
dom

(
∆m

Dir

) ⊆ H 2m(Ω) for each m ∈ N, so the Sobolev embedding theorem 5.3.4 ensures
that dom

(
∆m

Dir

) ⊆ L∞(Ω) whenever n < 4m. Moreover, the first part of assumption (2)
holds since R( · ,∆Dir) is uniformly eventually positive with respect to 0 at s(∆Dir) by Ex-
ample 5.4.2.

To see that R( · ,∆Dir) is not uniformly eventually negative with respect to 0 at s(∆Dir),
we observe that the conclusion of theorem is not satisfied. Indeed, it is a classical fact
that H 2(Ω)∩ H 1

0 (Ω) does not embed into L∞(Ω) for n ≥ 4, i.e. dom(∆Dir) ̸⊆ L∞(Ω); for
instance, the famous example from [AF03, Example 4.43] (also discussed a bit further in
Remark 5.B.5(a)) can be modified to ensure that the Dirichlet boundary conditions are
satisfied.
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Exercises for Chapter 6

Exercise 6.1. Give an example of a closed operator A on a complex Banach space X
and a set ; ̸= σ0 ⊊ σ(A) such that σ0 and σ(A) \σ0 are both compact yet the spectral
projections corresponding to σ0 and σ(A) \σ0 do not add up to idX .

Exercise 6.2. Let A : X ⊇ dom(A) → X be an operator on a Banach space X .

(a) Let m,n ∈N0 and x ∈ dom
(

Am+n
)
. Show that x ∈ dom(An), An x ∈ dom(Am), and

Am(An x) = Am+n x.

(b) Let λ ∈C. Show that dom((λ− A)n) = dom(An) for all n ∈N.

Give an example of

(c) an operator A on a Banach space X such that dom
(

A2
) ̸= dom(A);

(d) a closed operator A on a Banach space X such that A2 is not closed.

Exercise 6.3 (A characterisation of W 1,p
0 (I )). Let p ∈ [1,∞) and let a,b ∈ R, a < b. In this

exercise we show that

W 1,p
0 (a,b) = {

u ∈W 1,p (a,b) : u(a) = u(b) = 0
}

This is the one-dimensional version of a result that we have mentioned multiple times.

(a) Show the inclusion “⊆” using the continuity of the embedding W 1,p (a,b) ,→ C([a,b]).

(b) Show the inclusion “⊇”. You may use that there is a function w ∈ C∞([a,b]) that
is constantly 0 in some right neighbourhood of a and constantly 1 in some left
neighbourhood of b.

Hint: For u ∈ W 1,p (a,b) with u(a) = u(b) = 0, take test functions ϕn that converge
in Lp to u′. Then consider the functions (1−w)un +w vn , where

un(x) :=
∫ x

a
ϕn(s) ds and vn(x) :=

∫ x

b
ϕn(s) ds

for all x ∈ (a,b).
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Exercise 6.4. Consider the operator A : C([0,1]) ⊇ dom(A) → C([0,1]) given by

dom(A) :={u ∈ C1([0,1]) : u′(0) = u′(1)},

Au =u′.

(a) Prove that A is closed, densely defined, and has compact resolvent.9

(b) Compute all eigenvalues of A.

(c) Compute the eigenspace ker A and the generalised eigenspace
⋃

n∈Nker An . Show
that both spaces are spanned by positive vectors.

(d) Compute the eigenspace ker A′ and the generalised eigenspace
⋃

n∈Nker(A′)n of
the dual operator A′ on C([0,1])′ (Definition 3.1.5).

Hint: First use Theorem 6.2.6(b) and (d) to determine dim
⋃

n∈Nker(A′)n .

(e) Is R( · , A) individually eventually positive with respect to 0 at the spectral value 0?
Is it individually eventually negative with respect to 0 at 0?

Exercise 6.5.

(a) Show that the embedding W 1,1(0,1) ,→ C([0,1]) is not compact.

(b) Show that the embedding W 1,1(0,1) ,→ L1(0,1) is compact.

Hint: By the Fréchet–Kolmogorov compactness theorem, a subset F ⊆ L1(0,1) is
relatively compact if and only if

sup
f ∈F

∫
(0,1)

∣∣ f (s +h)− f (s)
∣∣ ds → 0

as h → 0. Here, one extends each f by 0 outside of (0,1) to always make sense of
the integral.

9Beware that it does not suffice for the compactness of the resolvent to note that the embedding
C1([0,1]) ,→ C([0,1]) is compact.
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Notes for Chapter 6

Eventual positivity and negativity and the (anti-)maximum
principle

As demonstrated in Example 5.3.6, positivity ofR( · ,∆Dir) is closely related to the classical
maximum principle. Inspired by this link – which holds also for more general second
order operators with a variety of boundary conditions – some authors simply use the
term maximum principle to refer to what we call eventual positivity of the resolvent (or
versions thereof). Consequently, eventual negativity of the resolvent is then referred to as
an anti-maximum principle, for instance by Clément & Sweers [CS00, CS01] and Grunau
& Sweers [SG01]. An abstract operator theoretic approach to anti-maximum principles
is due to Takáč [Tak96].

The notion eventually positive resolvent was used in [DGK16b, DGK16a], where it
mainly served as a tool to better understand eventually positive operator semigroups –
a topic that we will discuss in later chapters. Example 6.1.2 is taken from [DGK16b, Ex-
ample 5.7]. A similar example where the operator has compact resolvent can be found
in [DGK16b, Example 5.8]. Theorem 6.3.3 is, up to a few modifications, taken from
[DG17, Theorem 3.1], which in turn generalised results from [DGK16a]. The idea for
Theorem 6.4.4 stems from [AG22, AG23], although we now presented it in a somewhat
different perspective. It is remarkable that the positivity and negativity of solutions to
the equation (λ− A)u = f for λ in a neighbourhood of the spectral value λ0, together
with the a priori regularity assumption dom(Am) ⊆ I , leads to improved regularity of
such solutions, which is captured by the property dom(A) ⊆ I .
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Appendices

6.A Vector-valued analytic functions

This appendix collects some basic facts on complex-analytic mappings taking values in
Banach spaces. We will mainly apply the concepts and results from this appendix to the
resolvents of linear operators, which are analytic maps according to Proposition 6.2.1.

Definition 6.A.1. Let; ̸=Ω⊆Cbe open and let X be a complex Banach space. A function
f :Ω→ X is called analytic (or holomorphic) if

f ′(z0) := lim
z→z0

f (z)− f (z0)

z − z0

exists in X for each z0 ∈Ω.

Note that analytic implies continuous and in fact, as in the scalar-valued case, if f is
analytic, then so is f ′. Hence, one can iteratively define the the k-th derivatives f (k) for
k ∈N0 (with the usual convention f (0) := f ). Moreover, if f :Ω→ X is analytic, then it is
also weakly analytic, i.e. x ′ ◦ f is analytic for each x ′ ∈ X ′ with

(x ′ ◦ f )′(z0) = 〈
x ′ , f ′(z0)

〉
.

It turns out that analyticity and weak analyticity are equivalent notions. In fact, even
more is true (Theorem 6.A.6).

As in the scalar-valued case, contour integrals are an important concept for vector-
valued analytic functions. They are defined in precisely the same way, where the occur-
ring integral is a Bochner integral. To describe spectral projections in full generality, one
needs the contour integral not only over closed C1-curves, but also over formal sums
thereof – these are called C1-cycles. For a C1-cycle γ and a point z0 ∈Cwe write, by slight
abuse of notation, z0 ̸∈ γ to say that z0 does not lie in the image of any of the curves of γ.

A contour integral over a cycle γ is naturally defined as the sum over the contour
integrals of all the curves it contains. The winding number of γ around a point z0 ̸∈ γ is
thus also defined. We say that γ encircles z0 once if this winding number is 1 and we say
that γ does not encircle z0 if the winding number if 0.

Proposition 6.A.2 (Cauchy’s integral theorem for vector-valued functions). Let; ̸=Ω⊆C
be open, let X be a complex Banach space, and let f : Ω→ X be analytic. Let γ be a C1-cycle
in Ω that does not encircle any point in C\Ω.
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(a) One has
∮
γ f (z) dz = 0.

(b) If z0 ∈Ω satisfies z0 ̸∈ γ and is encircled once by γ, then

f (z0) = 1

2πi

∮
γ

f (z)

z − z0
dz.

The identity theorem for vector-valued analytic functions can be worded as follows.

Proposition 6.A.3 (Identity theorem for analytic functions). Let ; ̸=Ω ⊆ C be open and
connected, X be a Banach space, Y ⊆ X a closed vector subspace, and let f : Ω→ X be
analytic. Let (zn) ⊆Ω be a convergent sequence such that ( f (zn)) ⊆ Y . If limn→∞ zn ∈Ω,
then f (z) ∈ Y for all z ∈Ω.

This follows from the scalar valued identity theorem by testing against elements of
X ′. Note that the ‘usual’ statement of the identity theorem is recovered by taking Y = {0}.

Analogous to the scalar-valued case, we obtain Taylor and Laurent series expansions
for vector-valued analytic functions.

Theorem 6.A.4 (Taylor expansion). Let ; ̸= Ω ⊆ C be open let X be a complex Banach
space, and let f :Ω→ X . The following are equivalent:

(i) The function f is analytic on Ω.

(ii) For each z0 ∈ C, there exist (ak ) ⊆ X and radius r ∈ (0,dist(z0,∂Ω)) such that f (z) =∑∞
k=0 ak+1(z − z0)k for all z ∈ B≤r (z0), with absolute uniform convergence on this

disk.

(iii) For each z0 ∈ C there exists (ak ) ⊆ X such that f (z) = ∑∞
k=0 ak+1(z − z0)k for all z ∈

B<dist(z0,∂Ω)(z0), with absolute uniform convergence on compact subsets of this disk.

If these equivalent conditions are satisfied, the coefficients a1, a2, . . . in (ii) and (iii) do not
depend on the choice of r and are given by

ak+1 =
1

2πi

∮
|z−z0|=r

f (z)

(z − z0)k+1
dz = f (k)(z0)

k !

for all k ∈N0 and any 0 < r < dist(z0,∂Ω).

Let ; ̸=Ω ⊆ C be open, let X be a complex Banach space and let f : Ω \ {z0} → X be
analytic. As in the scalar-valued case, a point z0 ∈C is called a pole of f if z0 is an isolated
point of C\Ω and there exists a p ∈N such that limz→z0 (z−zo)p f (z) exists (in norm) and
is non-zero. In this case, p is uniquely determined and is called the order of the pole z0.

Theorem 6.A.5 (Laurent expansion). Let ; ̸=Ω ⊆ C be open, let X be a complex Banach
space, let z0 ∈Ω and let f :Ω\ {z0} → X be analytic.
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6.A. Appendix: Vector-valued analytic functions

(a) Then there exists r > 0 such that B≤r (z0) \ {z0} ⊆Ω

f (z) =
∞∑

k=−∞
ak+1(z − z0)k for all z ∈ B≤r (z0) \ {z0}

with absolute uniform convergence on compact subsets of the disk, where

ak+1 =
1

2πi

∮
|z−z0|=r

f (z)

(z − z0)k+1
dz for all k ∈Z.

(b) z0 is a pole of f if and only if there exists p ∈N such that the coefficients ak+1 from (a)
satisfy a−p+1 ̸= 0 and a−k+1 = 0 for all k > p. In this case, p is the order of the pole.

Finally, we expand a bit more on the connection between analyticity and weak an-
alyticity. We call a function f : M → X from a metric space M into a Banach space X
locally bounded if every point z0 ∈ M has a neighbourhood U such that supz∈U

∥∥ f (z)
∥∥<

∞. Recall that a vector subspace Y of a dual Banach space X ′ is weak*-dense in X ′ if and
only if it is separating, i.e.

〈
x ′ , x

〉= 0 for a vector x ∈ X and all x ′ ∈ Y implies x = 0.

Theorem 6.A.6. Let ; ̸= Ω ⊆ C be open, let X be a Banach space, and let f : Ω→ X be
locally bounded. The following are equivalent.

(i) f is analytic.

(ii) x ′ ◦ f is analytic for all x ′ in a weak∗-dense subspace of X ′.

Note that if the condition (ii) in the theorem is satisfied for all x ′ ∈ X ′, then the local
boundedness of f follows automatically from the uniform boundedness theorem. For
the proof we refer for instance to [ABHN11, Theorem A.7].

Corollary 6.A.7. Let ; ̸=Ω⊆C be open, let X ,Y be Banach spaces, and let f :Ω→L(X ,Y )
be locally bounded. The following are equivalent.

(i) f is analytic.

(ii) f ( · )x is analytic for all x in a dense subspace of X .

(iii)
〈

y ′ , f ( · )x
〉

is analytic for all x in a dense subspace of X and all y ′ in a weak∗-dense
subspace of Y ′.

As before, we note that if condition (ii) in the corollary is satisfied for all x ∈ X , or
if (iii) is satisfied for all x ∈ X and for all y ′ ∈ Y ′, then the local boundedness assumption
on f is automatically satisfied due to the uniform boundedness principle.
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Encore: if you want to know more. . .

6.B Isolated singularities of the resolvent

In this supplemental section, we expand a bit on the background of Theorem 6.2.6. The
essence of the ideas is in the following Theorem 6.B.1, which analyses the coefficients of
the Laurent series expansion of the resolvent around an isolated spectral value. Thus, the
missing parts of the proof of Theorem 6.2.6 are then deduced in Theorem 6.B.3 below.

For a closed linear operator A : X ⊇ dom(A) → X on a complex Banach space X , we
use the notation dom(A∞) :=⋂

j∈N0
dom

(
A j

)
.

Theorem 6.B.1 (Isolated singularities of the resolvent). Let A : X ⊇ dom(A) → X be a
closed linear operator on a complex Banach space X and let λ ∈σ(A) be an isolated point
in σ(A). Let

R(µ, A) =
∞∑

k=−∞
Qk+1(µ−λ)k .

denote the Laurent series expansion of the resolvent aboutλ. Then the operators Qk ∈L(X )
commute, and the following assertions hold:

(a) For each k ∈Z one has rgQk ⊆ dom(A) and Qk Ax = AQk x for all x ∈ dom(A).

(b) For all k ∈N one has

Qk = (−1)k+1 Qk
1 and Q−k = (Q−1)k .

(c) QkQ−ℓ = 0 for all k,ℓ ∈N.

(d) Q0 is a projection and satisfies

Q0Qk = 0 and Q0Q−k =Q−k for all k ∈N.

(e) For every k ∈Z one has

(λ− A)Qk =
{
−Qk−1, if k ̸= 1,

id−Q0, if k = 1.

(f) The spectral radius r(Q−1) is 0, and hence r(Q−k ) = 0 for all k ∈N.
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6.B. Encore: Isolated singularities of the resolvent

(g) If q ≥ 1 and Q−q = 0, then λ is a pole of the resolvent, and its pole order is at most q.

(h) If d := dim(rgQ0) <∞, then λ is a pole of the resolvent of order at most d.

(i) rgQ−k ⊆ dom(A∞) for all k ∈N0.

Proof. First, we observe, according to Theorem 6.A.5(a), that

Qk = 1

2πi

∮
γ

R(µ, A)

(µ−λ)k
dµ (6.B.1)

for all k ∈ Z, where γ denotes any sufficiently small circle about λ which is oriented an-
ticlockwise. Since the resolvent operators of A all commute, this readily implies that the
Qk mutually commute.

(a) Endow dom(A) with a graph norm ∥·∥A . This renders dom(A) a Banach space, since
A is closed.

For every λ ∈ ρ(A), the operator R(λ, A) : X → dom(A) is continuous by the closed
graph theorem. Moreover, the mapping R( · , A) : ρ(A) → L(X ,dom(A)) is continu-
ous; this follows from the preceding sentence together with the fact that the map-
ping is continuous with values in L(X ) and the resolvent identity. Consequently,
by Example 4.A.9, the integrand in (6.B.1) is Bochner integrable10 with values in
L(X ,dom(A)). As the latter space embeds continuously into L(X ), it follows that
the integrals in both spaces coincide. Hence, Qk ∈L(X ,dom(A)) and Qk X ⊆ dom(A)
for each k ∈Z.

For every x ∈ dom(A) and every µ ∈ ρ(A), one has AR(µ, A)x =R(µ, A)Ax. By apply-
ing the equality (6.B.1), and together with the facts that the integral in this equality
can be interpreted as a Riemann integral in L(X ,dom(A)) and that A is continuous
from dom(A) to X , we thus obtain Qk Ax = AQk x for every k ∈Z.

(b), (c), and (d) Let k1,k2 ∈Z and consider formula (6.B.1) for two sufficiently small con-
centric circles γ1,γ2 with centre λ, where γ2 has larger radius than γ1. Then

Qk2Qk1 =
1

(2πi)2

∮
γ2

∮
γ1

R(µ2, A)R(µ1, A)

(µ2 −λ)k2 (µ1 −λ)k1
dµ1 dµ2

= 1

(2πi)2

∮
γ2

∮
γ1

R(µ2, A)−R(µ1, A)

(µ1 −µ2)(µ2 −λ)k2 (µ1 −λ)k1
dµ1 dµ2

= 1

(2πi)2

∮
γ2

R(µ2, A)

(µ2 −λ)k2

∮
γ1

1

(µ1 −µ2)(µ1 −λ)k1
dµ1 dµ2

− 1

(2πi)2

∮
γ1

R(µ1, A)

(µ1 −λ)k1

∮
γ2

1

(µ1 −µ2)(µ2 −λ)k2
dµ2 dµ1

By employing the residue theorem, one can compute the above integrals (where one
has to distinguish several cases based on the signs of k1 and k2) and thus obtain the
formulas claimed in (b), (c), and (d). We omit the computations.

10In fact, the integral also exists as a Riemann integral.
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6. EVENTUALLY POSITIVE RESOLVENTS AND THEIR SPECTRAL PROPERTIES

(e) Fix k ∈Z. For every µ ∈ ρ(A) one has (λ−A)R(µ, A) = (λ−µ)R(µ, A)+id. Since the in-
tegral in the formula (6.B.1) can be interpreted as a Riemann integral inL(X ,dom(A))
and since λ− A : dom(A) → X is continuous, it follows that

(λ− A)Qk = 1

2πi

∮
γ

(λ−µ)R(µ, A)+ id

(µ−λ)k
dλ

= 1

2πi

∮
γ
− R(µ, A)

(µ−λ)k−1
dλ+ 1

2πi

∮
γ

id

(µ−λ)k
dµ.

The first summand above is −Qk−1, and the second summand is equal to 0 if k ̸= 1,
and equal to id if k = 1.

(f) Let ε > 0 be sufficiently small, such that (6.B.1) holds for the circle γ with radius ε
about λ. For every integer k ≥ 1 it follows from (b) that

∥∥∥Qk
−1

∥∥∥= ∥Q−k∥ ≤
1

2π

∮
γ

∥∥R(µ, A)
∥∥

ε−k
d

∣∣µ∣∣≤ sup
λ∈γ

∥∥R(µ, A)
∥∥εk+1.

We now use the spectral radius formula: by taking the k-th root and letting k →∞,
we thus see that r(Q−1) ≤ ε. This shows that r(Q−1) = 0, as claimed.

As Q−k =Qk
−1 for all k ≥ 1, it follows from the spectral mapping theorem for polyno-

mials that r(Q−k ) = 0 for all k ≥ 1 as well.

(g) If Q−q = 0, then it follows from (b) that Q−(q+ j ) =Q−qQ− j = 0 for all j ≥ 0 as well; this
shows the claim.

(h) The operator Q−1 commutes with Q0, so it leaves the range of Q0 invariant. Moreover,
Q−1 has spectral radius 0, so its restriction to rgQ0 is nilpotent; more precisely, the
d-th power of this restriction is 0. Hence, Q−d =Qd

−1 =Qd
−1Q0 = 0, so according to (g),

λ is indeed a pole of order at most d .

(i) Fix an integer k ≤ 0. We show by induction over n that Q−k X ⊆ dom(An) for each
n ∈ N. In (a) we proved the claim for n = 1, so assume now that the claim holds
for some n ∈ N. Let x ∈ X . It follows from (d) that Q−k = Q−kQ0, and from (a) that
rgQ0 ⊆ dom(A). Hence,

AnQ−k x ∈ AnQ−k (rgQ0) = An−1Q−k A(rgQ0),

where we used the formula from (a) for the equality (which is possible since rgQ0 ⊆
dom(A)). Since Q−k X ⊆ dom(An) by the induction hypothesis, it follows that one
has An−1Q−k A(rgQ0) ⊆ dom(A). Thus we have shown that AnQ−k x ∈ dom(A), which
implies Q−k x ∈ dom

(
An+1

)
as claimed.

Note that property (b) in Theorem 6.B.1 implies that λ is a pole of R( · , A) if and only
if Q−1 is nilpotent. In this case, the pole order is the smallest integer q ≥ 1 such that
(Q−1)q = 0.
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6.B. Encore: Isolated singularities of the resolvent

Remark 6.B.2 (The action of Q−1). In the situation of Theorem 6.B.1 it follows from (d)
and (e) that

Q−1Q0 =Q−1 = (A−λ)Q0.

In other words, on rgQ0 the operator Q−1 acts as the operator A−λ.

Let us now demonstrate how Theorem 6.2.6 in the main text follows from Theo-
rem 6.B.1. Assertions (c) and (d) of Theorem 6.2.6 have already been shown in the main
text, so we focus on (a) and (b) here. For easier reference from within the proof, we state
those two parts of the theorem here again.

Theorem 6.B.3 (Poles of the resolvent). Let A : X ⊇ dom(A) → X be a closed operator on
a complex Banach space X and letλ ∈σ(A) be a pole of the resolvent R( · , A) : ρ(A) →L(X )
of order p ∈N. Let

R(µ, A) =
∞∑

k=−p
Qk+1(µ−λ)k

denote the Laurent series expansion of the resolvent about λ with coefficients Qk+1 ∈L(X )
and with Q−p+1 ̸= 0.

(a) One has {0} ̸= rgQ−p+1 ⊆ ker(λ− A). In particular, λ is an eigenvalue of A.

(b) One has rgQ0 = ker(λ− A)k for all k ≥ p, so rgQ0 is the generalised eigenspace of A
for the eigenvalue λ. Thus, the eigenvalue λ is semisimple if and only if p = 1.

Proof. (a) Since Q−p+1 is non-zero, so is its range. Moreover, Q−p+1 maps into dom(A)
according to Theorem 6.B.1(e), and part (e) of the same theorem shows that (λ−
A)Q−p+1 =−Q−p = 0.

(b) Fix k ≥ p. It follows from Theorem 6.B.1(e) that

(λ− A)kQ0 = (−1)kQ−k = 0,

so rgQ0 ⊆ ker
(
(λ− A)k

)
. Conversely, let x ∈ ker

(
(λ− A)k

)
. Since Q0 is a projection, so

is id−Q0, and hence it follows from Theorem 6.B.1(e) that

(id−Q0)x = (id−Q0)k x =Qk
1 (λ− A)k x = 0.

This proves that x ∈ rgQ0.11

A classical example of an operator with an isolated spectral value that is not a pole of
the resolvent, is the Volterra operator:

11Note that this argument could just as well be used to show directly that ker
(
(λ− A)k )⊆ rgQ0 for every

k ≥ 1 rather than just for every k ≥ p. However, this is not important here, since the spaces ker
(
(λ− A)k )

are
increasing with respect to k anyway.
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6. EVENTUALLY POSITIVE RESOLVENTS AND THEIR SPECTRAL PROPERTIES

Example 6.B.4 (An essential singularity of the resolvent). Consider the Volterra opera-
tor, A : C([0,1]) → C([0,1]) defined by

A f (x) :=
∫ x

0
f (t ) dt , x ∈ [0,1].

It is straightforward to show by induction and Fubini’s theorem that

An f (x) =
∫ x

0

(x − t )n−1

(n −1)!
f (t ) dt , x ∈ [0,1].

This formula easily yields the operator norm estimate

∥∥An
∥∥
L(C([0,1])) ≤

1

n!
∀n ∈N.

Since (n!)1/n →∞, the spectral radius formula yields

r(A) = lim
n→∞

∥∥An
∥∥1/n ≤ lim

n→∞
1

(n!)1/n
= 0,

and thus we have shown that σ(A) = {0}.
The spectral value 0 is not an eigenvalue. Indeed, the operator A is injective: if A f = 0

for some f ∈ C([0,1]), then we may differentiate the equation to find that f = 0. However,
0 is an essential singularity of the resolvent of A. To see this, we observe that λ− A is
invertible for every λ ∈C\ {0} and R(λ, A) is represented by the Neumann series:

R(λ, A) =λ−1(id−λ−1 A)−1 =
∞∑

k=0
Akλ−(k+1).

Therefore, in the notation of Theorem 6.B.1, we have Q−k = Ak for all k ∈ N0, and the
Laurent expansion of R(λ, A) around 0 has infinitely many non-zero terms in its singular
part.

6.C Positivity of leading eigenvectors via sesquilinear forms

We have seen in Section 5.1 that sesquilinear forms are quite useful for constructing lin-
ear operators and establishing properties of their spectrum. Moreover, the Beurling–
Deny criterion (Theorem 5.1.7) shows that they can be used to characterise positivity of
the resolvent of an operator everywhere on the right of its spectral bound. In this sup-
plement, we show how this line of thought can be developed further, in particular for
symmetric forms. We first establish how the numerical range of a form is related to the
spectral bound of the associated operator A. Then we show that for symmetric forms
which satisfy the Beurling–Deny criterion, positivity of a leading eigenvector can also be
established directly by form methods as an alternative to Theorem 6.3.3.
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6.C. Encore: Positivity of leading eigenvectors via sesquilinear forms

Definition 6.C.1 (Numerical range of a sesquilinear form). Let V be a complex Hilbert
space and a : V ×V →C be a sesquilinear form. The set

W(a) := {
a(u,u) : u ∈V , ∥u∥H = 1

}⊆C
is called the numerical range of a.

Recall again from Theorem 5.1.4(c) that the form a is called symmetric if a(u, v) =
a(v,u) for all u, v ∈V . Let us note that a is symmetric if and only if W(a) ⊆R. Indeed, the
symmetry implies that a(u,u) = a(u,u) and thus a(u,u) ∈ R for all u ∈ V . The converse
implication follows from the polarisation identity for sesquilinear forms.

We will now prove a variety of results under the following general assumptions.

Setting 6.C.2. Let V , H be complex Hilbert spaces with the dense embedding V ,→ H .
Let a : V ×V →C be a bounded sesquilinear form which satisfies the ellipticity estimate

Rea(u,u)+µ∥u∥2
H ≥ δ∥u∥2

V ∀u ∈V (6.C.1)

for some µ ∈R and δ> 0. Denote by A : H ⊇ dom(A) → H the associated operator.

Lemma 6.C.3. In Setting 6.C.2, assume that Rea(u,u) ≥ 0 for all u ∈V – i.e. the numerical
range W(a) is contained in the closed right half plane. Then for every ε > 0, there exists
δε > 0 such that

Rea(u,u)+ε∥u∥2
H ≥ δε ∥u∥2

V ∀u ∈V.

Proof. We proceed by contradiction. Assume that there exists ε0 > 0 such that for every
n ∈N, there exists un ∈V with ∥un∥V = 1 such that

Rea(un ,un)+ε0 ∥un∥2
H < 1

n
∀n ∈N.

Since Rea(un ,un) ≥ 0, it follows that ∥un∥H → 0 and Rea(un ,un) → 0 as n → ∞. This
contradicts the ellipticity estimate (6.C.1) because ∥un∥V = 1 for all n.

Proposition 6.C.4. In Setting 6.C.2, if Rea(u,u) ≥ 0 for all u ∈V , then s(A) ≤ 0.

Proof. For every ε > 0, it follows from Lemma 6.C.3 and Theorem 5.1.4(b) that s(A) ≤ ε,
and thus s(A) ≤ 0.

The first part of the following theorem yields a proof for Proposition 6.2.10(c).

Theorem 6.C.5. In Setting 6.C.2, assume that a is symmetric (and hence σ(A) ⊆R by The-
orem 5.1.4(c)). Then the following assertions hold:

(a) s(A) =− inf W(a) ∈σ(A). In particular, σ(A) ̸= ;.

(b) Let v ∈V such that ∥u∥H = 1. Then a(v, v) =− inf W(a) if and only if − inf W(a) is an
eigenvalue of A and v is a corresponding eigenvector.12

12And hence, in particular, that v ∈ dom(A).
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6. EVENTUALLY POSITIVE RESOLVENTS AND THEIR SPECTRAL PROPERTIES

(c) Every eigenvalue of A is semisimple.

In the proof we use that if a sesquilinear form a : V ×V → C is symmetric and satis-
fies a(u,u) ≥ 0 for all u ∈ V – equivalently, W(a) ⊆ [0,∞) – then it satisfies the Cauchy–
Schwarz inequality

|a(u, v)| ≤ a(u,u)1/2a(v, v)1/2

for all u, v ∈V . The proof is the same as for inner products.

Proof of Theorem 6.C.5. (a) We assume without loss of generality that inf W(a) = 0. As
shown in Proposition 6.C.4, one then has s(A) ≤ 0, so it remains to show that 0 is a
spectral value.

Assume to the contrary that 0 ∈ ρ(A). Then R(0, A) is a well-defined bounded linear
operator from H to dom(A). Since dom(A) embeds continuously into V , it follows
from the closed graph theorem that R(0, A) ∈L(V ).

As inf W(a) = 0, we can find a sequence (vn) in V such that ∥vn∥H = 1 for all n and
a(vn , vn) → 0. Since a is bounded, there exists a c ≥ 0 such that, for all n ∈N, one has

a
(
R(0, A)vn ,R(0, A)vn

)1/2 ≤ c ∥R(0, A)vn∥V ≤ c ∥R(0, A)∥L(V ) <∞.

Thus,

∥vn∥2
H =− (vn | AR(0, A)vn)H = a(vn ,R(0, A)vn)

≤ a(vn , vn)1/2a
(
R(0, A)vn ,R(0, A)vn

)1/2 ≤ a(vn , vn)1/2c ∥R(0, A)∥L(V )

where the first inequality uses the Cauchy–Schwarz inequality mentioned before the
proof. Hence, a(vn , vn) → 0 implies that ∥vn∥2

H → 0, which is absurd.

(b) As in (a), we assume without loss of generality that inf W(a) = 0.

If v ∈ dom(A) and Av = 0, then a(v, v) = − (v | Av)H = 0. Now assume conversely
that a(v, v) = 0, and let w ∈ V be arbitrary. Again by the Cauchy–Schwarz inequality,
we have

|a(w, v)| ≤ a(w, w)1/2a(v, v)1/2 = 0.

Hence a(w, v) = 0 for all w ∈V , which implies v ∈ dom(A) and Av = 0.

(c) Let λ ∈R be an eigenvalue of A. Now we shift the form so that, without loss of gener-
ality, λ= 0. Let v ∈ ker A2. It suffices to show that v ∈ ker A. One has

∥Av∥2
H = (Av | Av)H =−a(Av, v) =−a(v, Av) = (

v | A2v
)

H = 0,

where the penultimate equality uses that Av ∈ dom(A) and hence Av ∈ V . Thus
Av = 0, as claimed.
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6.C. Encore: Positivity of leading eigenvectors via sesquilinear forms

The assertion of Theorem 6.C.5(b) can be rephrased by saying that a non-zero vector
v ∈ V is in ker(s(A)− A) if and only if it minimises the Rayleigh quotient, a nonlinear
functional on V defined by

Q(v) := a(v, v)

∥v∥2
H

.

Now we give a form based proof for the existence of a positive eigenvector for s(A) that
was promised at the beginning of this supplemental section.

Theorem 6.C.6. In Setting 6.C.2, assume that H = L2(Ω,ν) for a σ-finite measure space
(Ω,ν). Let a be real and symmetric and assume that R(λ, A) ≥ 0 for all sufficiently large
λ> s(A).13 If s(A) is an eigenvalue of A, then it has a positive eigenvector.

Proof. Without loss of generality, we assume s(A) = 0 and hence, inf W(a) = 0 by Theo-
rem 6.C.5(b). It follows from the Beurling–Deny criterion (Theorem 5.1.7) that the real
part VR := V ∩L2(Ω,ν;R) of the form domain V is a vector sublattice of L2(Ω,ν;R) and
that a(v−, v+) ≤ 0 for all v ∈VR.

Now let 0 ̸= v ∈ ker A, and write v = v1+ iv2 for real-valued functions v1, v2. Since the
form a is real, so is the operator A (Proposition 5.1.6) and hence, v1, v2 ∈ dom(A). Due to
Theorem 6.C.5(b) we thus have

0 = a(v, v) = a(v1, v1)+a(v2, v2)+ ia(v1, v2)− ia(v2, v1).

By taking real parts and using that infW(a) = 0, one thus obtains a(v1, v1) = a(v2, v2) = 0.
Since v is non-zero, so is at least one of the vectors v1, v2. Thus by Theorem 6.C.5(b),
we have found a real eigenvector of A for the eigenvalue 0. Let us call this eigenvector v
from now on. Again Theorem 6.C.5(b) gives

0 = a(v, v) = a(v+, v+)+a(v−, v−)−2a(v−, v+) ≥ a(v+, v+)+a(v−, v−),

where we use that a is real to get Rea(v−, v+) = a(v−, v+). Hence a(v+, v+) = a(v−, v−) = 0
since inf W(a) = 0. At least one of the vectors v+, v− is non-zero and is thus in ker A by
Theorem 6.C.5(b).

In contrast to Theorem 6.3.3, observe that s(A) in Theorem 6.C.6 need not be an iso-
lated spectral value.

13And hence for all λ> s(A) by Theorem 5.4.1.
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Chapter 7

Criteria for eventual positivity of
resolvents: the individual case

In Chapter 6, we introduced some flexibility in the definition of eventually positive re-
solvents (Definition 6.1.1), enabling us to consider both the weak inequality ≥ 0 as well
as a lower bound ⪰ u with respect to some non-zero positive vector u. We refer to the
latter case informally as strong positivity, in analogy with the property ⪰ 1 in finite di-
mensions. The present and the subsequent chapter are devoted to a study of eventual
strong positivity of resolvents.

7.1 Banach lattice overture: Principal ideals and quasi-interior
points

It turns out that a useful generalisation of the constant vector 1 ∈ Rn is the notion of a
quasi-interior point in a Banach lattice.

Definition 7.1.1 (Principal ideals and quasi-interior points). Let E be a Banach lattice
and let u ∈ E+.

(a) The set Eu := {
x ∈ E : |x| ⪯ u

}
is called the principal ideal in E generated by u.1 The

mapping ∥·∥Eu : Eu → [0,∞) given by

∥x∥Eu
:= inf

{
c ∈ [0,∞) : |x| ≤ cu

}
is called the gauge norm with respect to u.

(b) The vector u is called a quasi-interior point of E+ if Eu is dense in E .

If the surrounding Banach lattice and its positive cone are clear from context, we
will sometimes say “u is a quasi-interior point” as a shorthand for “u is a quasi-
interior point of E+.”

1Of course, principal ideals are ideals.
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7.1. Banach lattice overture: Principal ideals and quasi-interior points

The following example is simple but very instructive.

Example 7.1.2. Let (Ω,ν) be a finite measure space, so that1Ω ∈ Lp (Ω,ν) for all p ∈ [1,∞].
Then it is easy to see that (Lp (Ω,ν))1Ω = L∞(Ω,ν) for all p ∈ [1,∞], and the corresponding
gauge norm is precisely the essential supremum norm.

Note that if p ̸=∞, then L∞(Ω,ν) is not a closed ideal in Lp (Ω,ν).

Below, we use the not particularly surprising observation that an element x of a Ba-
nach lattice is 0 if |x| = 0. In the real case this follows from 0 ≤ x+, x− ≤ |x| and x = x+−x−.
In the complex case it then follows from Proposition 4.2.7.

Proposition 7.1.3. Let E ,F be Banach lattices over the same scalar field, let u ∈ E+ be a
quasi-interior point, and let 0 ≤ T ∈L(E ,F ). If Tu = 0, then T = 0.

Proof. The positivity of T implies that |T x| ≤ T |x| ≤ Tu = 0 (Proposition 4.3.2) and thus
T x = 0 for all x ∈ E that satisfy |x| ≤ u. But the span of such x is dense in E owing to the
fact that u is a quasi-interior point.

Proposition 7.1.4. Let E be a Banach lattice. A vector u ∈ E+ is a quasi-interior point if
and only if

〈
ψ , u

〉> 0 for each 0⪇ψ ∈ E ′.

Proof. “⇒”: This follows from Proposition 7.1.3.

“⇐”: If u is not a quasi-interior point of E+, then by the Hahn-Banach theorem, there
exists ψ ∈ E ′ \ {0} such that

〈
ψ , x

〉= 0 for each x ∈ Eu . Thus, 0⪇
∣∣ψ∣∣ ∈ E ′ satisfies〈∣∣ψ∣∣ , u

〉= sup
|x|≤u

∣∣〈ψ , x
〉∣∣= 0

due to the Riesz-Kantorovich formula (Theorem 4.4.2).

Examples 7.1.5. The following examples are discussed in detail in Exercise 7.1.

(a) Let (Ω,µ) be a σ-finite measure space. The quasi-interior points of Lp (Ω,µ)+ for
p ∈ [1,∞) are exactly those functions in Lp (Ω,µ) that are strictly positive almost
everywhere.

(b) Let (Ω,µ) be a σ-finite measure space. The quasi-interior points of L∞(Ω,µ)+ are
exactly those f ∈ L∞(Ω,µ) that satisfy f ⪰1Ω.

(c) Let K be a compact metric space2. A function u ∈ C(K )+ is a quasi-interior point if
and only if u(x) > 0 for all x ∈ K if and only if u ⪰1K .

(d) Let ; ̸=Ω ⊆ Rn be open3. The quasi-interior points of C0(Ω)+ are precisely those
functions u ∈ C0(Ω) that satisfy u(x) > 0 for all x ∈Ω.

2Or more generally, a compact Hausdorff topological space.
3Or more generally, let ; ̸=Ω be a locally compact Hausdorff topological space.
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7. CRITERIA FOR EVENTUAL POSITIVITY OF RESOLVENTS: THE INDIVIDUAL CASE

(e) In particular, in finite dimensions the quasi-interior points are exactly the strongly
positive vectors; see Definition 1.2.3.

Proposition 7.1.6. Let E be a Banach lattice and u ∈ E+. The principal ideal Eu equipped
with the gauge norm is a Banach lattice that embeds continuously into E.

For the proof, one can first show the proposition in the real case and then derive the
complex case from it. Writing down all the details is a bit tedious, but does not require
any surprising ideas, so we refrain from doing so.

7.2 Strong positivity properties of the Dirichlet Laplacian

In this section, we revisit the maximum principle of Chapter 5, and demonstrate how it
may be used to prove strong positivity properties for certain PDEs. For simplicity, we
once again focus on the Dirichlet Laplacian as the leading example. While this material
is part of classical PDE theory, it falls neatly into our abstract framework nonetheless.

Theorem 7.2.1 (Location of strict maxima). Let (M ,d) be a metric space and let ; ̸= S ⊆ M
be relatively compact. Let D ⊆ C(S;R) be a vector subspace such that 1 := 1S ∈ D and let
A : D →RS be a linear map with the same properties as in Theorem 5.2.1, i.e.

(1) The map A satisfies the positive minimum principle on S, i.e. for each x ∈ S and
each function 0 ≤ u ∈ D one has the implication

u(x) = 0 =⇒ (Au)(x) ≥ 0.

(2) One has A1≤ 0 and there exists a function 0 ≤ w ∈ D with (Aw)(x) > 0 for all x ∈ S.

In addition,

(3) Let x0 ∈ ∂S and assume that the function w from assumption (2) vanishes at all
points in ∂S that are sufficiently close to x0.

Let v ∈ D attain at least one value in [0,∞) and satisfy Av ≥ 0 in S. If v has a strict global
maximum at x0, then x0 is not in S.

Proof. Assume to the contrary that x0 ∈ S. Since, by assumption, v has a strict global
maximum at x0 and w vanishes at all points of ∂S that are close to x0 (assumption (3)),
we can find a number ε> 0 such that v(x0) ≥ v(x)+εw(x) for all x ∈ ∂S. Set h := v +εw −
v(x0)1. Then h(x) ≤ 0 for all x ∈ ∂S and h(x0) = 0. Moreover,

(Ah)(x) = (Av)(x)+ε(Aw)(x)− v(x0)(A1)(x) ≥ (Av)(x)+ε(Aw)(x) > 0

for all x ∈ S, where we used for the first inequality that v(x0) ≥ 0 and (A1)(x) ≤ 0. It
follows from Theorem 5.2.1, applied to the function h, that h attains its maximum on ∂S.
Since h ≤ 0 on ∂S, we conclude that h ≤ 0 in S.

Hence, the function 0 ≤−h ∈ D satisfies −h(x0) = 0 but
(

A(−h)
)
(x0) =−(Ah)(x0) < 0,

contradicting the positive minimum principle (assumption (1)) at the point x0 ∈ S.
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Ω0
y

x0

Ω

Figure 7.2.1: Geometric conditions in the Hopf lemma.

As an application of the previous theorem, we prove a simple version of the classical
Hopf boundary lemma. It is perhaps surprising that we obtain this result in the same
framework as for the classical maximum principle, and thus we state it as an example.

Example 7.2.2 (Hopf boundary lemma). Let ; ̸=Ω⊆ Rn be open4 and let c ≤ 0 be a real
number. Let v ∈ C1(Ω;R)∩C2(Ω;R) be such that∆v(x)+cv(x) ≥ 0 for all x ∈Ω and assume
that x0 ∈ ∂Ω has the following properties:

• Strict maximum at x0: One has v(x0) ≥ 0 and v(x0) > v(x) for all x ∈Ω.

• Interior ball condition: There exists an open ball B ⊆Ω with x0 ∈ ∂B .

If ν denotes the outer unit normal of the ball B , then ∂νv(x0) > 0.

Proof. Geometric setup: By the interior ball condition, there exist y ∈Ω and R > 0 such
that B<R (y) ⊂ Ω and x0 ∈ ∂B<R (y). By decreasing R and moving y a bit towards x0 if
necessary, we may assume that ∂Ω∩∂B<R (y) = {x0}. Choose an arbitrary r ∈ (0,R) and
consider the annular region Ω0 = B<R (y) \ B≤r (y); see Figure 7.2.1 for a visual aid. Set
S :=Ω0 ∪ {x0}.

Let D be the space of restrictions of all functions in C1(Ω;R)∩C2(Ω;R) to S. Clearly
1S ∈ D . Define a linear operator A : D →RS by

(A f )(x) :=
{
∆ f (x)+ c f (x) x ∈Ω0

−∂ν f (x) x = x0
∀ f ∈ D.

We verify that the assumptions of Theorem 7.2.1 are satisfied:

(1) Suppose 0 ≤ f ∈ D such that f (x) = 0 for some x ∈ S. We want to show (A f )(x) ≥
0 If x = x0, then (A f )(x) = −(∂ν f )(x) ≥ 0 (observe that −∂ν is the inward normal
derivative). On the other hand, if x ∈Ω0, the conclusion (A f )(x) ≥ 0 follows from the
fact that the operator ∆+ c satisfies the positive minimum principle in Ω0 (verified
in the proof of Example 5.2.2).

4Not necessarily bounded.
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(2) Of course, A1S ≤ 0. For all x ∈ S, define w : S →R by

w(x) := e−α∥x−y∥2
2 −e−αR2

for someα> 0 to be determined later. We have 0 ≤ w ∈ D , and since c ≤ 0, we deduce

Aw(x) = (
4α2

∥∥x − y
∥∥2

2 −2αn + c
)
e−α∥x−y∥2

2 − ce−αR2 ≥ (
4α2r 2 −2αn + c

)
e−α∥x−y∥2

2

for all x ∈Ω0. Hence we can choose α> 0 sufficiently large so that (Aw)(x) > 0 for all
x ∈Ω0. We further note that ν(x0) = x0−y

R , which yields

(Aw)(x0) =−∂νw(x0) =−∇w(x0) ·ν(x0) = 2αRe−αR2 > 0.

Therefore (Aw)(x) > 0 for all x ∈ S.

(3) Note that w vanishes on ∂B<R (y), in particular, it vanishes at all points in ∂S suffi-
ciently close to x0.

Finally, the restriction of v to S lies in D , attains a positive value and a strict global
maximum at x0 ∈ S. Thus, the location of the strict maximum in Theorem 7.2.1 implies
that Av ̸≥ 0 on S. But, Av ≥ 0 on Ω0 by assumption. Consequently, ∂ν(x0) =−(Av)(x0) >
0.

Corollary 7.2.3 (Strong maximum principle for the Laplace operator). Let ; ̸=Ω⊆Rn be
connected and open5 and let c ∈ (−∞,0]. Let v ∈ C2(Ω;R) satisfy ∆v(x)+ cv(x) ≥ 0 for all
x ∈Ω. If v attains a positive maximum at an interior point of Ω, then v is constant in Ω.

Proof. Assume for contradiction that v is non-constant and attains a positive maximum
M ≥ 0 at an interior point of Ω. The set Ω− := {x ∈Ω : v(x) < M } is non-empty and open,
and ∂Ω−∩Ω ̸= ; becauseΩ is connected. Choose a point y ∈Ω− such that dist(y,∂Ω−) <
dist(y,∂Ω), and let B be the largest ball centred at y contained entirely in Ω−. By choice
of B , the boundary ∂B touches ∂Ω−, so v(x0) = M for some point x0 ∈ ∂B , while v(x) < M
for all x ∈ B . In other words, v has a strict maximum at x0.

As B trivially satisfies the internal ball condition at x0, the Hopf boundary lemma
(Example 7.2.2) ensures that ∂νv(x0) > 0. But x0 is an interior point of Ω and v attains a
maximum there, so that ∇v(x0) = 0, a contradiction.

Example 7.2.4 (Strong positivity for the Dirichlet Laplacian). Let ; ̸= Ω ⊆ Rn be open,
bounded, and connected. We assume thatΩhas C2k boundary for some integer k > n

4 +1.
Consider the quasi-interior point u of L2(Ω)+ given by u(x) := dist(x,∂Ω) for all x ∈Ω.

The resolvent of the Dirichlet Laplace operator∆Dir : L2(Ω) ⊇ dom(∆Dir) → L2(Ω) has
the following properties at every λ> s(∆Dir):

(a) For every f ∈ L2(Ω), the function R(λ,∆Dir)k f is in C2(Ω) and thus continuous on
Ω and satisfies

∣∣R(λ,∆Dir)k f
∣∣⪯ u. In particular R(λ,∆Dir)k maps into the principal

ideal L2(Ω)u .

5Not necessarily bounded.
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(b) In addition, if 0⪇ f ∈ L2(Ω), then u ⪯R(λ,∆Dir) f .

Proof. (a) Let f ∈ L2(Ω). We first observe that g := R(λ,∆Dir)k f ∈ C2(Ω). Indeed, one
has R(λ,∆Dir)k L2(Ω) ⊆ H 2k (Ω) ⊆ C2(Ω), where the first inclusion follows from ellip-
tic regularity for the Dirichlet Laplacian (Theorem 5.3.2), and the second from the
Sobolev embedding theorem 5.3.4 since Ω has C2k boundary and 2k > n

2 +2.

In particular, g is continuous onΩ, so it remains to show that
∣∣g ∣∣⪯ u. To this end, fix

a point x ∈Ω.

The compactness of ∂Ω yields the existence of some x0 ∈ ∂Ω such that dist(x,∂Ω) =
∥x −x0∥2. Observe that g (x0) = 0; indeed, g vanishes on all of ∂Ω since it is a continu-
ous element of dom(A) and thus of H 1

0 (Ω) (cf. Proposition 5.3.5(b)). Since g ∈ C1(Ω),
the fundamental theorem of calculus yields

g (x) =
∫ 1

0
(∇g )

(
(1− t )x0 + t x

)
dt · (x −x0),

which implies the estimate∣∣g (x)
∣∣≤ ∥∥∇g

∥∥
C(Ω) ∥x −x0∥2 =

∥∥∇g
∥∥

C(Ω) dist(x,∂Ω).

Hence
∣∣g ∣∣⪯ u as claimed.

(b) Now assume 0⪇ f ∈ L2(Ω). We show the lower bound R(λ,∆Dir) f ⪰ u in two steps.

Step 1: We assume in addition that λ≥ 0 and show that g :=R(λ,∆Dir)k f ⪰ u.

We already know thatR(λ,∆Dir) ≥ 0 (either from Example 5.3.6 or by the Beurling-
Deny criterion of Theorem 5.1.7), so g ≥ 0. Next, we show that g (x) > 0 for every
x ∈Ω, so fix such an x and assume that g (x) = 0.

One has (∆Dir −λ)(−g ) = R(λ,∆Dir)k−1 f ≥ 0. Since λ ≥ 0 and since g ∈ C2(Ω)
according to the proof of (a), the strong maximum principle (Corollary 7.2.3) is
applicable to −g . As −g ≤ 0 and −g (x) = 0, it follows that −g is constant and thus
g = 0. But this is absurd since R(λ,∆Dir)k is injective and f ̸= 0.

Now we consider the behaviour of g close to ∂Ω separately from the behaviour
away from the boundary. To this end, let δ > 0 be a number that we determine
later and consider the compact set

Ωδ := {x ∈Ω : u(x) ≥ δ}.

One has g |Ωδ
⪰ 1Ωδ

⪰ u|Ωδ
since g (x) > 0 for all x ∈Ω, so it remains to show that

g |Ω\Ωδ
⪰ u|Ω\Ωδ

.

To this end we use the following geometric fact: since Ω has Cm boundary for
some m ≥ 2, the interior ball condition is satisfied at every boundary point x0 ∈
∂Ω6. By the Hopf boundary lemma (Example 7.2.2), we have −∂νg (x0) > 0 for all

6An intuitive ‘proof’ can be deduced from the second-order Taylor expansion of a Cm function;
see [GT01, pp. 354–355] for a proof using the notion of boundary curvatures.
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x0 ∈ ∂Ω. Hence, by the compactness of ∂Ω and the continuity of ∇g on Ω, there
exists a constant c > 0 such that −∂νg ≥ c on ∂Ω.

Now let x ∈Ω\Ωδ. Choose x0 ∈ ∂Ω such that u(x) = ∥x −x0∥2 < δ. Since g (x0) = 0,
Taylor’s formula with remainder gives the estimate

g (x) =∇g (x0)T(x −x0)︸ ︷︷ ︸
=−∂νg (x0)∥x−x0∥2

+
∫ 1

0
(1− t )(x −x0)T(H g )

(
(1− t )x0 + t x

)
(x −x0) dt

≥ c ∥x −x0∥2 −
1

2

∥∥H g
∥∥

C(Ω) ∥x −x0∥2
2 ≥

(
c − δ

2

∥∥H g
∥∥

C(Ω)

)
u(x),

where H g is the Hessian matrix of g . So if δ is chosen sufficiently small, then
g (x) ≥ c

2 u(x) holds for all x ∈Ω\Ωδ.

Step 2: Consider a number µ ∈ (s(∆Dir),λ). If µ is sufficiently close to λ, the Taylor
series expansion of the resolvent (Proposition 3.3.2(a)) gives

R(µ,∆Dir) f =
∞∑

j=0
(λ−µ) jR(µ,∆Dir) j+1 f ≥ (λ−µ)k−1g ⪰ u,

where we used that R(µ,∆Dir) ≥ 0. Finally, one can repeat the argument from the
proof of Theorem 5.4.1 to see the estimate R(µ,∆Dir) f ⪰ u.

We will use Example 7.2.4 at the end of the next section (Example 7.3.8) to obtain
further knowledge about the eigenspace associated to the spectral bound of ∆Dir.

7.3 Characterisation of individual eventual strong positivity

After the deep dive into the positivity properties of the Dirichlet Laplacian in the previous
section, we continue with developing the theory of eventually positive resolvents – and
we shall meet∆Dir again before the end of the section. From Theorem 6.3.3 we know that,
for semisimple eigenvalues, eventual positivity guarantees that the spectral projection is
positive. For eventual positivity with respect to a quasi-interior point, it turns out even a
characterisation can be given in terms of the spectral projection (Theorem 7.3.6).

Notation 7.3.1. Let X ,Y be Banach spaces. For u ∈ Y and ϕ ∈ X ′, we define the operator

u ⊗ϕ := 〈
ϕ , · 〉u ∈L(X ,Y ).

Clearly, the operator u ⊗ϕ has rank 1 unless u = 0 or ϕ= 0. It is not difficult to check
that its operator norm is

∥∥u ⊗ϕ∥∥= ∥u∥∥∥ϕ∥∥. Moreover, if X = Y , then u ⊗ϕ is a non-zero
projection on X if and only if

〈
ϕ , u

〉= 1.
A functionalϕ ∈ E ′ on a Banach lattice E is defined to be strictly positive if

〈
ϕ , f

〉> 0
for all 0⪇ f ∈ E .

Proposition 7.3.2. Let E be a Banach lattice, let P ∈ L(E) be a projection, let 0 ⪇ u ∈ E
and assume that P f ⪰ u for all 0⪇ f ∈ E. Then there is a strictly positive functional ϕ ∈ E ′

such that P = (Pu)⊗ϕ.
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Proof. First observe that the assumption implies P ⪈ 0 and that Pu ⪰ u. Moreover, for
each 0 ⪇ f ∈ E one has P f ⪰ u by assumption, and hence, by applying the projection P
again, P f ⪰ Pu.

Now consider a vector 0 ≤ w ∈ rgP . We show that w is a multiple of Pu. Note that
w − tPu ̸≥ 0 for all sufficiently large t > 0. Indeed, if we could find numbers tn →∞ such
that w − tnPu ≥ 0 for all n, then dividing by tn and letting n → ∞ would yield 0 ≥ Pu,
which is absurd as Pu is positive and non-zero. On the other hand, w − tPu ≥ 0 for t ≤ 0.
Hence, there exists a maximal t0 ∈ R for which w − t0Pu ≥ 0. If w − t0Pu ⪈ 0, it follows
that w − t0Pu ⪰ Pu, which contradicts the maximality of t0. So w − t0Pu = 0.

Since E+ spans E , the space rgP is spanned by its positive elements, so it is actually
spanned by Pu. As P is a projection, it follows that there is a non-zero functional ϕ ∈ E ′

such that P = (Pu)⊗ϕ. Since P and Pu are positive, so is ϕ. Finally, as P x ⪈ 0 for every
x ⪈ 0, it follows that ϕ is strictly positive.

We now look at a couple of auxiliary results that aid in the proof of Theorem 7.3.6.

Lemma 7.3.3. Let A be a closed operator on a complex Banach space X and let λ ∈σ(A).

(a) If λ is a geometrically simple eigenvalue and there exist v ∈ ker(λ− A) and ψ ∈
ker(λ− A′) such that

〈
ψ , v

〉 ̸= 0, then λ is algebraically simple.

(b) Suppose that X = E is a Banach lattice and λ ∈R is a pole of the resolvent R( · , A) of
order p ∈N such that the coefficient Q−p+1 of (µ−λ)−p in the Laurent series expan-
sion of R( · , A) is positive.

If ker(λ− A) contains a quasi-interior point of E+, then p = 1.

Proof. (a) The proof of Lemma 1.2.8 carries over mutatis mutandis.

(b) Let v ∈ ker(λ−A) be a quasi-interior point of E+. Since Q−p+1 is positive (by assump-
tion) and non-zero (by Theorem 6.2.6(a)), Proposition 7.1.3 implies that Q−p+1v ̸= 0.
Employing v ∈ ker(λ− A), we obtain that

lim
µ→λ

(µ−λ)p−1v = lim
µ→λ

(µ−λ)pR(µ, A)v =Q−p+1v ̸= 0.

As a consequence, p = 1.

Lemma 7.3.4. Let λ ∈R be a spectral value of a closed operator A : X ⊇ dom(A) → X on a
complex Banach space X . If λ is a first order pole of the resolvent R( · , A), then

lim
µ→λ

∥∥(µ−λ)mR(µ, A)m −P
∥∥
L
(

X ,dom(Am )
) = 0 for all m ∈N;

where P denotes the spectral projection of A associated to λ.

Proof. Asλ is a first order pole, limµ→λ(µ−λ)mR(µ, A)m = P in L(X ) and rgP = ker(λ−A)
by Theorem 6.2.6(b) and (c). Now using (λ− A)R(µ, A) = (λ−µ)R(µ, A)+ id, we obtain

(λ− A)m(µ−λ)mR(µ, A)m = (µ−λ)m(
(λ−µ)R(µ, A)+ id

)m → 0 = (λ− A)mP

as µ→λ, from which the assertion follows.
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Lemma 7.3.5. Let (x j ) j∈J be a net 7 of elements in the real part ER of a Banach lattice E
and let u ∈ E be a quasi-interior point of E+. Let x ∈ E be such that x j converges to x in the
Banach lattice Eu .

If there exists c > 0 such that x ≥ cu, then for each ε ∈ (0,c), there exists j0 ∈ J such that
x j ≥ εu for all j ≥ j0.

Proof. For each ε ∈ (0,c), we can find j0 ∈ J such that for each j ≥ j0, we have
∥∥x j −x

∥∥
u ≤

c −ε and in turn,
∣∣x j −x

∣∣≤ (c −ε)u by the definition of gauge norm. Since each x j is real,
we obtain that x j ≥ x − (c −ε)u ≥ εu for all j ≥ j0.

Theorem 7.3.6. Let A : E ⊇ dom(A) → E be a closed, densely defined, and real operator
on a complex Banach lattice E. Let λ ∈ σ(A)∩R be a pole of the resolvent R( · , A) and let
u ∈ E+ be a quasi-interior point. Consider the following assertions:

(i) The resolvent R( · , A) is individually eventually positive with respect to u at λ.

(ii) The spectral projection P associated to λ satisfies P f ⪰ u whenever 0⪇ f ∈ E.

(iii) The eigenspace ker(λ− A) is spanned by a vector v ⪰ u and ker(λ− A′) contains a
strictly positive functional ψ.

Each of them implies that λ is algebraically simple and hence a first order pole of R( · , A).8

One has (i) ⇒ (ii) ⇔ (iii), and if dom(A) ⊆ Eu , then all three assertions are equivalent.

Proof. “(ii) ⇒ (iii)”: By Proposition 7.3.2, P = (Pu)⊗ϕ for a strictly positive functional
ϕ ∈ E ′. In particular, rgP is one-dimensional.

According to Theorem 6.2.6(b) and (c), rgP coincides with the generalised eigenspace
of λ, so it follows that λ is algebraically, and hence geometrically simple, and hence
a first order pole. In particular, there exists 0⪇ v ∈ ker(λ− A) = rgP with v = P v ⪰ u.

Moreover, as P is the spectral projection of A corresponding to λ, P ′ is the spectral
projection of A′ corresponding to λ (Theorem 6.2.6(d)). Thus, ker(λ− A′) contains
the strictly positive functional ϕ.

“(iii) ⇒ (ii)”: Firstly, Lemma 7.3.3(a) ensures that λ is even algebraically simple. There-
fore, we obtain from Theorem 6.2.6(b) and (c) that rgP = ker(λ− A). From the same
theorem, we also have rgP ′ = ker(λ− A′).

Now, if 0⪇ f ∈ E , then there exists α ∈C such that P f =αv . Actually, as A is real, and
hence so is P , we get α ∈R. We claim that α> 0. If not, then

0⪇ f ≤ f −αv = f −P f ∈ kerP.

Since ψ ∈ ker(λ− A′) = rgP ′, we have ψ = P ′ϕ for some ϕ ∈ E ′. This implies that〈
ψ , f −αv

〉= 〈
ϕ , P ( f −αv)

〉= 0, contradicting the strict positivity of ψ.

7Recall the definition of a net from Exercise 4.5.
8By Theorem 6.2.6(b).
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“(i) ⇒ (ii)”: From Theorem 6.3.3, there exist 0 ⪇ v ∈ ker(λ− A) and 0 ⪇ψ ∈ ker(λ− A′).
By assumption, there exists µ > λ such that v = (µ−λ)R(µ, A)v ⪰ u. In particular,
v is also a quasi-interior point of E+. Furthermore, ψ is strictly positive. Indeed, if
0⪇ f ∈ E , choose µ>λ such that R(µ, A) f ⪰ u. Then〈

ψ , f
〉= 〈

(µ−λ)R(µ, A′)ψ , f
〉= (µ−λ)

〈
ψ , R(µ, A) f

〉⪰ 〈
ψ , u

〉> 0

because u is a quasi-interior point (Proposition 7.1.4).

Next, let p ∈ N be the pole order of λ. Then (µ−λ)pR(µ, A) converges to Q−p+1 as
µ ↓ λ and the resolvent is individually eventually positive at λ, hence Q−p+1 ≥ 0.
Lemma 7.3.3(b) thus ensures that p = 1.

Owing to Theorem 6.2.6, Q0 =Q−p+1 ⪈ 0 is the spectral projection of A associated to
λ, rgQ0 = ker(λ− A), and rgQ ′

0 = ker(λ− A′). The last equality ensures that Q ′
0ψ=ψ.

As ψ is strictly positive, this implies kerQ0 does not contain any positive non-zero
elements. So if 0⪇ f ∈ E , then Q0 f ⪈ 0 and in turn, there exists µ>λ such that

Q0 f = (µ−λ)R(µ, A)Q0 f ⪰ u.

Lastly, assume that dom(A) ⊆ Eu .

“(ii) ⇒ (i)”: As already observed, λ is a first order pole of the resolvent R( · , A) and hence
by Lemma 7.3.4, (µ−λ)R(µ, A) → P in L(E ,dom(A)) as µ ↓ λ. Since dom(A) ⊆ Eu ,
this convergence even holds in L(E ,Eu) thanks to the closed graph theorem.

Thus for 0 ⪇ f ∈ E , the net (µ−λ)R(µ, A) f converges to P f ⪰ u in Eu . The assertion
thus follows by an application of Lemma 7.3.5.

As a natural follow-up to Theorem 7.3.6, one may ask whether the eventual posi-
tivity of the resolvent can be obtained from the spectral assertions without assuming
dom(A) ⊆ Eu . Changing the state space to Lp (−1,1) in Example 6.1.2 for 1 ≤ p < ∞
(un)fortunately, refutes this; readers interested in details of the computation can find
it in [DGK16a, Example 5.4]. Let us observe next that eventual negativity also fits into the
framework of Theorem 7.3.6.

Corollary 7.3.7. In the situation of Theorem 7.3.6, assume that dom(A) ⊆ Eu . Then the
assertions (i)–(iii) are also equivalent to the following property.

(iv) The resolvent R( · , A) is individually eventually negative with respect to u at λ.

Proof. Without loss of generality let λ = 0. Replacing A with −A in the theorem, asser-
tion (iii) remains unchanged, but (i) becomes individual eventual positivity of R( · ,−A)
with respect to u at 0, which is equivalent to (iv).

An application of Theorem 7.3.6 and Corollary 7.3.7 to a fourth-order differential op-
erator is discussed in Exercise 7.2. In our final example in this chapter we revisit the most
prominent (and most classical) example so far, the Dirichlet Laplacian.
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On bounded domains in Rn we already know that the Dirichlet Laplacian on L2 has
a positive eigenvector for the eigenvalue s(∆Dir). Using the abstract results established
in the present section and the concrete results from Section 7.2 we can now show much
more. In one dimension we already knew assertions (a) and (b) in the following example
from a concrete computation (Example 6.3.2); such an explicit computation is, of course,
not possible on general domains in dimension ≥ 2.

Example 7.3.8 (The leading eigenfunction of the Dirichlet Laplacian). Let ; ̸=Ω⊆Rn be
open, bounded, and connected. We assume that Ω has C2k boundary for some integer
k > n

4 +1. Consider the quasi-interior point u of L2(Ω)+ given by u(x) := dist(x,∂Ω) for
all x ∈ Ω. The spectral bound s(∆Dir) of the Dirichlet Laplace operator ∆Dir : L2(Ω) ⊇
dom(∆Dir) → L2(Ω) has the following properties:

(a) ker(s(∆Dir)−∆Dir) is spanned by a positive function v that satisfies u ⪯ v ⪯ u.

(b) One has s(∆Dir) < 0.9

(c) If n = 1, then R( · ,∆Dir) is individually eventually negative with respect to u at
s(∆Dir).

Proof. (a) Let us abbreviate λ0 := s(∆Dir). Since ∆Dir has compact resolvent and −∞ <
λ0 ≤ 0 (Example 6.3.5),λ0 is a pole of the resolvent and an eigenvalue (Theorem 6.2.9).

As shown in Example 7.2.4 we have R(λ,∆Dir) f ⪰ u for all λ > λ0 and all 0 ⪇ f ∈
L2(Ω). Hence, Theorem 7.3.6 implies that ker(λ0 −∆Dir) is spanned by a function
v ⪰ u. On the other hand, for λ > λ0 one has (λ−λ0)−k v = R(λ,∆Dir)k v , and the
latter vector is in the principal ideal Eu according to Example 7.2.4. Thus, v ⪯ u.

(b) We use the notation from the proof of (a). Assume for a contradiction that λ0 = 0.
Then ∆Dirv = 0. One has v ∈ rgR(λ, A)k ⊆ C2(Ω), where the inclusion was shown
in Example 7.2.4. Hence, we can apply the maximum principle (Example 5.2.2) to
conclude that v obtains its maximum at ∂Ω. But v vanishes on ∂Ω and v is positive,
so v = 0, a contradiction.

(c) We apply Theorem 7.3.6. As pointed out in the proof of (a), condition (i) of the theo-
rem is satisfied. Moreover, since n = 1 one has

dom(∆Dir) = H 2(Ω)∩H 1
0 (Ω) ⊆C 1(Ω)∩C0(Ω) ⊆ L2(Ω)u ,

so Corollary 7.3.7 can be applied and gives the claimed eventual negativity.

We now know that R( · ,∆Dir) is individually eventually negative at s(∆Dir) if n = 1
and that it is not uniformly eventually negative there when n ≥ 4 (Example 6.4.6). This
obviously leaves a gap, which we will close later on.

9As pointed out before, this also follows from the Poincaré inequality under more general assumptions
on Ω, but here we give a proof based on the maximum principle.
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Exercises for Chapter 7

Exercise 7.1 (Quasi-interior points).

(a) Let E be a Banach lattice. Show that u ∈ E+ is a quasi-interior point if and only if
(nu)∧ f → f as n →∞ for every f ∈ E+.

(b) Let p ∈ [1,∞) and let (Ω,µ) be a σ-finite measure space.

Show that u ∈ Lp (Ω,µ)+ is a quasi-interior point if and only if u(ω) > 0 for almost
all ω ∈Ω. Also show that v ∈ L∞(Ω,µ)+ is a quasi-interior point if and only if v ⪰1.

(c) Let K be a compact metric space. Show that u ∈ C(K )+ is a quasi-interior point if
and only if u(x) > 0 for all x ∈ K , if and only if u ⪰1.

(d) Let ; ̸=Ω⊆Rd be an open set. Prove that a function u ∈ C0(Ω)+ is a quasi-interior
point if and only if u(x) > 0 for all x ∈Ω.

(e) Give an example of a Banach lattice E with no quasi-interior points.

(f) Let E be a Banach lattice and let ϕ ∈ E ′+. Which of the following conditions implies
the other?

(i) ϕ is strictly positive.

(ii) ϕ is a quasi-interior point of E ′+.

Exercise 7.2 (A fourth order operator on an interval).

(a) Consider the space L2(0,1) and endow its vector subspace

V := {
v ∈ H 2(0,1) : v ′(0) = v ′(1) = 0

}
with the H 2-norm. Define the sesquilinear form

a : V ×V →C, a(u, v) :=
∫ 1

0
u′′v ′′ dx.

Show that a satisfies all assumptions of Theorem 5.1.4, where µ can be chosen to
be any number > 0.

(b) Let A : L2(0,1) ⊇ dom(A) → L2(0,1) denote the operator associated to a. Show that
there exists λ0 > 0 such that R(λ, A) ̸≥ 0 for all λ ∈ [λ0,∞).
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(c) Compute dom(A) and Au for all u ∈ dom(A).

(d) Show that ker A and ker(A′) are spanned by1, that s(A) = 0, and that A has compact
resolvent.

(e) Prove that R( · , A) is individually eventually positive with respect to 1 at 0.

Exercise 7.3 (The positive minimum principle and higher order operators). Let K be a
compact metric space. Let A : C(K ) ⊇ dom(A) → C(K ) be closed and densely defined,
and assume that s(A) <∞ and R(λ, A) ≥ 0 for all λ> s(A).

(a) Show that A is real.

(b) Fix a pointµ ∈ (s(A),∞) and set u :=R(µ, A)1. Prove that u is a quasi-interior point
of C(K )+, i.e. that u(x) > 0 for each x ∈ K .

Show furthermore that R(λ, A)u ≤ 1
λ−µu for all λ>µ.

(c) Show for every v ∈ dom(A) that λ
(
λR(λ, A)− id

)
v → Av in C(K ) as λ→∞.

Hint: Use Exercise 5.1(a).

(d) Prove that, for each x0 ∈ K , the operator A satisfies the positive minimum princi-
ple at x0 ∈ K , i.e. for each 0 ≤ v ∈ dom(A) with v(x0) = 0 one has (Av)(x0) ≥ 0.10

(e) Let m ≥ 3 be an integer. Consider a densely defined closed operator B : C([−1,1]) ⊇
dom(B) → C([−1,1]). Assume that dom(B) contains all test functions on (−1,1)
and that B v = v (m) for each such test function v .

Show that B does not satisfy the positive minimum principle for any x0 ∈ (−1,1).

10Note that this is the same property that was assumed in Theorems 5.2.1 and 7.2.1.
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Notes for Chapter 7

Quasi-interior points

Quasi-interior points were introduced by Schaefer [Sch60] as a generalisation of points
in the topological interior of the cone. The main motivation was that cones in infinite-
dimensional spaces often have empty interior, but quasi-interior points still have many
useful properties of interior points. Quasi-interior points are, for instance, useful in the
study of so-called irreducible operators, see e.g. [MN91, Section 4.2]. In the literature,
the symbol u ≫ 0 is sometimes used to denote that u is a quasi-interior point.

We point out that the characterisation of quasi-interior points via positive linear
functionals (Proposition 7.1.4) fails in the general setting of so-called ordered Banach
spaces. See [GW20, Section 2.2] for a detailed discussion of this topic.

The Hopf boundary point lemma

The arguments that we gave to prove the Hopf boundary lemma (Example 7.2.2) are, in
principle, almost the same as one may find in standard PDE books. What is unusual
about our approach is that we phrased it in the abstract setting of Theorem 7.2.1, which
extends the setting of the abstract maximum principle from Theorem 5.2.1 by an addi-
tional assumption on w .

To encode the inner normal derivative −∂ν at x0 into the action of the operator A
in the proof of Hopf’s boundary lemma does not seem to be a common approach. This
somewhat unconventional structure of A, without a clear theoretical explanation for its
occurrence, is one indication – among others – that the abstract versions of the maxi-
mum principle in Theorems 5.2.1 and 7.2.1 are not yet in a really satisfactory state.

Readers with an inclination towards PDE theory may also object to the strong as-
sumptions on the regularity of the boundary of the domain Ω in Example 7.2.4. This
is due to our Sobolev-space approach, which starts with very little regularity (merely
L2 functions) and heavily depends on the Sobolev embedding theorems. An equally
well-established approach is the so-called Schauder theory, which works with spaces
of Hölder continuous functions and classical derivatives. In short, if Ω is a bounded do-
main with C2,α boundary (for some α ∈ (0,1)), f ∈ C0,α(Ω), and if u solves λu −∆u = f
in Ω and u = 0 on ∂Ω in the classical sense, then u ∈ C2,α(Ω); see [GT01, Theorem 6.19].
Thus, the order of differentiability of the PDE solution and the boundary agree.
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Individually eventually positive resolvents

The characterisation of individual eventual positivity with respect to u in Theorem 7.3.6
stems from [DGK16a, Sections 3 and 4]. The fact that the implication from (i) to the other
assertions holds even without the domination assumption dom(A) ⊆ Eu was proved in
[DG17, Section 4]. The proof that we presented for this implication is a bit different in
that it avoids using properties of quasi-interior points that are more strongly tied to the
lattice structure of the surrounding space (in particular, the properties discussed in Sup-
plement 7.A). This might turn out beneficial in potential generalisations of eventual pos-
itivity theory to ordered Banach spaces.

The fact that the domination assumption dom(A) ⊆ Eu is in fact necessary in many
cases in order to have individual eventual positivity and negativity at the same time, was
shown in [AG23]. In these notes, we simplified the proof and improved the result by
removing the assumption that the vector u satisfies u ⪯ v ⪯ u for an eigenvector of A.
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Encore: if you want to know more. . .

7.A More on quasi-interior points

In the Banach lattice R, every non-zero positive element is a quasi-interior point. Here,
we show that this cannot happen in any dimension larger than 1 (Proposition 7.A.4). The
underlying idea is related to Proposition 7.3.2, but is technically a bit more involved.

Definition 7.A.1 (Disjointness of vectors). Two vectors x, y of a Banach lattice E are
called disjoint if |x|∧ ∣∣y

∣∣= 0.

Example 7.A.2. If x is any vector in a Banach lattice E , then x+ and x− are disjoint ele-
ments, and thus x = x+−x− is a disjoint decomposition. Indeed, one has

x+∧x− = [(x+−x−)∧ (x−−x−)]+x− = (x ∧0)+x− =−x−+x− = 0

by elementary properties of vector lattice operations (Proposition 4.1.3).

Lemma 7.A.3. If E is a Banach lattice with dimension dimE ≥ 2, then there exist two
disjoint non-zero elements x, y ∈ E+.

Proof. As dimE ≥ 2 and as the linear span of E+ equals E , we can find two linearly inde-
pendent vectors u, v ∈ E+; in particular, u, v ̸= 0. Observe that there exists a real number
t0 ∈ (0,∞) such that neither u ≤ t0v nor u ≥ t0v holds. Indeed, both the sets

{t ∈ (0,∞) : u ≤ t v} and {t ∈ (0,∞) : u ≥ t v}

are not equal to (0,∞) since u, v ̸= 0, are relatively closed in (0,∞) since E+ is closed,
and are disjoint since u, v are linearly independent. Hence, the union of those two sets
cannot be (0,∞) since (0,∞) is connected.

Let us now replace v with t0v . Then u, v are non-zero vectors in E+ that satisfy u ̸≤ v
and u ̸≥ v . Hence, the positive vectors x := u −u ∧ v and y := v −u ∧ v are non-zero and
they are disjoint since

0 ≤ x ∧ y = (u −u ∧ v)∧ (v −u ∧ v) = u ∧ v −u ∧ v = 0.

Proposition 7.A.4. If every positive non-zero element of a Banach lattice E is a quasi-
interior point, then dimE ≤ 1.
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Proof. Suppose dimE ≥ 2. By Lemma 7.A.3, there exist disjoint non-zero vectors x, y ∈
E+. Every element of Ey is then disjoint to x: indeed, for each z ∈ Ey there exists a number
c ≥ 1 such that |z| ≤ c y . Hence, x ∧|z| = 0 follows from

0 ≤ x ∧|z| ≤ x ∧ (c y) ≤ (cx)∧ (c y) = c(x ∧ y) = 0,

From continuity of the lattice operations (Proposition 4.1.7), it follows that each element
of the closure Ey is disjoint to x. Since x is non-zero, it is not disjoint to itself and thus,
x ∉ Ey . Therefore, y is not a quasi-interior point of E+.
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Chapter 8

Criteria for eventual positivity of
resolvents: the uniform case

After proving sufficient conditions for individual eventual positivity (and negativity) of
resolvents in the previous chapter, we now turn to the uniform case. A key assumption
to get individual eventual positivity in Theorem 7.3.6 was the property dom(A) ⊆ Eu ,
since it gives that the resolvent maps into the principal ideal Eu . For the uniform case,
we need a stronger property of the resolvent. In Sections 8.1 and 8.2 we set the stage for
this, before we turn to the main theorem in Section 8.3.

8.1 Banach lattice overture: Norms induced by functionals

To obtain criteria for uniformly eventually positive resolvents, we need a few more tools
from Banach lattice theory. This section introduces a construction dual to the principal
ideals discussed in Section 7.1. The following example serves as motivation.

Example 8.1.1. Let (Ω,µ) be a finite measure space and let p, p ′ ∈ (1,∞) such that 1
p +

1
p ′ = 1. As usual we identify Lp ′

(Ω,µ) with the dual space
(
Lp (Ω,µ)

)′ – note that this
identification respects the order structure.

The function 1 ∈ Lp ′
(Ω,µ) acts as a strictly positive functional on the Banach lattice

Lp (Ω,µ), and for each f ∈ Lp (Ω,µ) one has

〈
1 ,

∣∣ f
∣∣〉= ∫

Ω

∣∣ f
∣∣ dµ= ∥∥ f

∥∥
L1 .

Hence 〈1 , | · |〉 is a norm on Lp (Ω,µ). Of course, the norm completion of Lp (Ω,µ) with
respect to this norm is the Banach lattice L1(Ω,µ).

Now we take this example and turn it into a general construction on Banach lattices.
If E ,F are Banach lattices over the same field, a linear map J : E → F is called a lattice
homomorphism if |J x| = J |x| for all x ∈ E . Observe that every lattice homomorphism is
positive (and hence continuous by Theorem 4.3.3). A bijective lattice homomorphism is
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8. CRITERIA FOR EVENTUAL POSITIVITY OF RESOLVENTS: THE UNIFORM CASE

called a lattice isomorphism. This is justified, since one easily checks that the inverse is
also a lattice homomorphism.

Proposition 8.1.2 (AL-spaces generated by functionals). Let E be a Banach lattice, let
ϕ ∈ E ′+ be a strictly positive functional, and consider the norm ∥·∥Eϕ := 〈

ϕ , | · |〉 on E. There
exists, up to an isometric lattice isomorphism, precisely one Banach lattice Eϕ over the
same field as E with the following properties:

(a) As a Banach space, Eϕ is the norm completion of the normed space (E ,∥·∥Eϕ).1

(b) The inclusion map E ,→ Eϕ is a lattice homomorphism.

The Banach lattice Eϕ is called the AL-space generated byϕ.

The terminology for Eϕ is due to the fact that the norm on this space can be readily
seen to be additive on the positive cone, and Banach lattices with this property are often
called AL-spaces. In the real case, the proposition can be checked by showing that Eϕ is

a Banach lattice with the order induced by E+
∥·∥Eϕ and the embedding E ,→ Eϕ is a lattice

homomorphism; see, for instance, the beginning of Section IV.3 in [Sch74]. The complex
case can then be derived from the real one.

The reason why we call the construction of Eϕ dual to the construction of principal
ideals is explained in Exercise 8.1.

8.2 Smoothing properties of operators

Let (Ω1,µ1) and (Ω2,µ2) be finite measure spaces and let k ∈ L∞(Ω1 ×Ω2,µ1 ⊗µ2). Then

Tk : L1(Ω2,µ2) → L∞(Ω1,µ1)

f 7→
∫
Ω

k( · , y) f (y) dµ2(y)

defines a bounded linear operator. In fact, the Dunford-Pettis theorem says that every
T ∈L(L1(Ω2,µ2),L∞(Ω1,µ1)) is of this form; see for instance [Are06, Theorem 4.1.1] from
the lecture notes of the 9th Internet Seminar. If k is real-valued, then Tk is real and it
follows from |k| ≤ ∥k∥∞1Ω1×Ω2 that

±Tk ≤ ∥k∥∞1Ω1 ⊗1Ω2 ;

where we use the notation for rank-1 operators introduced in Notation 7.3.1. Now let
p1, p2 ∈ [1,∞]. If a real operator T : Lp2 (Ω2,µ2) → Lp1 (Ω1,µ1) extends to an operator
L1(Ω2,µ2) → L∞(Ω1,µ1), then the extended operator has the form described above. Thus,
the extension and hence T itself are dominated above and below by multiples of1Ω1 ⊗1Ω2 .

We now generalise these observations to abstract Banach lattices. To recover the sit-
uation above in the following theorem, observe that the principal ideal generated by
1Ω1 in Lp1 (Ω1,µ1) is L∞(Ω1,µ1), and that AL-space generated by the functional 1Ω2 ∈(
Lp2 (Ω2,µ2)

)′ equals L1(Ω2,µ2).
1Recall that the norm completion of a normed space is unique up to isometric Banach space isomor-

phism.
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8.2. Smoothing properties of operators

Theorem 8.2.1. Let E ,F be Banach lattices, u ∈ F+, and ϕ ∈ E ′ a strictly positive func-
tional. For every real operator T ∈L(E ,F ), the following are equivalent:

(i) T extends to a bounded linear operator T̃ ∈L(Eϕ,Fu).

(ii) There exists a constant c ≥ 0 such that ±T ≤ cu ⊗ϕ; in short, ±T ⪯ u ⊗ϕ.

(iii) There exists a constant c ′ ≥ 0 such that |T x| ≤ c ′
〈
ϕ , |x|〉u for all x ∈ E.

If any of the above assertions hold, then c = c ′ = ∥∥T̃
∥∥

Fu←Eϕ .

Proof. Note that the inclusions j : E ,→ Eϕ and k : Fu ,→ F are lattice homomorphisms.

“(i) ⇔ (iii)”: If (i) holds, then Diagram (8.2.1) commutes and for every x ∈ E ,2∥∥T̃ j x
∥∥

Fu
≤ c ′

∥∥ j x
∥∥

Eϕ = c ′
〈
ϕ ,

∣∣ j x
∣∣〉= c ′

〈
ϕ , |x|〉 ;

where c ′ = ∥∥T̃
∥∥

Fu←Eϕ . In turn,
∣∣T̃ j x

∣∣≤ c ′
〈
ϕ , |x|〉u. Consequently

|T x| = ∣∣kT̃ j x
∣∣= ∣∣T̃ j x

∣∣≤ c ′
〈
ϕ , |x|〉u

which is (iii).

Eϕ Fu

E F

T̃

kj

T

(8.2.1)

Conversely, if (iii) holds, then from the definitions of the norms on Fu and Eϕ,
∥∥T̃ x

∥∥
Fu

≤
c ′ ∥x∥Eϕ for all x ∈ E . By density of E in (Eϕ,∥·∥Eϕ), assertion (i) follows.

“(ii) ⇔ (iii)”: The inequality in (iii) implies −c
〈
ϕ , x

〉
u ≤−|T x| ≤ T x ≤ |T x| ≤ c

〈
ϕ , x

〉
u

for all x ∈ E+, which immediately yields (ii).

Conversely, assume that (ii) holds. Then for every x ∈ ER, we have∣∣T x+∣∣≤ c
〈
ϕ , x+〉

u and |T x−| ≤ c
〈
ϕ , x−〉

u.

Thus |T x| ≤ ∣∣T x+∣∣+|T x−| ≤ c
〈
ϕ , |x|〉u. For each z ∈ E and θ ∈ [0,2π], this gives∣∣∣Re(e iθTz)

∣∣∣= ∣∣∣T Re(e iθz)
∣∣∣≤ c

〈
ϕ ,

∣∣∣Re(e iθz)
∣∣∣〉u;

the first equality uses that T is a real operator. Recalling our construction of the
complex modulus function (Theorem 4.2.4), we deduce

|Tz| = 1

4

∫ 2π

0

∣∣∣Re(e iθTz)
∣∣∣ dθ ≤ 1

4

∫ 2π

0
c
〈
ϕ ,

∣∣∣Re(e iθz)
∣∣∣〉u dθ

= c

〈
ϕ ,

1

4

∫ 2π

0

∣∣∣Re(e iθz)
∣∣∣ dθ

〉
u = c

〈
ϕ , |z|〉u,

and thus the proof is complete.
2In order to keep the notation reasonable, we do not show explicitly in which spaces the various moduli

are taken.

141
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Condition (i) in Theorem 8.2.1 easily gives the following consequence.

Corollary 8.2.2. Let E be a Banach lattice, let u ∈ E+, and let ϕ ∈ E ′ be a strictly positive
functional. If two real operators T1,T2 ∈ L(E) satisfy the equivalent assertions of Theo-
rem 8.2.1 with E = F , then so do α1T1 +α2T2 and T1ST2 for all α1,α2 ∈ R and for all real
operators S ∈L(E).

The equivalent assertions in Theorem 8.2.1 are actually closely related to assump-
tions of the type dom(A) ⊆ Eu that occurred in Chapter 7.1. The following result makes
the connection more explicit.

Proposition 8.2.3. Let E ,F be Banach lattices, let ϕ ∈ E ′ be a strictly positive functional,
and let T ∈L(E ,F ). The following assertions are equivalent:

(i) T extends to a bounded linear operator T̃ : Eϕ→ F .

(ii) The range of T ′ : F ′ → E ′ is contained in the principal ideal (E ′)ϕ.

In this case, ∥∥T̃
∥∥

F←Eϕ =
∥∥T ′∥∥

(E ′)ϕ←F ′ .

Proof. “(i) ⇒ (ii)”: For all ψ ∈ F ′ with
∥∥ψ∥∥

F ′ ≤ 1 and all y ∈ E , we have∣∣〈ψ , T y
〉∣∣≤ ∥∥T y

∥∥
F ≤ ∥∥T̃

∥∥
F←Eϕ

〈
ϕ ,

∣∣y
∣∣〉 .

Now let x ∈ E+ be arbitrary. The Riesz-Kantorovich formula (Theorem 4.4.2) implies〈∣∣T ′ψ
∣∣ , x

〉= sup
|y|≤x

∣∣〈T ′ψ , y
〉∣∣= sup

|y|≤x

∣∣〈ψ , T y
〉∣∣

≤ ∥∥T̃
∥∥

F←Eϕ sup
|y|≤x

〈
ϕ ,

∣∣y
∣∣〉= ∥∥T̃

∥∥
F←Eϕ

〈
ϕ , x

〉
.

This proves that
∣∣T ′ψ

∣∣ ≤ ∥∥T̃
∥∥

F←Eϕ

∥∥ψ∥∥
F ′ϕ for all ψ ∈ F ′, and therefore rgT ′ ⊆ (E ′)ϕ with∥∥T ′∥∥

(E ′)ϕ←F ′ ≤
∥∥T̃

∥∥
F←Eϕ .

“(ii) ⇒ (i)”: The closed graph theorem implies that T ′ : F ′ → (E ′)ϕ is bounded. It
follows by the definition of gauge norm that

∣∣T ′ψ
∣∣≤ ∥∥T ′ψ

∥∥
(E ′)ϕϕ for all ψ ∈ F ′. Hence

∣∣〈ψ , T x
〉∣∣= ∣∣〈T ′ψ , x

〉∣∣≤ 〈∣∣T ′ψ
∣∣ , |x|〉≤ ∥∥T ′ψ

∥∥
(E ′)ϕ

〈
ϕ , |x|〉= ∥∥T ′ψ

∥∥
(E ′)ϕ ∥x∥Eϕ

for all x ∈ E and ψ′ ∈ F ′, where the first inequality is a direct consequence of the Riesz-
Kantorovich formula. After taking the supremum over all ψ ∈ F ′ with

∥∥ψ∥∥
F ′ ≤ 1, we find

∥T x∥F ≤ ∥∥T ′∥∥
(E ′)ϕ←F ′ ∥x∥Eϕ

for all x ∈ E . Since by definition E is dense in Eϕ with respect to ∥·∥Eϕ , it follows that T
extends to a bounded linear operator T̃ : Eϕ→ F with

∥∥T̃
∥∥

F←Eϕ ≤
∥∥T ′∥∥

(E ′)ϕ←F ′ .
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8.3. A sufficient condition for uniform eventual positivity

Corollary 8.2.4. Let E be a Banach lattice, let u ∈ E+ and let ϕ ∈ E ′+ be a strictly positive
functional. If T1,T2,S ∈L(E) are real operators and satisfy

rgT1 ⊆ Eu and rgT ′
2 ⊆ (E ′)ϕ,

then T1ST2 satisfies the equivalent assertions of Theorem 8.2.1.

Proof. The closed graph theorem implies that T1 ∈L(E ,Eu), while Proposition 8.2.3 shows
that T2 extends to an operator T̃2 ∈L(Eϕ,E). Hence T1ST2 : E → E extends to the bounded
linear operator T1ST̃2 : Eϕ→ Eu , i.e. assertion (i) of Theorem 8.2.1 is fulfilled.

Example 8.2.5. Consider the Banach lattice E = L2(0,1), and identify E ′ with E . Define a
continuous function G : [0,1]2 → [0,∞) by G(x, y) := x ∧ y −x y . Let T ∈L(E) be given by

T f =
∫ 1

0
G( · , y) f (y) dy

for all f ∈ E . Consider the quasi-interior point u ∈ L2(0,1)+ given by u(x) = x(1−x). Then
T has the following properties:

(a) rgT ⊆ Eu and rgT ′ ⊆ Eu . Thus, T 2 ⪯ u ⊗u according to Corollary 8.2.4.

(b) However, T ̸⪯ u ⊗u.

Proof. (a) Since the kernel is symmetric (i.e. G(x, y) = G(y, x)), the dual operator T ′ is
also given by integration against G .3 So it suffices to show rgT ⊆ Eu . For x, y ∈ (0,1),

0 ≤ u(x)−1G(x, y) =
{

x−1 y, if y ≤ x,

(1−x)−1(1− y), if y ≥ x,

hence u(x)−1G(x, · ) ≤ 1 for all x ∈ (0,1). Therefore, for each f ∈ E we have

∣∣(T f )(x)
∣∣≤ u(x)

∫ 1

0

∣∣ f (y)
∣∣ dy ≤ u(x)

∥∥ f
∥∥

2 ,

which proves T f ∈ Eu .

(b) For δ> 0 we have G(δ,δ)
u(δ)u(δ) = 1

δ(1−δ) →∞ as δ ↓ 0, in turn T ̸⪯ u ⊗u.

8.3 A sufficient condition for uniform eventual positivity

Our key assumption to get a sufficient condition for uniform eventual positivity (or neg-
ativity) of resolvents is that the resolvent satisfies a kernel estimate as described for gen-
eral operators in Theorem 8.2.1 above. Let us first note that the validity of such an esti-
mate does not depend on the point that one considers within the resolvent set.

3In other words, the real operator T is self-adjoint. This notion, and its relation to dual operators, is
discussed in more detail in Section 8.4 below.
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Proposition 8.3.1. Let A : E ⊇ dom(A) → E be a closed, densely defined, and real operator
on a complex Banach lattice E. Let u ∈ E+ and let ϕ ∈ E ′+. If there exists a number λ ∈
ρ(A)∩R such that ±R(λ, A) ⪯ u ⊗ϕ, then the same is true for all λ ∈ ρ(A)∩R.

Proof. If the given estimate is true for at least one numberλ ∈ ρ(A)∩R, then dom(A) ⊆ Eu

and dom
(

A′)⊆ (E ′)ϕ. For all other λ̃ ∈ ρ(A)∩R, one has the resolvent identity

R(λ̃, A) =R(λ, A)+ (λ− λ̃)R(λ̃, A)R(λ, A),

which gives the claim, since ±R(λ̃, A)R(λ, A) ⪯ u ⊗ϕ by Corollary 8.2.4.

The main result of this chapter is the following theorem which contains the sufficient
conditions for uniform eventual positivity (and negativity) promised in the introduction.

Theorem 8.3.2. Let A : E ⊇ dom(A) → E be a closed, densely defined, and real operator on
a complex Banach lattice E. Let λ ∈σ(A)∩R be a pole of the resolvent R( · , A) and assume
the following properties:

(1) The eigenspace ker(λ− A) is spanned by a quasi-interior point u ∈ E+.

(2) The dual eigenspace ker(λ− A′) contains a strictly positive functional ϕ.

(3) There exists a number λ1 ∈ ρ(A)∩R such that ±R(λ1, A) ⪯ u ⊗ϕ.

Then R( · , A) is uniformly eventually positive with respect to u ⊗ϕ at λ and uniformly
eventually negative with respect to u ⊗ϕ at λ.

Proof. Without loss of generality, we assume that λ= 0 and
〈
ϕ , u

〉= 1.

Step 1: Since ϕ is a strictly positive eigenvector of A′ and u ∈ ker A is a quasi-interior
point of E+, we know from Theorem 7.3.6 that 0 is a first order pole and the asso-
ciated spectral projection P satisfies P f ⪰ u for all 0 ⪇ u ∈ E . Thus P is a rank-one
projection with Pu = u and P ′ϕ=ϕ. Consequently, P = u ⊗ϕ.

Step 2: Let µ ∈ ρ(A)∩R. By the finite expansion of the resolvent (Lemma 6.4.5 for n = 2),

R(µ, A) =R(λ1, A)+ (λ1 −µ)R(λ1, A)2 +Rµ,

where Rµ := (λ1 −µ)2R(λ1, A)R(µ, A)R(λ1, A). By assumption (3), R(λ1, A) satisfies
the equivalent assertions of Theorem 8.2.1, hence so does R(µ, A) by Corollary 8.2.2.

Step 3: Using λ1R(λ1, A)P = P , we can write

µRµ−P =R(λ1, A)
(
(λ1 −µ)2µR(µ, A)−λ2

1P
)
R(λ1, A).

Therefore, µRµ−P also satisfies the equivalent assertions of Theorem 8.2.1 by Corol-
lary 8.2.2. Combining this with the fact µR(µ, A) → P in L(E) as µ→ 0, it follows that
µRµ→ P in L(Eϕ,Eu) as µ→ 0.
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Step 4: Steps 2 and 3 together ensure µR(µ, A) → P in L(Eϕ,Eu) as µ→ 0. Since P = u⊗ϕ
by Step 1, it follows that µR(µ, A) ⪰ u ⊗ϕ for all µ in a neighbourhood of 0. Thus,
R( · , A) is uniformly eventually positive and negative with respect to u ⊗ϕ at 0.

We now discuss three examples for uniform eventual positivity and negativity, each
of them on a bounded interval. For the first one, everything can be computed explicitly,
for the other two we use Theorem 8.3.2.

Example 8.3.3 (A first order differential operator). Let p ∈ [1,∞). Consider the Banach
lattice E = Lp (0,1) and its dual space E ′ = Lp ′

(0,1), where p ′ ∈ (1,∞] satisfies 1
p + 1

p ′ = 1.
The closed operator A0 on Lp (0,1) given by

dom(A0) := {
f ∈W 1,p (0,1) : f (0) = f (1)

}
A0 f := f ′

has the following properties.

(a) A0 has compact resolvent and its spectrum is σ(A0) = 2πiZ.

(b) The resolvent of A0 satisfies

R(µ, A0) ⪯−1⊗1 if µ ∈ (−∞,0) and R(µ, A0) ⪰1⊗1 if µ ∈ (0,∞).

Proof. (a) One can verify that for each µ ∈C\ 2πiZ, the integral operator with kernel

Kµ(x, y) = eµ(x−y)
(
−1[y≤x]+ 1

1−e−µ

)
. (8.3.1)

is inverse to µ−A0. Hence, µ ∈ ρ(A0) and R(µ, A0) is the integral operator with kernel
Kµ. On the other hand, for µ ∈ 2πiZ the function v ∈ Lp (0,1) given by v(x) = eµx is
clearly in dom(A0) and satisfies A0v = µv , so indeed σ(A0) = 2πiZ. The compact-
ness of the resolvent follows, for instance, from the compactness of the embedding
W 1,p (0,1) ,→ Lp (0,1) (Theorem 6.3.1 and Exercise 6.5).

(b) Let µ ∈R\ {0}. We use that the resolvent R(µ, A0) has the integral kernel given by for-
mula (8.3.1). Ifµ< 0 the summand 1/(1−e−µ), and hence Kµ(x, y), is strictly negative.
By continuity, there exists c :=−maxx,y∈[0,1] Kµ(x, y) > 0 such that

(R(µ, A0) f )(x) =
∫ 1

0
Kµ(x, y) f (y) dy ≤−c

∫ 1

0
f (y) dy =−c

(
(1⊗1) f

)
(x)

for all 0 ≤ f ∈ E . The proof in the case µ> 0 is similar.

Example 8.3.4 (A third order differential operator). On the Banach lattice E = L2(0,1),
consider the closed operator

dom(A) := {
f ∈ H 3(0,1) : f (k)(0) = f (k)(1) ∀k = 0,1,2

}
A f := f ′′′,

(8.3.2)

and identify E ′ with E . Then 0 ∈ σ(A) is an isolated spectral value of A and R( · , A) is
uniformly eventually positive and negative with respect to 1⊗1 at 0.
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Proof. If A0 denotes the operator from Example 8.3.3 for p = 2, one has A = A3
0. Since

σ(A0) ⊆ iR, this implies that ρ(A) ̸= ; and that A has compact resolvent. We verify the
assumptions of Theorem 8.3.2.

(1) and (2) Observe that1 ∈ ker A and all eigenfunctions of A corresponding to the eigen-
value 0 are polynomials of degree at most 2. The periodic boundary conditions im-
posed in (8.3.2) ensure that they are constant. In other words, ker A is spanned by 1.
Since A′ =−A, the dual eigenspace ker A′ is also spanned by 1.

(3) On E , consider the closed operator

dom(B) := {
u ∈ H 2(0,1) : u(k)(0) = u(k)(1) ∀k = 0,1

}
B f := f + f ′+ f ′′

Then 1− A = (1− A0)B and 1 ∈ ρ(A)∩ρ(A0); where A0 denotes the operator in Exam-
ple 8.3.3. Therefore 0 ∈ ρ(B) and

R(0,−B)E ⊆ H 2(0,1) ⊆ L∞(0,1) = E1,

by the Sobolev embedding in Theorem 5.3.7(b). Observing A′
0 = −A0, we similarly

obtain R(1, A0)′E ′ ⊆ (E ′)1. Since R(1, A) = R(0,−B)R(1, A0), it follows from Corol-
lary 8.2.4 that ±R(1, A) ⪯1⊗1.

Example 8.3.5 (The Laplacian with non-local boundary conditions, revisited). Consider
the Laplace operator ∆B : L2(0,1) ⊇ dom(∆B ) → L2(0,1) with non-local boundary condi-
tions from Examples 5.4.3 and 6.3.4, whose domain is

dom(∆B ) =
{

u ∈ H 2(0,1) :

(−u′(0)
u′(1)

)
=−1

2

(
1 1
1 1

)(
u(0)
u(1)

)}
.

ThenR( · ,∆B ) is uniformly eventually positive and negative with respect to1⊗1 at s(∆B ).

Proof. We verify the assumptions of Theorem 8.3.2. Recall from Example 5.4.3 that s(∆B ) <
0 and the explicit formula for the resolvent of ∆B at 0 is given by

R(0,∆B ) f (x) = 1

4

∫ 1

0
f (z) dz + 1

2

∫ 1

x

∫ y

0
f (z) dz dy + 1

2

∫ x

0

∫ 1

y
f (z) dz dy (8.3.3)

for all f ∈ L2(0,1).

Step 1: If 0⪇ f ∈ L2(0,1), then formula (8.3.3) shows that

R(0,∆B ) f (x) ≥ 1

4

∫ 1

0
f (z) dz = 1

4

(
(1⊗1) f

)
(x)

for all x ∈ [0,1], which implies R(0,∆B ) ⪰ 1⊗1. Applying Theorem 5.4.1 with Q =
1⊗1, we obtain that R(µ,∆B ) ⪰1⊗1 for all µ ∈ (s(∆B ,0]. This shows that R( · ,∆B ) is
uniformly eventually positive with respect to 1 at s(∆B ).

Theorem 7.3.6 now implies that ker(s(∆B )−∆B ) is spanned by a vector v ⪰ 1, and
the dual eigenspace ker(s(∆B )−∆′

B ) contains a strictly positive functional ϕ. The
property v ⪰1 clearly shows that v is a quasi-interior point.
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Step 2: Formula (8.3.3) also directly yields the estimate

∣∣R(0,∆B ) f
∣∣≤ (

1

4
+ 1

2
+ 1

2

)∥∥ f
∥∥

L1(0,1) =
5

4

〈
1 ,

∣∣ f
∣∣〉1

for all f ∈ L2(0,1). Thus ±R(0,∆B ) ⪯1⊗1.

We have thus verified all the conditions of Theorem 8.3.2 and conclude that R( · ,∆B )
is also uniformly eventually negative with respect to 1⊗1 at s(∆B ).

8.4 Intermezzo: Hilbert space adjoints vs. Banach space duals

Our extensive use of form methods to construct linear operators on Hilbert spaces makes
it worthwhile to spend a short intermezzo on clarifying the relation between dual oper-
ators on Banach space, adjoint operators on Hilbert spaces, and adjoints of sesquilinear
forms. We use this in Example 8.5.2 in the next section. The definition of adjoint opera-
tors on a Hilbert space H is very similar to that of dual operators (Definition 3.1.5).

Definition 8.4.1 (Adjoint operators and forms). Let V , H be complex Hilbert spaces.

(a) Let A : H ⊇ dom(A) → H be densely defined linear operator. The adjoint operator
A∗ : H ⊇ dom(A∗) → H is defined by

dom
(

A∗)
:= {

x ∈ H | ∃ y ∈ H : (x | Av) = (
y | v

) ∀v ∈ dom(A)
}

A∗x := y,

where y in the second line is the vector that occurs in the definition of dom(A∗).4

The operator A is called self-adjoint if A∗ = A.

(b) Let a : V ×V →Cbe a sesquilinear form. The form a∗ : V ×V →C given by a∗(u, v) :=
a(v,u) for all u, v ∈V is called the adjoint form of a.

Recall from Theorem 5.1.4(c) that a sesquilinear form a is called symmetric if a(u, v) =
a(v,u) for all u, v ∈V . In other words, a is symmetric if and only if a∗ = a.

The adjoint and the dual of a Hilbert space operator are related as follows.

Proposition 8.4.2. Let A : H ⊇ dom(A) → H be densely defined linear operator on a com-
plex Hilbert space H. Consider the mapping J : H → H ′, x 7→ (x | · ), which is an anti-
linear isometric bijection by the Riesz–Fréchet theorem. Then J

(
dom(A∗)

) = dom
(

A′)
and the following diagram commutes:

H dom(A∗) H

H ′ dom
(

A′) H ′

⊇
J

A∗

J J

⊇
A′

4Observe that y is unique by density of dom(A) in H .

147
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Proof. This follows by chasing the definitions.

Let (Ω,ν) be a σ-finite measure space. Observe that there are two common ways
to identify L2(Ω,ν) with its dual space. When thinking mainly about Hilbert space, one
typically identifies each f ∈ L2(Ω,ν) with the functional

(
f | ·) = ∫

Ω f · dν. This iden-
tification is actually the anti-linear isomorphism from the Riesz-Fréchet representation
theorem that we called J in Proposition 8.4.2. On the other hand, for p ∈ [1,∞) and
p ′ ∈ (1,∞] with 1/p + 1/p ′ = 1, it is more common to identify Lp ′

(Ω,ν) with the dual
space

(
Lp (Ω,ν)

)′ by identifying each function f ∈ Lp ′
(Ω,ν) with the functional

∫
Ω f · dν.

Note that the isomorphism that maps f to this functional is linear rather than antilinear.
However, for real-valued functions f both isomorphisms associate the same functional
to f .

In particular, if A is a real operator and λ ∈R then the real-valued elements of ker(λ−
A∗) and ker(λ− A′) coincide under those identifications. This is often useful to find out
information on the dual operator A′ since A∗ can be described, again, by form method:

Proposition 8.4.3 (The adjoint operator via the adjoint form). Under the assumptions
of Theorem 5.1.4, let A : H ⊇ dom(A) → H be the operator associated to the form a : V ×
V → C. Then A∗ is the operator associated to the adjoint form a∗. In particular, if a is
symmetric, then A is self-adjoint.

Giving in to the belief that this proposition will not appear too surprising, we refrain
from discussing the proof and instead return to kernel estimates and eventual positivity.

8.5 Kernel estimates for resolvents via forms

We close this chapter with a tool to check the key assumption ±R(λ1, A) ⪯ u ⊗ϕ in The-
orem 8.3.2 if the operator A is associated to a sesquilinear form on L2.

Proposition 8.5.1. Let H = L2(Ω,ν) for a σ-finite measure space (Ω,ν) and let V be a
complex Hilbert space such that V embeds continuously and densely into H. Let a : V ×
V →C be a bounded, real sesquilinear form on V that satisfies the ellipticity estimate

Rea(v, v)+µ∥v∥2
H ≥ δ∥v∥2

V

for some numbers µ ∈R and δ> 0 and for all v ∈V .
If u ∈ E+ satisfies5 V ⊆ Hu , then the operator A associated with a satisfies ±R(λ, A) ⪯

u ⊗u for one, hence all, λ ∈ ρ(A)∩R.

Proof. By shifting the form we may assume that µ < 0. Hence, 0 ∈ ρ(A) according to
Theorem 5.1.4(b). Note that A is a real operator since a is assumed to be real; hence, so
is R(0, A). Let x ∈ H and set w :=R(0, A)x ∈ dom(A) ⊆V . The inclusion map from V into
Hu is continuous by the closed graph theorem, say with norm c. Hence,

∥w∥2
Hu

≤ c2 ∥w∥2
V ≤ c2

δ
Rea(w, w) ≤ c2

δ
|a(w, w)|

5This implies that u is a quasi-interior point since V is dense in H .
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= c2

δ
|(w | x)H | ≤ c2

δ
∥w∥Hu

(
u | |x|)H = c2

δ
∥w∥Hu

〈u , |x|〉 ,

so ∥w∥Hu ≤ c2

δ
〈u , |x|〉. In other words, |R(0, A)x| = |w | ≤ c2

δ
〈u , |x|〉u. According to Theo-

rem 8.2.1 this means that ±R(0, A) ⪯ u ⊗u.

Example 8.5.2 (The Neumann Laplacian on an interval). Consider the sesquilinear form
a : H 1(0,π)×H 1(0,π) → C, a(v, w) := (

v ′ | w ′)
L2 on L2(0,π). Its associated operator ∆Neu

acts as the weak second derivative on the domain

dom(∆Neu) = {
u ∈ H 2(0,π) : u′(0) = u′(π) = 0

}
.

The operator ∆Neu is called the Neumann Laplace operator and has the following prop-
erties.

(a) ∆Neu has compact resolvent.

(b) s(∆Neu) = 0 is an eigenvalue and ker∆Neu and ker∆′
Neu are both spanned by 1.

(c) For every λ> 0 one has R(λ,∆Neu) ≥ 0.

(d) The resolvent R( · ,∆Neu) is uniformly eventually positive and negative with respect
to 1⊗1 at 0.

Proof. The fact that∆Neu has the claimed domain and acts as the weak second derivative,
is a special case of Exercise 5.6(a). Let us show that ∆Neu has the claimed properties.

(b) For each µ> 0, we have

Rea(v, v)+µ∥v∥2
L2 =

∥∥v ′∥∥2
L2 +µ∥v∥2

L2 ≥ min{1,µ}∥v∥2
H 1

for all v ∈ H 1(0,π). Therefore by Theorem 5.1.4, the associated operator is closed and
densely defined, and s(∆Neu) ≤ 0. In fact, s(∆Neu) = 0, as one can easily check that 0
is an eigenvalue and the corresponding eigenspace is spanned by 1. Since the form
a is symmetric, the operator ∆Neu is self-adjoint (Proposition 8.4.3) and hence, the
dual eigenspace is also spanned by 1.

(a) The embedding H 1(0,π) ,→ L2(0,π) is compact by Theorem 6.3.1 and we have shown
in the proof of (b) that the assumptions of Theorem 5.1.4 are fulfilled. It follows that
∆Neu has compact resolvent by Proposition 6.2.10(b).

(c) Recall from Example 4.1.4(d) that H 1(0,π;R) = H 1(0,π)∩L2((0,π);R) is a sublattice of
L2((0,π);R) and

a(v−, v+) = (−1[v<0] v ′ | 1[v>0] v ′)
L2 = 0

for all v ∈ H 1(0,π;R). The Beurling–Deny criterion (Theorem 5.1.7) therefore implies
the assertion.

(d) By the one-dimensional Sobolev embeddings in Theorem 5.3.7(b), we know that
H 1(0,π) ⊆ L∞(0,π) = L2(0,π)1. As a result ±R(λ,∆Neu) ⪯1⊗1 for all λ> 0 by Propo-
sition 8.5.1. Thus, all assumptions of Theorem 8.3.2 are fulfilled with u = ϕ = 1,
whence the assertion follows.
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Exercises for Chapter 8

Exercise 8.1 (AL-spaces generated by functionals vs. principal ideals). Let E be a Banach
lattice and ϕ ∈ E ′ a strictly positive functional. Show that the Banach lattices (Eϕ)′ and
(E ′)ϕ are isomorphic.

More precisely, show that J : (Eϕ)′ → E ′, ψ 7→ ψ|E maps the dual space (Eϕ)′ bijec-
tively to the principal ideal (E ′)ϕ and that Jψ≥ 0 if and only if ψ≥ 0.

Exercise 8.2 (A fourth order operator on an interval, continued). Consider the fourth
order differential operator A : L2(0,1) ⊇ dom(A) → L2(0,1) from Exercise 7.2. We know
from that exercise that R( · , A) is individually eventually positive with respect to 1 at the
spectral bound 0. Now we improve this result.

(a) Show that R( · , A) is uniformly eventually positive with respect to 1⊗1 at 0.

(b) Is R( · , A) also uniformly eventually negative with respect to 1⊗1 at 0?

Exercise 8.3 (Yet another fourth order operator on an interval). Consider the Dirichlet
Laplace operator ∆Dir : L2(0,π) ⊇ dom(∆Dir) → L2(0,π). Define A :=−∆2

Dir.

(a) Show that σ(A) ⊆ (−∞,0) and that A has compact resolvent.

(b) Prove that R( · , A) is uniformly eventually positive and negative with respect to
sin⊗sin at s(A).

Exercise 8.4 (A first order operator on a space of continuous functions). In this exercise
we revisit the differential operator A0 from Example 8.3.3, but now on the space C([0,1]).
Let A0 : C([0,1]) ⊇ dom(A0) → C([0,1]) be given by

dom(A0) := {
f ∈ C1([0,1]) : f (0) = f (1)

}
A0 f := f ′.

(a) Show that A0 has compact resolvent, that σ(A0) = 2πiZ, and that the resolvent at
µ ∈ ρ(A0) is given by the integration against the kernel from formula (8.3.1).

(b) Find a strictly positive functional ϕ ∈ C([0,1]) that spans the kernel ker A′ of the
dual operator. Is ϕ is a quasi-interior point of C([0,1])′+?

(c) Prove thatR(µ, A0) ⪯−1⊗ϕ for allµ ∈ (−∞,0) andR(µ, A0) ⪰1⊗ϕ for allµ ∈ (0,∞)
where ϕ is the functional from (b).
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Notes for Chapter 8

Sufficient conditions for uniform eventual positivity

Theorem 8.3.2 is a special case of the main result of [AG22], which was in turn inspired
by earlier results of Takáč [Tak96]. In fact, one can show the same conclusion as in The-
orem 8.3.2 if the assumption ±R(λ1, A) ⪯ u ⊗ϕ is replaced with the one-sided estimate
R(λ1, A) ⪰−u⊗ϕ along with the weaker assumptions dom(Am) ⊆ Eu and dom

(
(A′)m

)⊆
(E ′)ϕ for some m ∈N; see [AG22, Theorem 1.2].

For concrete differential operators, the domain embeddings usually follow from el-
liptic regularity results (up to the boundary) combined with Sobolev embedding theo-
rems – a theme that we have already used multiple times for the Dirichlet Laplace oper-
ators. The lower estimate R(λ1, A) ⪰ −u ⊗ϕ can sometimes be shown for higher order
differential operators as a consequence of the observation that, while the integral kernel
of the resolvent – i.e. the Green’s function – of such operators is not positive, its singu-
larity typically is. Such concrete kernel estimates are, for instance, shown in [DMS05,
Theorem 1.5], [GR10, Theorem 1], and [Pul15, Theorem 4.1]. It would be very desirable
to have an general operator theoretic explanations for this kind of behaviour, but we are
currently not aware of any such abstract explanation.

Automatic compactness

The assumption in Theorem 8.3.2 that λ be a pole of the resolvent is actually redundant.
In fact, the assumption ±R(λ1, A) ⪯ u ⊗ϕ implies that R(λ1, A)3 is compact. Indeed, it
is a classical result in Banach lattice theory that if 0 ≤ Sk ≤ Tk for linear operators and
for indices k ∈ {1,2,3}, then compactness of all Tk imply that S3S2S1 is compact [MN91,
Corollary 3.7.14]. From this one readily derives that if ±S ⪯ T and T is compact, then
S3 is compact; see [AG22, Corollary 2.7] for details. Since R(λ1, A)3 is compact, one can
derive from analytic Fredholm theory [GGK90, Section XI.8] that every spectral value of
A is a pole of R( · , A).
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Chapter 9

Necessary conditions for eventual
positivity and negativity

In the Chapters 7 and 8 you have seen sufficient criteria and characterisations of even-
tual positivity and negativity of resolvents in terms of spectral conditions. To get eventual
positivity (and negativity) of a resolvent at a spectral value λ0 from the corresponding
eigenspaces of A and A′, we needed some kind of domination condition, namely the
condition dom(A) ⊆ Eu in Theorem 7.3.6 and the condition ±R(λ1, A) ⪯ u ⊗ϕ in The-
orem 8.3.2(3). Even before, we demonstrated in Theorem 6.4.4 that such domination
conditions are sometimes necessary to get eventual positivity and negativity jointly.

Theorem 6.4.4 is, however, far from optimal: it assumes uniform eventual positivity
and negativity and only gives a conclusion on dom(A). In this chapter, we will use the
techniques developed in the previous two chapters to get much stronger results.

9.1 The uniform case

Our first main result in this chapter concerns necessary conditions for uniform eventual
positivity and negativity of resolvents. The proof is very similar to that of Theorem 6.4.4.

Theorem 9.1.1. Let A : E ⊇ dom(A) → E be a closed, densely defined, and real operator
on a complex Banach lattice E. Assume λ0 ∈σ(A)∩R is an isolated spectral value of A. Let
u ∈ E+ and ϕ ∈ E ′+ and assume:

(1) dom(Am1 ) ⊆ Eu for some m1 ∈N.

(2) dom
(
(A′)m2

)⊆ (E ′)ϕ for some m2 ∈N.

(3) R( · , A) is uniformly eventually positive and negative with respect to 0 at λ0.

Then ±R(ν, A) ⪯ u ⊗ϕ for all ν ∈ ρ(A)∩R.

Proof. Set m := m1 + m2 and choose points λ,µ ∈ ρ(A) ∩R such that λ < λ0 < µ and
R(λ, A) ≤ 0 ≤R(µ, A). By assumptions (1) and (2) one has

rgR(µ, A)m1 ⊆ Eu and rg
(
R(µ, A)′

)m2 ⊆ (E ′)ϕ,
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9.1. The uniform case

so it follows from Corollary 8.2.4 that ±R(λ, A)R(µ, A)m ⪯ u ⊗ϕ. Now we proceed pre-
cisely as in the proof of Theorem 6.4.4. For S :=R(λ, A)(µ−λ)mR(µ, A)m the finite resol-
vent expansion from Lemma 6.4.5 gives

0 ≤−R(λ, A) =−
m∑

k=1
(µ−λ)k−1R(µ, A)k − S ≤−S ⪯ u ⊗ϕ.

So ±R(λ, A) ⪯ u ⊗ϕ and thus, by Proposition 8.3.1, the same estimate is true at every
other point ν ∈ ρ(A)∩R.

Remark 9.1.2. Let all assumptions of Theorem 9.1.1 be satisfied. Then we can apply
Theorem 6.4.4 to the ideal I := Eu to obtain dom(A) ⊆ Eu . Moreover, we can also apply
Theorem 6.4.4 to the dual operator A′ to obtain dom

(
A′)⊆ (E ′)ϕ.

Note that the conclusions dom(A) ⊆ Eu and dom
(

A′)⊆ (E ′)ϕ imply ±R(ν, A)2 ⪯ u⊗ϕ
for all ν ∈ ρ(A)∩R by Corollary 8.2.4, but they do not directly imply that stronger con-
clusion ±R(ν, A) ⪯ u ⊗ϕ of Theorem 9.1.1. In other words, the latter theorem is not an
immediate consequence of Theorem 6.4.4; instead, one needs to repeat the arguments
from the proof of Theorem 6.4.4, as we have done above.

An example of an operator that satisfies dom(A) ⊆ Eu and dom
(

A′) ⊆ (E ′)ϕ, but not
±R(ν, A) ⪯ u ⊗ϕ, is the Dirichlet Laplace operator on an interval, where u and ϕ are
chose to be eigenfunctions of the spectral bound s(∆Dir); see the last part of the proof of
Example 9.3.1 below.

One can combine the previous result with the sufficient condition in Theorem 8.3.2
to get the following characterisation result.

Corollary 9.1.3. Let A : E ⊇ dom(A) → E be a closed, densely defined, and real operator
on a complex Banach lattice E. Let λ0 ∈ σ(A)∩R be a pole of the resolvent R( · , A). Let
u ∈ E+ and ϕ ∈ E ′+ and assume that dom(Am1 ) ⊆ Eu and dom

(
(A′)m2

) ⊆ (E ′)ϕ for some
m1,m2 ∈N. Then the following assertions are equivalent:

(i) R( · , A) is uniformly eventually positive and negative with respect to u ⊗ϕ at λ0.

(ii) ker(λ0−A) is spanned by a vector v ⪰ u, the eigenspace ker(λ0−A′) contains a func-
tional ψ⪰ϕ, and there exists λ1 ∈ ρ(A)∩R such that ±R(λ1, A) ⪯ u ⊗ϕ.

(iii) The spectral projection P associated to λ0 satisfies P ⪰ u⊗ϕ and there exists a num-
ber λ1 ∈ ρ(A)∩R such that ±R(λ1, A) ⪯ u ⊗ϕ.

If the equivalent assertions (i)–(iii) hold, then ±R(ν, A) ⪯ u ⊗ϕ for all ν ∈ ρ(A)∩R.

Proof. From the result of Exercise 9.1, the domination assumptions imply that u ∈ E+ is
a quasi-interior point and ϕ ∈ E ′+ is a strictly positive functional.

“(i) ⇒ (iii)”: By Theorem 7.3.6, P ⪈ 0 and λ0 is a first order pole of R( · , A). Thus, by
assumption there exists µ > λ0 such that P = (µ−λ0)R(µ, A)P ⪰ u ⊗ϕ. In addition,
Theorem 9.1.1 ensures that ±R(ν, A) ⪯ u ⊗ϕ for all ν ∈ ρ(A)∩R.
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9. NECESSARY CONDITIONS FOR EVENTUAL POSITIVITY AND NEGATIVITY

“(iii) ⇒ (ii)”: By Theorem 7.3.6, ker(λ0 − A) is spanned by a vector v ⪰ u, ker(λ0 − A′)
contains a functional ψ, and λ0 is a first order pole. Thus, ψ= P ′ψ⪰ϕ.

“(ii) ⇒ (i)”: Note that v is a quasi-interior point of E+ and ψ is a strictly positive func-
tional; see Exercise 9.1. This implication thus follows from Theorem 8.3.2.

9.2 The individual case

Now we show that Theorem 6.4.4 in fact stays true even if the resolvent is only assumed
to be individually eventually positive and negative, provided that the ideal I from the
theorem is a principal ideal.

Theorem 9.2.1. Let A : E ⊇ dom(A) → E be a real, closed operator on a complex Banach
lattice E, let λ0 ∈ R be an isolated spectral value of A, and let u ∈ E+. Suppose that the
following conditions hold.

(1) dom(Am) ⊆ Eu for some m ∈N.

(2) R( · , A) is individually eventually positive and negative with respect to 0 at λ0.

Then dom(A) ⊆ Eu .

We would like to argue similarly as in the proofs of Theorems 6.4.4 and 9.1.1. Since
we only assume individual eventual positivity now, the numbers λ and µ in the proof of
Theorem 6.4.4, with λ < λ0 < µ such that R(λ, A) f ≤ 0 and R(µ, A) f ≥ 0, depend on the
choice of the vector 0 ⪇ f ∈ E . To overcome this obstacle, two additional ingredients are
necessary. The first one is the following generalisation of the finite resolvent expansion
from Lemma 6.4.5 which deals with the problem that we cannot choose µ uniformly.

Lemma 9.2.2. Let A : X ⊇ dom(A) → X be a closed operator on a complex Banach space
X and let λ,µ1, . . . ,µn ∈ ρ(A) for some n ∈N. Then

R(λ, A) =
n∑

k=1

(
k−1∏
j=1

(µ j −λ)
k∏

j=1
R(µ j , A)

)
+R(λ, A)

n∏
j=1

(µ j −λ)
n∏

j=1
R(µ j , A)

Proof. This can be seen by iterating the resolvent identity (Proposition 3.3.2(c)).

Observe that Lemma 6.4.5 is a special case of Lemma 9.2.2 for µ1 = . . . =µn .
The second ingredient in the proof of Theorem 9.2.1 is the fact that a Banach space

cannot be written as a countable union of proper subspaces which are continuously em-
bedded Banach spaces themselves. This follows from Baire’s theorem if applied to so-
called operator ranges.

Definition 9.2.3 (Operator range). A vector subspace V of a Banach space X is called an
operator range in X if there exists a complete norm ∥·∥V on V which makes the inclu-
sion map from V into X continuous.
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9.2. The individual case

The terminology is due to the following fact: a vector subspace V of a Banach space
X can be shown to be an operator range if and only if there exists a Banach space Z and a
bounded linear operator T ∈L(Z , X ) with rgT =V . This equivalence is not needed in the
main text, but since it motivates the terminology we include a proof, along with several
interesting facts about operator ranges, in Supplement 9.A. We do need the following
properties.

Proposition 9.2.4. Let X ,Y be Banach spaces.

(a) If T ∈ L(X ,Y ) and W ⊆ Y is an operator range in Y , then T −1(W ) is an operator
range in X .

(b) (Baire’s theorem for operator ranges) Every operator range V ⊊ X is meagre.1 Hence,
if X =⋃

n∈NVn for operator ranges Vn , then X =Vn0 for at least one n0 ∈N.

Proof. (a) Let ∥·∥W be a norm on W that makes W complete the inclusion map from
W into Y continuous. One can check that the pre-image V := T −1(W ) endowed with
the norm ∥v∥V := ∥v∥X +∥T v∥W is complete and and obviously V ,→ X .

(b) Let ∥·∥V be a norm on V such that V is complete and the inclusion map J : V → X is
continuous. In the proof of the open mapping theorem, one shows that if a bounded
linear operator between two Banach spaces is not surjective, then the image of the
unit ball under this operator is nowhere dense [Rud91, Theorem 2.11]. By applying
this to J , one sees that the unit ball of (V ,∥·∥V ) is nowhere dense in (X ,∥·∥X ). Hence,
V is meagre in X . The second assertion now follows from Baire’s theorem.

Proof of Theorem 9.2.1. Let m ≥ 2 since if m ≤ 1, there is nothing to prove. We first show
that R(λ, A) f ⪰−u for each λ ∈ (−∞,λ0)∩ρ(A) and each f ∈ E+. Indeed, given such an
f and such a λ, the individual eventual positivity of R( · , A) at λ0 with respect to 0 allows
us to recursively find numbers µ1, . . . ,µm−1 >λ such that R(µ1, A) · · ·R(µk , A) f ≥ 0 for all
k ∈ {1, . . . ,m −1}. We set S :=R(λ, A)

∏m−1
j=1 (µ j −λ)

∏n
j=1R(µ j , A). Then

R(λ, A) f ≥ S f ⪰−u,

where the first estimate follows from the expansion of R(λ, A) in Lemma 9.2.2 and the
fact that λ<λ0 <µ j for all j , while the second estimate holds since rgS ⊆ dom(Am) ⊆ Eu

and since S f is real.
Now consider the countable set C := ρ(A)∩Q∩ (−∞,λ0). For each f ∈ E+ one has

−u ⪯R(λ, A) f ≤ 0, so R(λ, A) f ∈ Eu

for all λ ∈ C in an f -dependent left neighbourhood of λ0. The first estimate was shown
in the first part of the proof and the second one follows from the eventual negativity
assumption. Since E+ spans E , we conclude that for each f ∈ E there exists a λ ∈ C

1Recall that a subset of a metric (or topological) space is called meagre if it is the union of countably
many nowhere dense sets. A set is called nowhere dense if its closure has empty interior.
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9. NECESSARY CONDITIONS FOR EVENTUAL POSITIVITY AND NEGATIVITY

such that R(λ, A) f ∈ Eu . Hence, E = ⋃
λ∈C R(λ, A)−1(Eu). Since Eu is an operator range

(Proposition 7.1.6), so is its pre-image R(λ, A)−1(Eu) for each λ (Proposition 9.2.4(a)).
As C is countable, Baire’s theorem for operator ranges (Proposition 9.2.4(b)) implies that
E =R(λ, A)−1(Eu) for some λ ∈C . Consequently, dom(A) =R(λ, A)E ⊆ Eu .

If an operator A on a Banach lattice E satisfies dom(Am) ⊆ Eu for an integer m ∈ N
and a vector u ∈ E+, one can use Theorem 9.2.1 improve the characterisation of indi-
vidual eventual positivity and negativity from Section 7.3. One can now incorporate the
domination assumption dom(A) ⊆ Eu that occurs in Theorem 7.3.6 and in Corollary 7.3.7
– which is much stronger than dom(Am) ⊆ Eu – into the equivalent conditions:

Corollary 9.2.5. Let A : E ⊇ dom(A) → E be a closed, densely defined, and real operator
on a complex Banach lattice E and let λ0 ∈R be a pole of the resolvent R( · , A). Let u ∈ E+
be such that dom(Am) ⊆ Eu for some m ∈N. Then the following are equivalent.

(i) R( · , A) is individually eventually positive and negative with respect to u at λ.

(ii) The spectral projection P associated to λ0 satisfies P f ⪰ u whenever 0 ⪇ f ∈ E, and
dom(A) ⊆ Eu .

(iii) The eigenspace ker(λ0−A) is spanned by a vector v ⪰ u, the dual eigenspace ker(λ0−
A′) contains a strictly positive functional ψ, and dom(A) ⊆ Eu .

Proof. The implications (ii) ⇔ (iii) ⇒ (i) hold by Theorem 7.3.6 and Corollary 7.3.7.

“(i) ⇒ (ii)”: By Theorem 7.3.6 we get P f ⪰ u for all 0 ⪇ f ∈ E+ and from Theorem 9.2.1
one obtains dom(A) ⊆ Eu .

9.3 Eventual negativity for the Dirichlet and Neumann
Laplacians

In many previous examples, we proved partial results about (eventual) positivity and
eventual negativity of R( · ,∆Dir), where ∆Dir denotes the Dirichlet Laplacian on L2(Ω)
for a bounded domain Ω ⊆ Rn . We are now in a position to give a complete description
of eventual negativity of the resolvent of ∆Dir on sufficiently smooth bounded domains.
It is instructive to compare the following characterisation with Example 6.4.6, which was
not sharp at all.

Example 9.3.1 (Eventual negativity for the Dirichlet Laplacian). Let ; ̸=Ω⊆Rn be open,
bounded, and connected. For simplicity, assume that Ω has C∞ boundary. Consider the
quasi-interior point δ of L2(Ω)+ given by δ := dist( · ,∂Ω). The following are equivalent:

(i) R( · ,∆Dir) is individually eventually negative with respect to 0 at s(∆Dir).

(ii) R( · ,∆Dir) is individually eventually negative with respect to δ at s(∆Dir).

(iii) The spatial dimension is n = 1.
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9.3. Eventual negativity for the Dirichlet and Neumann Laplacians

Moreover, R( · ,∆Dir) is not uniformly eventually negative with respect to 0 at s(∆Dir).

Proof. “(iii) ⇒ (ii)”: If n = 1, then Ω= (a,b) is a bounded open interval.

Without loss of generality, assume that (a,b) = (0,π). We computed in Example 6.3.2
that σ(∆Dir) = {−k2 : k ∈ N} and the eigenspace corresponding to s(∆Dir) = −1 is
spanned by u = sin( · ) ≥ 2π−1δ.2 As ∆Dir is associated to a symmetric form, it is self-
adjoint (Proposition 8.4.3), so the dual eigenspace is also spanned by u.

In order to conclude the individual eventual negativity, it remains to show dom(∆Dir) ⊆
L2(0,π)δ due to Corollary 7.3.7. Let f ∈ dom(∆Dir). Then f ∈ H 2(0,π) ⊆ C1([0,π]) by
the Sobolev embedding theorem (Theorem 5.3.7(b)). Also, f ∈ H 1

0 (0,π) which im-
plies that f (0) = f (π) = 0 by Exercise 6.3. Thus, if x ∈ [0,π/2], then

∣∣ f (x)
∣∣= ∣∣∣∣∫ x

0
f ′(t ) dt

∣∣∣∣≤ ∥∥ f ′∥∥∞ x

by the fundamental theorem of calculus. Likewise, if x ∈ [π/2,π], then we obtain∣∣ f (x)
∣∣≤ ∥∥ f ′∥∥∞ (π−x). In either case,

∣∣ f
∣∣⪯ δ, i.e. f ∈ L2(0,π)δ.

“(ii) ⇒ (i)”: This implication is clear.

“(i) ⇒ (iii)”: Since Ω has smooth boundary, it holds that dom
(
∆m

Dir

) ⊆ L2(Ω)δ for suffi-
ciently large m by Example 7.2.4(a). Moreover, R(λ,∆Dir) ≥ 0 for all λ > s(∆Dir) by
Example 5.4.2. Hence, Theorem 9.2.1 implies that dom(∆Dir) ⊆ L2(Ω)δ.

Suppose that n ≥ 2. We may assume that 0 ∈ ∂Ω. We construct u ∈ H 2(Ω)∩ H 1
0 (Ω)

such that u/δ is not bounded in any neighbourhood of 0 in order to contradict that
dom(∆Dir) ⊆ L2(Ω)δ. We only show the existence of such a function u in the situation
when Ω is the half-space {x ∈Rn : xn > 0}; this is of course an unbounded set, but we
explain in Remark 9.3.2 below how the existence of u on bounded domains Ω with
C∞-boundary can be derived from the existence on the half-space.

We consider the function ũ : Rn \ {0} → R given by ũ(x) := xnh(∥x∥), where ∥·∥ is
the Euclidean norm of Rn , x = (x̃, xn) ∈ Rn−1 × R, and h ∈ C((0,∞);R) is given by
h(t ) := ∣∣log t

∣∣α for an arbitrary but fixed 0 < α < 1
2 . Obviously, |ũ| ̸⪯ δ because of

the singularity at 0. Note that h is C∞ on (0,1), so ũ is C∞ on B<1(0) \ {0}. One can
verify by direct computation that∫ 1/2

0

∣∣h′(r )
∣∣2 r n−1 dr <∞ and

∫ 1/2

0

∣∣h′′(r )
∣∣2 r n+1 dr <∞.

Using these one can derive by elementary yet tedious calculations that the restriction
of u to the pointed disk B<1/2(0)\{0} is in H 2

(
B<1/2(0)\{0}

)
; the interested reader can

find more details in Proposition 9.B.2 in the supplementary Section 9.B.

Finally, we choose ϕ ∈ C∞
c (Rn) that is constantly 1 in a neighbourhood of 0 and van-

ishes outside B<1/4(0). Then u := (ũϕ)|Ω ∈ C∞(Ω)∩H 2(Ω)∩H 1
0 (Ω), but |u| ̸⪯ δ.

2Draw a picture to see this inequality!
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No uniform eventual negativity: By the equivalence shown above, we only need to con-
sider the case n = 1. In this case, we can again assume without loss of generality,
that Ω= (0,1). Let w(x) = x(1− x). One can check (Exercise 9.2) that R(0,∆Dir) is the
operator T from Example 8.2.5 and hence, R(0,∆Dir) ̸⪯ w ⊗w according to that ex-
ample. Hence, R( · ,∆Dir) does not satisfy the conclusion of Theorem 9.1.1 and thus,
it does not satisfy condition (3) in the theorem (because it satisfies the other condi-
tions). But we know from Example 5.4.2 that R(λ,∆Dir) ≥ 0 for all λ> s(∆Dir), so it is
the uniform eventual negativity that does not hold.

Remark 9.3.2. In Example 9.3.1, we constructed a function ũ ∈ H 2(Ω)∩ H 1
0 (Ω) on the

open half-space Ω = {x ∈ Rn : xn > 0}. Evidently this Ω is not a bounded set, so the
reader should rightly question why this is appropriate. Actually, if ; ̸= Ω ⊆ Rn is open
and bounded with Ck boundary for some k ∈ N∪ {∞}, many questions of regularity of
PDE solutions can be reduced to the study of functions on the half-space. (Indeed, The-
orem 5.3.2 on elliptic regularity for the Dirichlet Laplacian is first established on a half-
space). The general case is obtained by the following technical procedure.

Since ∂Ω is of class Ck , one can show that for every x0 ∈ ∂Ω, there is an open set
U ⊆Rn (called a coordinate neighbourhood) with U ∩∂Ω ∋ x0 and a Ck diffeomorphism
Φ : U ∩Ω → G with Φ(x0) = 0 and G = B<r (0)∩ {xn > 0} for some r > 0 (i.e. G is a set
of the form ΩR used in Example 9.3.1). Hence the map Φ “flattens the boundary” near
x0 – see, for instance, [Eva10, Appendix C.1] for a precise formulation of this technique.
Fortunately, it turns out that Sobolev spaces are well-behaved under Ck change of co-
ordinates, as shown in [AF03, Theorem 3.41]. Thus, many technical constructions can
be carried out ‘locally’ in the much easier setting of the set G , and then transferred via
diffeomorphism back onto Ω. Finally, since ∂Ω is compact, it is covered by finitely many
coordinate neighbourhoods U , and global results on Ω are then obtained by patching
things up via a partition of unity.

Let us discuss a different version of the Laplace operator now, which we have already
seen in Example 8.5.2 in the one-dimensional case: the Neumann Laplacian.

Example 9.3.3 (The Neumann Laplacian on bounded domains). Let ; ̸= Ω ⊆ Rn be
open, bounded, and connected. We assume, for the sake of simplicity, that Ω has C∞

boundary. Consider the sesquilinear form a : H 1(Ω)×H 1(Ω) →C given by

a(v, w) := (∇v | ∇w)L2 for all v, w ∈ H 1(Ω).

The associated operator∆Neu : L2(Ω) ⊇ dom(∆Neu) → L2(Ω) – called the Neumann Lapla-
cian or the Neumann Laplace operator3 – has the following properties.

(a) ∆Neu is closed, densely defined, and self-adjoint.

3One can prove that functions u ∈ dom
(
∆Neu

)
have, in an appropriate sense, vanishing normal deriva-

tive on ∂Ω. We refrain from discussing this here in detail and instead refer to the one-dimensional case for
intuition, where this is a special case of Exercise 5.6(a).
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9.3. Eventual negativity for the Dirichlet and Neumann Laplacians

(b) ∆Neu has compact resolvent and its spectral bound is s(∆Neu) = 0. The correspond-
ing eigenspace ker∆Neu is spanned by the constant function 1.

(c) One has R( · ,∆Neu) ≥ 0 for all λ ∈ (0,∞).

(d) For every k ∈N one has the elliptic regularity result dom
(
∆k

Neu

)⊆ H 2k (Ω).

Proof. (a) By the Cauchy–Schwarz inequality, one sees that

|a(v, w)| ≤ ∥∇v∥L2 ∥∇w∥L2 ≤ ∥v∥H 1 ∥w∥H 1

and for each µ ∈ (0,∞),

Rea(v, v)+µ∥v∥2
L2 ≥ (µ∧1)

(∥∇v∥2
L2 +∥v∥2

L2

)= (µ∧1)∥v∥2
H 1

for all v, w ∈ H 1(Ω). Thus a is a bounded sesquilinear form satisfying an ellipticity
estimate of the form (5.1.1). So, A is closed and densely defined by Theorem 5.1.4(a).
Clearly, a is symmetric, so the self-adjointness follows from Proposition 8.4.3.

(b) The embedding H 1(Ω) ,→ L2(Ω) is compact by Theorem 6.3.6(b), and hence it follows
from Proposition 6.2.10(b) that ∆Neu has compact resolvent. Owing to the ellipticity
estimate shown above, we conclude from Theorem 5.1.4(b) that s(A) ≤µ for all µ> 0
and hence s(A) ≤ 0.

One immediately sees that∆Neu1= 0, i.e. 0 is an eigenvalue of∆Neu and 1 ∈ ker∆Neu.
In particular, s(∆Neu) = 0. Furthermore, if v ∈ ker∆Neu, then a(v, v) = 0 and so ∇v = 0
a.e. in Ω. However, we see below that v ∈ dom

(
Ak

)⊆ H 2k (Ω) for each k ∈N, and the
latter space embeds into C1(Ω) for sufficiently large k ∈ N (Theorem 5.3.4). Hence
∇v = 0 in the classical sense. This implies that v is constant, since Ω is connected.
We have thus shown that the ker∆Neu is spanned by 1.

(c) Recall from Example 4.1.4(d) (Stampacchia’s lemma) that H 1(Ω;R) is a vector sublat-
tice of L2(Ω;R), and for every v ∈ H 1(Ω;R), we have a(v+, v−) = 0. Hence the assertion
follows from the Beurling–Deny criterion in Theorem 5.1.7.

(d) We do not prove this result and instead (as in Chapter 5) refer to the PDE literature,
for example [Bre11, Theorem 9.26].

Just as for the Dirichlet Laplacian, one can also characterise in terms of the dimen-
sion when the resolvent R( · ,∆Neu) is individually eventually negative; see Exercise 9.5.
Let us point out again that, in contrast to the Dirichlet Laplacian, for R( · ,∆Neu) one even
gets uniform eventual negativity if n = 1 (Example 8.5.2).

We close this chapter with following example of a fourth-order operator on a domain
in at most three dimensions. While it does not require the main results of this chapter,
but this seems to be a good place for the example anyway as it builds on the Neumann
Laplacian just introduced.
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Example 9.3.4 (Minus the square of the Neumann Laplacian in dimensions ≤ 3). In the
situation of Example 9.3.3, let n ≤ 3 and set B :=−∆2

Neu. Then B is self-adjoint, has com-
pact resolvent, and s(B) = 0. The resolvent R( · ,B) is uniformly eventually positive and
negative with respect to 1⊗1 at 0, but for all sufficiently large λ> 0 one has R(λ,B) ̸≥ 0.

Proof. In Exercise 9.4(a), it is shown (in a more abstract setting) that B is self-adjoint and
that s(B) ≤ 0. Moreover it follows from 1 ∈ ker∆Neu that 1 ∈ kerB , so s(B) = 0. The claim
that R(λ, A) ̸≥ 0 if λ> 0 is sufficiently large is shown in Exercise 9.4(b).

To show compactness of the resolvent of B , choose a number λ ∈ R such that ±λ ∉
σ(∆Neu). Then −λ2 −B = (∆Neu −λ)(∆Neu +λ), so −λ2 ∈ ρ(B) and

R(−λ2,B) =R(λ,∆Neu)R(−λ,∆Neu). (9.3.1)

Thus, R(−λ2,B) is compact.
To show the uniform eventual positivity and negativity, we use Theorem 8.3.2. The

spectral value s(B) is a pole of R( · ,B) since B has compact resolvent, so we only need to
check the assumptions (1)–(3) of the theorem.

(1) We have already observed that 1 ∈ kerB . Conversely, assume now that v ∈ kerB .
Then ∆2

Neuv = 0. The self-adjointness of ∆Neu thus gives

0 = (
v | ∆2

Neu

)
L2 = (∆Neuv | ∆Neuv)L2 = ∥∆Neuv∥2

L2 ,

so v ∈ ker∆Neu and thus, v is a multiple of 1 by Example 9.3.3(b).

(2) Since B is self-adjoint, it follows from (1) that 1 ∈ kerB ′.

(3) One has dom(∆Neu) ⊆ H 2(Ω) ⊆ C(Ω) ⊆ L∞(Ω), where the first inclusion is the elliptic
regularity result cited in Example 9.3.3(d) (for k = 1), and the second inclusion fol-
lows the Sobolev embedding result from Theorem 5.3.4 since n < 4. So R(λ,∆Neu)
and R(−λ,∆Neu) map L2(Ω) into L∞(Ω) = (L2(Ω))1. The same is true for their dual
operators as the operators are self-adjoint and real. Thus, the product representation
of R(−λ2,B) in (9.3.1) and Corollary 8.2.4 imply that ±R(−λ2,B) ⪯1⊗1.
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Exercises for Chapter 9

Exercise 9.1. Let A : E ⊇ dom(A) → E be a closed and densely defined operator with
non-empty resolvent set on a Banach lattice E , let u ∈ E+, ϕ ∈ E ′+, and m ∈N.

(a) Show that dom(Am) is dense in E and that dom
(
(A′)m

)
is weak∗-dense in E ′.

(b) Deduce that u is a quasi-interior point of E+ if dom(Am) ⊆ Eu .

(c) Show that if (E ′)ϕ is weak∗-dense in E ′, then ϕ is strictly positive.

(d) Deduce that ϕ is strictly positive if dom
(
(A′)m

)
(E ′) ⊆ (E ′)ϕ.

Exercise 9.2. Consider the Dirichlet Laplacian ∆Dir : L2(0,1) ⊇ dom(∆Dir) → L2(0,1). In
the proof of Example 9.3.1 it was claimed that R(0,∆Dir) = T , where T : L2(0,1) → L2(0,1)
is the operator from Example 8.2.5, i.e. it is given by

T f (x) =
∫ 1

0
G(x, y) f (y) dy

for all f ∈ L2(0,1) and for x ∈ (0,1), where G : [0,1]2 → [0,∞) is defined by

G(x, y) = x ∧ y −x y

for all x, y ∈ [0,1]. Prove that indeed R(0,∆Dir) = T .
Strategy: Assume f ∈ C([0,1]) first, and set u := T f . Show that u ∈ dom(∆Dir) and that

−∆Diru = f .

Exercise 9.3 (Fun with operator ranges).

(a) It is a classical exercise in functional analysis to show that
⋃

p∈(1,∞) Lp (0,1) ̸= L1(0,1)
by explicitly constructing a function that is in L1(0,1), but not in Lp (0,1) for any
p ∈ (1,∞). Give an alternative proof for

⋃
p∈(1,∞) Lp (0,1) ̸= L1(0,1) by using Propo-

sition 9.2.4(b).

(b) Let X be a Banach space and let V ⊆ X be an operator range. Let ∥·∥V ,1 and ∥·∥V ,2

be two complete norms on V that make the inclusion map V → X continuous.
Show that ∥·∥V ,1 and ∥·∥V ,2 are equivalent.
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9. NECESSARY CONDITIONS FOR EVENTUAL POSITIVITY AND NEGATIVITY

Exercise 9.4 (Squares of operators via forms).

(a) Let H be a complex Hilbert space and A : H ⊇ dom(A) → H a self-adjoint opera-
tor with s(A) ≤ 0. Define a sesquilinear form b : dom(A)×dom(A) → C on H by
b(v, w) := (Av | Aw)H for all v, w ∈ dom(A).

Prove that the operator associated to b is −A2, that −A2 is self-adjoint and that
s(−A2) ≤ 0.

(b) Show the claim in Example 9.3.4: R(λ,−∆2
Neu) ̸≥ 0 for all sufficiently large λ> 0.

Exercise 9.5 (Individual eventual negativity for the Neumann Laplacian). Let ; ̸=Ω⊆Rn

be open, bounded, and connected with C∞ boundary. We consider the Neumann Lapla-
cian ∆Neu : L2(Ω) ⊇ dom(∆Neu) → L2(Ω) from Example 9.3.3. Show that the following are
equivalent:

(i) R( · ,∆Neu) is individually eventually negative with respect to 0 at s(∆Neu).

(ii) R( · ,∆Neu) is individually eventually negative with respect to 1 at s(∆Neu).

(iii) The spatial dimension satisfies n ≤ 3.

Hint for the implication (i) ⇒ (iii): Proceed similarly as in Example 6.4.6. You may use
without proof that every function u ∈ H 2(Ω) that vanishes in a neighbourhood of ∂Ω is
in dom(∆Neu).
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Notes for Chapter 9

Eventual positivity for higher order elliptic operators

For powers of the Neumann Laplacian ∆Neu or the Dirichlet Laplacian ∆Dir, eventual
positivity is typically not too difficult to study since the eigenspaces of those powers are
determined by the eigenspaces of ∆Neu and ∆Dir. We demonstrated this concretely for
the square of the Neumann Laplacian on two-dimensional domains (Example 9.3.4).
However, the boundary conditions that one gets by squaring those operators can be a
bit idiosyncratic. For instance, for a function u to be in dom

(
∆2

Dir

)
one has to require,

loosely speaking, that u and ∆u both vanish at the boundary.

In some physical models – for instance in the so-called clamped plate equation –
different boundary conditions occur for the bi-Laplace operator ∆2: there, one requires
that both the trace and the normal derivative vanish on ∂Ω. Let us denote this bi-Laplace
operator by ∆2

cl, where “cl” stands for “clamped”. If Ω is sufficiently smooth, one has
dom

(
∆2

cl

) = H 4(Ω)∩ H 2
0 (Ω). Those natural – and seemingly quite harmless – boundary

conditions cause a complete change in the eventual positivity behaviour. Whether the
bi-Laplace operator with those boundary conditions has a positive eigenfunction for its
spectral bound now depends heavily on the geometry ofΩ. For instance, ifΩ is a ball, an
explicit form for R(0,−∆2

cl)
4 is given by Boggio’s formula, see e.g. [GGS10, Lemma 2.27].

From there, one sees that the resolvent is positive (and satisfies a nice lower bound).
One can then invoke the spectral theory of positive operators (or of eventually positive
resolvents, see e.g. Theorem 7.3.6) to obtain information on the eigenspace associated to
s(−∆2

cl). Similar results remain true on small perturbations of balls (where “small” must
be interpreted in an appropriate sense). However, on more general domains such as, for
instance, annuli with small inner radius, the eigenspace associated to s(−∆2

cl) does not
contain a positive eigenfunction; see e.g. [SS20, Section 3] and [Dal05].

A survey of results regarding positivity of resolvents and eigenfunctions for higher-
order elliptic operators can be found in [Swe16]. Much more in-depth results can be
found in the monograph [GGS10].

4We are considering the operator −∆2
cl rather than ∆2

cl: motivated by the Laplace operator (and, much
more so, by the semigroup theory presented in the later chapters, we prefer to consider operators whose
spectral bound is finite. One can indeed show that s(−∆2

cl) < 0.).
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Operator ranges

Operator ranges, defined and used in Section 9.2 and further explored in Supplement 9.A,
are studied in detail in [Cro80, COS95]. In eventual positivity, they are not only used to
prove the necessary criterion for individual eventual positivity and negativity from The-
orem 9.2.1, but also in the analysis of irreducibility and related properties for eventually
positive operator semigroups, as shown in [AG24].
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Encore: if you want to know more. . .

9.A Properties of operator ranges

In this supplemental section we collect a few interesting properties of operator ranges.
According to Definition 9.2.3 we call a vector subspace V of a Banach space X is an op-
erator range in X if there a complete norm ∥·∥V on V that renders V a Banach space and
makes the inclusion map from V into X continuous. The following theorem explains the
choice of this terminology.

Theorem 9.A.1. The following are equivalent for a subspace V of a Banach space X .

(i) V is an operator range in X .

(ii) There exists a Banach space Z and an operator T ∈L(Z , X ) such that rgT =V .

(iii) V is the domain of a closed operator on X .

Proof. “(i) ⇒ (ii)”: This implication is obvious.

“(ii) ⇒ (iii)”: Since rgT = V , the induced operator T/ : Z /kerT → X is bounded and
bijective onto V . In particular, V is the domain of the closed operator T −1

/ .

“(iii) ⇒ (i)”: If A : X ⊇V → X is a closed operator, then any graph norm on V is complete
and renders the inclusion map V → X continuous, i.e., V is an operator range.

By Theorem 9.A.1, every bounded operator maps operator ranges to operator ranges.
Moreover, we known from Proposition 9.2.4(a) that inverse image of an operator range
under a bounded operator is also an operator range. Some other interesting properties
are collected in the following result.

Proposition 9.A.2. Let V1, . . . ,Vn be operator ranges in a Banach space X .

(a) The subspace
⋂n

k=1 Vk is an operator range.

(b) The subspace
∑n

k=1 Vk is an operator range in X .

(c) If X is the algebraically direct sum V1, . . . ,Vn , which we denote by X =⊕n
k=1 Vk , then

each Vk is closed.
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Proof. (a) For each index k, let ∥·∥Vk be a complete norm on Vk that makes the inclusion
map Vk → X continuous. Then

∥·∥V :=
n∑

k=1

∥·∥Vk

is a complete norm on V :=⋂n
k=1 Vk . Moreover,

∥∥ f
∥∥≤ ∥∥ f

∥∥
1 ≤

∥∥ f
∥∥

V for all f ∈V .

(b) and (c) Consider the Banach space W :=V1×. . .×Vn with the norm ∥(v1, . . . , vn)∥W :=∑n
k=1 ∥vk∥Vk

and the map J ∈ L(W, X ) given by J (v1, . . . , vn) = v1 + . . . + vn . Then∑n
k=1 Vk = rg J , which is an operator range according to Theorem 9.A.1.

Now assume that X = ⊕n
k=1 Vk . Then J is bijective and thus a homeomorphism by

the open mapping theorem. For each index k the space Vk ⊆ X is the image of a
closed subspace of W under J and is hence closed in X .

It is worthwhile to note that the intersection of infinitely many operator ranges need
not be an operator range, in general.

Example 9.A.3. Consider the Banach lattice c0 of all scalar-valued sequences that con-
verge to 0, endowed with the sup norm and with the componentwise order on its real
part. Note that a vector u ∈ (c0)+ is a quasi-interior point if and only if uk > 0 for all k. It
is not difficult to check that⋂{

(co)u : 0 ≤ u ∈ c0 is a quasi-interior point
}= c00,

where c00 denotes the space of sequences with only finitely many non-zero entries. Since
c00 has a countable Hamel basis, it is not a Banach space with respect to any norm (why?)
and hence not an operator range. However, each of the principal ideals (c0)u is an oper-
ator range according to Proposition 7.1.6.

9.B Sobolev functions with prescribed singularities

In this supplemental section, we provide details for the construction used in Example 9.3.1.
The following elementary lemma can be shown by means of the fundamental theorem
of calculus, Hölder’s inequality, and Tonelli’s theorem.

Lemma 9.B.1. Let R,α > 0, and p ∈ [1,∞). Let f : (0,R] → C be C1. If
∫ R

0

∣∣ f ′(r )
∣∣p rα dr <

∞, then also
∫ R

0

∣∣ f (r )
∣∣p rα−1 dr <∞.

Proposition 9.B.2. Let n ≥ 2 and endow Rn with the Euclidean norm ∥·∥ := ∥·∥2. Let
R > 0, let h : (0,R] →C be a C2-function, and let w,u : B<R (0) \ {0} →C be given by

w(x) = h(∥x∥) and u(x) = xn w(x)

for all x = (x̃, xn) ∈ (
Rn−1 ×R

)∩ (
B<R (0) \ {0}

)
.
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9.B. Encore: Sobolev functions with prescribed singularities

(a) At every x ∈ B<R (0) \ {0} the gradient and the Hessian of w are given by

∇w(x) = h′(∥x∥)

∥x∥ x and

Hw(x) = h′(∥x∥)

∥x∥
(

id− x

∥x∥
xT

∥x∥
)
+h′′(∥x∥)

x

∥x∥
xT

∥x∥ .

Hence, for all such x, and for a constant C > 0 that only depends on n and the choice
of the norm on Rn×n ,

∥∇w(x)∥ = ∣∣h′(∥x∥)
∣∣ and

∥Hw(x)∥ ≤C

( ∣∣h′(∥x∥)
∣∣

∥x∥ + ∣∣h′′(∥x∥)
∣∣) .

(b) At every x ∈ B<R (0) \ {0} the gradient and the Hessian of u are given by

∇u(x) = en w(x)+∇w(x)xn and

Hu(x) = xnHw(x)+∇w(x)eT
n +en(∇w(x))T.

Hence, for all such x, and for a constant D > 0 that only depends on n and the choice
of the norm on Rn×n ,

∥∇u(x)∥ ≤ |h(∥x∥)|+∥x∥ ∣∣h′(∥x∥)
∣∣ and

∥Hu(x)∥ ≤ D
(∣∣h′(∥x∥)

∣∣+∥x∥ ∣∣h′′(∥x∥)
∣∣).

(c) Assume that∫ R

0

∣∣h′(r )
∣∣2 r n−1 dr <∞ and

∫ R

0

∣∣h′′(r )
∣∣2 r n+1 dr <∞

Then u ∈ H 2
(
B<R (0) \ {0}

)
.

Proof. (a) and (b) This can be checked by a straightforward calculation.

(c) First we note that the first condition implies
∫ R

0

∣∣h′(r )
∣∣2 r n+2 dr <∞ and hence,∫ R

0
|h(r )|2 r n+1 dr <∞

by Lemma 9.B.1. By using spherical coordinates one can thus see that u ∈ L2. Using
the estimates for ∥∇u(x)∥ and ∥Hu(x)∥ in (b), and again spherical coordinates, one
obtains that all first and second order derivatives of u are also in L2.

We note in passing that the formula for the Hessian Hw(x) in Proposition 9.B.2(a)
immediately gives a formula for the Laplace operator applied to radially symmetric func-
tions: one has

∆w(x) = tr
(
Hw(x)

)= (n −1)
h′(∥x∥)

∥x∥ +h′′(∥x∥)

for all x ∈ B<R (0) \ {0}.
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