Chapter 14

Finale: what we would like to know

14.1 Individual versus uniform eventual positivity for
self-adjoint semigroups

Corollary 13.2.2 shows that for a o-finite measure space (Q,v), avector 0 < u € L2(Q,v),
and a self-adjoint semigroup generator A on L?(Q, u), individual eventual positivity of
(e') ;¢ with respect to u is equivalent to uniform eventual positivity with respect to
u ® u if, for some m € N, the domain dom (A™) is contained in the the principal ideal
L?(Q,v),. In fact, the proof of Corollary 13.2.2 shows that the same equivalence stays
true under the slightly weaker assumption that rge®4 < L?(Q,v), for some #, > 0 and
that u is strictly positive almost everywhere.

On the other hand, Examples 11.1.2 and 13.1.2 show that individual and eventual
uniform eventually positivity are in general not equivalent without appropriate “smooth-
ing assumptions”. However, the spaces in those counterexamples are quite far from be-
ing L2-spaces, and the semigroups appear to behave very “symmetrically”, which would
suggest that one could modify them to obtain self-adjoint counterexamples on L?. This
motivates the following question.

Open Problem 14.1.1. Let (e =0 be areal Cy-semigroup on L2(Q,v) for a o-finite mea-
sure space (Q2,v) and assume that A is self-adjoint.

(a) Are individual and uniform eventual positivity of (e/),»o with respect to 0 equiv-
alent?

(b) Let 0 < u € L?>(Q,v) be strictly positive almost everywhere. Is individual eventual
positivity of (e’4),so with respect to u equivalent to uniform eventual positivity
with respect to u ® u?

If these questions turn out to be too difficult to answer in general, can they be answered
under the additional assumption that A has compact resolvent?

The lecturers are not aware of a promising approach to prove a positive result, nor do
they have good suggestions on how to construct counterexamples. In [Glii16, Theorem
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14.2. Eventual positivity via forms

10.2.1], the result of Corollary 13.2.2 was shown by quite different methods, but they also
heavily rely on the assumption dom (A™) € L*(Q, 1) ..

14.2 Eventual positivity via forms

The Beurling-Deny criterion (Theorem 5.1.7 and Corollary 10.3.4) is extremely useful to
check positivity for semigroups whose generator stems from a sesquilinear form on an
L2-space, as evidenced by many examples where we employed these criteria through-
out the ISEM 29. Likewise, having a criterion for eventual positivity of semigroups (or
resolvents) in terms of sesquilinear forms would likely be extremely useful in studying
eventual positivity for many further PDEs. Thus it is natural to ask the following:

Open Problem 14.2.1. Let (e' =0 be a real Cy-semigroup on L%(Q,v) for a o-finite
measure space and assume that the generator A is associated to a sesquilinear form
a: V x V — C that satisfies the assumptions of Theorem 5.1.4 (for H = L2(Q,v)).
Characterise individual/uniform eventual positivity of (e r=0 (with respect to 0 or
respectively a non-zero vector/operator) in terms of the form domain V and the form a.

There are a number of reasons to believe that this problem is very hard:

(a) In finite dimensions, where A is a simply a matrix, there are no issues with the
domains of forms and operators, and the connection between a form and its asso-
ciated matrix is very simple. Therefore, a complete answer to Open Problem 14.2.1
would likely include a characterisation of eventual positivity for matrix semigroups
in terms of the entries of the generator. However, no such criterion is currently
known. Even for matrices, criteria to check eventual positivity of (e!4) ;¢ rely on
the analysing the spectral bound of A and the associated eigenspaces of A and A”.

Nevertheless, this does not exclude the possibility of finding such characterisa-
tions for important classes of differential operators. Such operators, and their as-
sociated forms, exhibit a “local” type of behaviour that does not occur in finite
dimensions, except for diagonal matrices.

(b) The proof of the Beurling-Deny criterion in Theorem 5.1.7 relies heavily on the
behaviour of the resolvent R (A, A) for large real numbers A. This corresponds to
the behaviour of the semigroup for small times.

(c) There are differential operators A on bounded domains Q € R” for which the semi-
group ('), can be eventually positive or not, depending on the specific geom-
etry of Q. In the setting of Theorem 13.1.1, it is necessary for eventual positivity
that the spectral bound is a strictly dominant eigenvalue, and that the correspond-
ing eigenspace is spanned by a positive eigenfunction. The latter is a very subtle
matter for higher-order elliptic operators. For instance, we refer to [SS20, Section
3] for an intriguing discussion of positivity of the eigenfunctions corresponding to
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14. FINALE: WHAT WE WOULD LIKE TO KNOW

the spectral bound for the biharmonic operator A? with clamped boundary con-
ditions' for family of annuli in R?. Any criteria for eventual positivity in terms of
the associated form a would thus likely establish a rather direct link between the
geometry of Q and properties of the form a and its form domain V.

The more “direct” or “explicit” the eventual positivity criterion, the more clearly
the geometry of Q2 would have to be encoded inaand V.

14.3 Spectral bound vs. growth bound on L”

Theorem 11.4.4 shows the equality s(A) = wo(A) of the spectral and the growth bound for
eventually positive semigroups (e'?) > if the underlying space is L! or Cy(Q). The same
result is known to hold on Lz-spaces [DGK16b, Theorem 7.8(i)]; there it follows from
the famous Gearhart-Priiss theorem (see e.g. [EN00, Theorem V.1.11]) and the resolvent
estimate in Exercise 11.3(b). On LP-spaces for general p € [1,00], the equality s(A) =
wo (A) was shown for uniformly eventually positive semigroups by Vogt [Vog22]. Even for
positive semigroups this proof is simpler than earlier proofs on L”. Unfortunately, the
argument cannot simply be transferred to individually eventually positive semigroups,
which leaves the following question open.

Open Problem 14.3.1. Let (Q,v) be a o-finite measure spacelet p € [1,00] and let (e?4) ;>
be a Cy-semigroup on LP(Q,v) that is individually eventually positive with respect to 0
(and real, if this is of any help). Does it follow that s(A) = wg(A)?

As pointed out above, the answer is known to be positive if p =1 or p = 2. For p =00
the answer is also positive for any of the following independent reasons: on one hand,
L*®(Q, ) is, as a Banach lattice, isomorphic to C(K) for an appropriate compact Haus-
dorff space K due to Kakutani’s representation theorem of AM-spaces with unit [MN91,
Theorem 2.1.3]; so the result is a special case of Theorem 11.4.4(b). On the other hand, it
was shown by Lotz that a Cy-semigroup (e4) ;=0 on L®(Q, ) is always continuous with
respect to the operator norm on the entire time interval [0,00) (see [Lot85] or [AGG™ 86,
Theorem A-11.3.6]), so the equality s(A) = wq(A) follows from Theorem 12.2.2(a).

14.4 A priorilower bounds

Theorem 9.1.1 gives necessary conditions for uniform eventual positivity of resolvents in
terms of the resolvents bounds +R (v, A) < u® ¢ for all v € p(A) NR. It turns out that this
theorem is not optimal. If the vector u and the functional ¢ are comparable to eigenvec-
tors of Aand A*, the same conclusion can be shown even under weaker assumptions:

Theorem 14.4.1. Let A: E 2 dom (A) — E be a closed, densely defined, and real operator
on a complex Banach lattice E. Assume Ay € 0(A) NR is an isolated spectral value of A. Let
uc€ E,, let g € E', be strictly positive, and assume:

ISee the Notes for Chapter 9.
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14.4. A priorilower bounds

(0) ker(Ag— A) is spanned by a vector v that satisfies v = u, and ker(Ag — A) contains a
vector v that satisfies v = .

(1) dom(A™) < E, for some my € N.
(2) dom((A)™2) < (E"), for some my € N.

(3) There are real numbers p_,u+ € p(A) that satisfy u— < Ay < p+ as well as the esti-
matesR(u-,A) 2u® @ and R(i+, A) = -u®@.

Then the resolvent R(-, A) is uniformly eventually positive and negative with respect to
u® @ at Ay and thus, +R(v,A) u® @ forallv e p(A) NR by Theorem 9.1.1.

This is (and even a bit more) is proved in [AG22a, Theorem 1.2]. The most important
thing here is what happens in condition (3): the assumption on the right of Ay is merely
R+, A) = —u® @ — carefully note the minus sign on the right hand side. Likewise, the
assumption on the left of Ay is merely R(u—, A) < u ® ¢, which is a priori much weaker
than the conclusion of uniform eventual negativity with respect to u® ¢. Theorem 14.4.1
is useful to prove or disprove uniform eventual positivity of resolvents in various concrete
examples of differential operators.

At the same time, it raises two questions. The first one is inspired by the observation
that assumption (0) was not needed in Theorem 9.1.1.

Open Problem 14.4.2. If one drops assumption (0) in Theorem 14.4.1, does the last con-
clusion of the theorem (xR (v, A) = u® ¢ for all v € p(A) N R) still remain true?

The remaining assumptions in Theorem 14.4.1 are certainly not enough to imply the
uniform eventual positivity and negativity of R (-, A) with respect to u® ¢ if one drops as-
sumption (0), since then the information provided by (3) is too little. (To find an explicit
counterexample, use the Neumann Laplace operator on L?(0,1) and choose u = ¢ to be
functions in L2(0, 1) that are not in L°°(0,1).)

The second problem is inspired by the question of how the assumptions R (-, A) <
u®@and R(y+,A) = —u® ¢ in Theorem 14.4.1(3) can be checked in concrete examples
where A is a differential operator. Here, a quite surprising phenomenon occurs: it has
been shown by PDE methods that at least the second of those two estimates is true for a
variety of higher order elliptic operators. More specifically, the situation is as follows:

For a “sufficiently nice” differential operator A on a bounded domain Q < R” one
can write the resolvent R(A, A) at 1 € Rn p(A) as an integral operator, where the integral
kernel Gy : Q x Q — R s called the Green’s function of A (at the point A). Upper or lower
estimates for G, are equivalent to upper or lower estimates of the resolvent operator
R(A, A). In higher dimensions, the Green’s function usually explodes at the diagonal of
Q ® Q. Remarkably, however, if A > s(A), one can show for many differential operators
that the negative values of G, are actually bounded —i.e. the singularity of G has a positive
sign, although the resolvent is not necessarily positive. Similarly, one often has very good
control over the negative part of G, close to the boundary of Q, which is also useful to
establish estimates of the type R(u+, A) = —u® @.
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Positivity (and negativity) properties of the Green’s function of higher-order elliptic
operators have been extensively studied over the past few decades. In particular, anal-
ysis of the ‘smallness’ of regions of negativity can be found in [GR10, Theorem 1], with
further refinements in [GRS11, Theorem 1]; see also [GS02, Theorem 1.2], [DMS05, The-
orem 1.5], and [Pull5, Theorem 4.1] on the subject of upper and lower estimates.

However, the lecturers find themselves to be completely oblivious regarding any ab-
stract operator theoretic explanation for this kind of behaviour. This motivates the fol-
lowing problem.

Open Problem 14.4.3. For an operator A: E 2 dom (A) — E on a complex Banach lattice
E with s(A) € 0(A) and elements u € E, and ¢ € E, find general criteria to ensure

RAA=-uep Y A >s(A).

In other words, the problem is to give an operator theoretic explanation why the negative
part of the Green’s function G, of a higher-order elliptic differential operator can often
be much better controlled than its positive part.

The bi-Laplacian with Wentzell boundary conditions on bounded domains with Lip-
schitz boundary was analysed by Denk, Kunze, and Plo8 in [DKP21]. They show that
the operator generates a bounded Cy-semigroup that is uniformly eventually positive
under appropriate assumptions. In fact, using Theorem 7.3.6, one can even show (for
low dimensions) that the resolvent is individually eventually positive (and negative) at
the spectral bound; see [Ar023, Theorem 5.2.4] for details. On the other hand, we do
not know whether the resolvent is uniformly eventually positive, as the corresponding
resolvent bounds are unknown, cf. [Ar023, Remark 5.2.5].

14.5 Criteria for eventual positivity with respect to 0

All our characterisation results for eventual positivity (both for resolvents and for semi-
groups) always refer to individual eventual positivity with respect to a quasi-interior
point u € E, or with respect to an operator u ® ¢ for a quasi-interior point u € E; and
a strictly positive functional ¢ € E',. For eventual positivity with respect to 0, we have
only discussed — and in fact only know — necessary criteria in terms of spectral properties
of the operator A. We thus ask:

Open Problem 14.5.1. For a (real, if it helps) closed operator A: E 2 dom(A) — Eon a
complex Banach lattice E with spectral bound s(A) € R, what are characterisations for...

(@) ...individual or uniform eventual positivity of R (-, A) at s(A) with respect to 0?

(b) ...individual or uniform eventual positivity of (e’4) ;> with respect to 0 (under the
assumption that A generates a Cy-semigroup)?

The lecturers consider it likely that the question is far too difficult to have a com-
prehensive answer in full generality. But even in many special cases, for instance if A
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has compact resolvent, such a characterisation would probably provide very interesting
additional insights into the structure of eventual positivity.
A very closely related question is the following.

Open Problem 14.5.2. Let (e'4),5 be a (real, if it helps) Cy-semigroup on a complex
Banach lattice E and assume that s(A) € o(A4). Clarify the relation between individual
(uniform) eventual positivity of (e’ 4y ;20 with respect to 0 and individual (uniform) even-
tual positivity of R(-, A) at s(A) with respect to 0.

14.6 (Local) eventual positivity on unbounded domains

Observant readers may have noticed that all examples of eventual positivity discussed in
these lecture notes involve operators acting on function spaces over bounded domains.
The underlying reason is that most available results on eventual positivity — and, in par-
ticular, sufficient conditions for it — require the spectral bound s(A) to be a pole of the
resolvent and a geometrically simple eigenvalue. This situation commonly arises for dif-
ferential operators on bounded domains, where compact embeddings between suitable
Sobolev spaces often imply compactness of the resolvent under mild assumptions.

By contrast, for operators on unbounded domains the resolvent is typically not com-
pact, and poles of the resolvent occur only in rather exceptional cases; see, for instance,
[AGRT22, Remark 3.9]. This naturally raises the question of what can be said in the un-
bounded setting. In fact, the first examples where eventual positivity — or more precisely,
a local version thereof — was observed, is the biharmonic heat equation 7(t) = —A%u on
the whole space R? [FGG08, GG08]. It is hardly an exaggeration to say that the methods
presented throughout the ISEM 29 to prove eventual positivity completely break down if
the spectral values are not eigenvalues.

This stands in sharp contrast to certain methods to prove positivity (rather than only
eventual positivity): in particular, the Beurling-Deny criterion in Theorem 5.1.7 and
Corollary 10.3.4 neither requires boundedness of the spatial domain nor depends on de-
tailed spectral information, let alone the existence of positive eigenvectors.

Local eventual positivity of the biharmonic heat equations was shown in [FGGOS,
GGO8] and, for higher-order differential operators on R”, in [FF19], by means of explicit
estimates for the convolution kernel of the associated semigroup - the so-called bihar-
monic or polyharmonic heat kernel. An alternative and more qualitative approach,
based on Fourier transform methods, can be found in [DGM23]. There, these techniques
are further combined with spectral-theoretic arguments to obtain local eventual positiv-
ity for the biharmonic heat equation on infinite cylinders in R"*1.

Nevertheless, all currently available methods appear to rely heavily on the relatively
simple structure of the differential operator and on the specific geometry of the under-
lying domain. Even seemingly modest extensions — such as considering the biharmonic
heat equation on a half-space or on a quadrant in R? — require the development and
careful adaptation of substantial, largely ad hoc, computational machinery. In this light,
abstract operator-theoretic results would be highly desirable, both to alleviate the com-
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putational burden and to sharpen our conceptual understanding of when (local) even-
tual positivity can be expected on unbounded domains.

Open Problem 14.6.1. Develop general tools to analyse when the semigroup generated
by a differential operator on an unbounded domain is (locally) eventually positive.
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