
Chapter 12

Convergence to equilibrium

12.1 Smoothing by C0-semigroups

Let (e t A)t≥0 be a C0-semigroup on a Banach space X . In this section, we discuss con-
ditions on the operators e t A to map X into dom(A) for t > 0. We are interested in this
property for three reasons. Firstly, we will give characterisations of eventual positivity in
the next chapter that are similar to those given for the resolvent in Chapters 7 and 8. For
the resolvent, that characterisation is closely tied to the property that the range of the
resolvent is contained in dom(A), which indicates that a similar property will be useful
for semigroups operators. Secondly, the property rge t A ⊆ dom(A) is related to differen-
tiability of mild solutions by the following proposition.

Proposition 12.1.1. Let (e t A)t≥0 be a C0-semigroup on a Banach space X , let x ∈ X , and
lwt t0 ≥ 0. The following assertions are equivalent.

(i) The orbit map [0,∞) → X , t 7→ e t A x is differentiable on [t0,∞).

(ii) e t0 A x ∈ dom(A).

If (i)–(ii) are satisfied, then e t A x ∈ dom(A) and d
dt e t A x = Ae t A x hold for all t ∈ [t0,∞).

Proof. “(i) ⇒ (ii)”: The map s 7→ e(s+t0)A x = e s Ae t0 A x is differentiable on [0,∞), and in
particular at s = 0. The definition of the domain of a semigroup generator (Defini-
tion 10.2.1(b)) thus implies e t0 A x ∈ dom(A) and d

dt e t A x|t=t0
= Ae t0 A x.

The same argument works if t0 is replaced with any larger real number. This shows
the property claimed at the end of the proposition.

“(ii) ⇒ (i)”: Assume that e t0 A x ∈ dom(A). The last part of Theorem 10.1.7 then shows
that the mapping [0,∞) → X , s 7→ e(s+t0)A x = e s Ae t0 A x is differentiable with the deriva-
tive Ae s Ae t0 A x = Ae(s+t0)A x at each s ≥ 0.

A third reason why e t A X ⊆ dom(A) is that it implies another useful property, the so-
called eventual norm continuity of a C0-semigroup that is discussed in Section 12.2.
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12.1. Smoothing by C0-semigroups

In the rest of this section, we derive conditions for the property rge t A ⊆ dom(A) and,
more generally, rge t A ⊆ dom

(
Ak

)
, to hold for all k ∈N and t > 0. We need the following

Fourier-like representation formula for the semigroup in terms of the resolvent.

Proposition 12.1.2. Let (e t A)t≥0 be a C0-semigroup on a complex Banach space X with
ω0(A) < 0 and let 2 ≤ k ∈N. If x ∈ X is such that

∥∥βkR(iβ, A)k x
∥∥ is bounded for all suffi-

ciently large
∣∣β∣∣, then

t k−1e t A x = (k −1)!

2π

∫
R

e itβR(iβ, A)k x dβ ∀ t ≥ 0.

Before we prove the proposition, let us show in the following remark that the norm
estimate for

∥∥R(iβ, A)k x
∥∥ in the theorem is automatically true if x ∈ dom

(
Ak

)
. We do not

need this fact in the course, but we consider it worthwhile to include it for context.

Remark 12.1.3. Let (e t A)t≥0 be a C0-semigroup on a complex Banach space X with
ω0(A) < 0 and let k ∈ N0. If x ∈ dom

(
Ak

)
, then

∥∥βkR(iβ, A)k x
∥∥ is for bounded for all

sufficiently large
∣∣β∣∣.

Proof. First, define C := supβ∈R
∥∥R(iβ, A)

∥∥; the assumptionω0(A) < 0 implies that C <∞,
since in Theorem 10.2.3(iv) one can take any ω>ω0(A). Therefore, if

∣∣β∣∣> 1, then using
the resolvent identity∥∥∥βkR(iβ, A)k x

∥∥∥=
∥∥∥βkR(iβ, A)k(

R(0, A)k (−A)k x
)∥∥∥≤

∥∥∥βk(
R(iβ, A)R(0, A)

)k
∥∥∥∥∥∥Ak x

∥∥∥
=

∥∥∥(
R(iβ, A)−R(0, A)

)k
∥∥∥∥∥∥Ak x

∥∥∥≤ (
C +∥R(0, A))∥)k

∥∥∥Ak x
∥∥∥ .

Proof of Proposition 12.1.2. Note that the integrand is Bochner integrable since k ≥ 2.
To show the equality for t k−1e t A x, we use some standard results for the scalar-valued

Fourier transform on R. Let F : L1(R) → C0(R) be given by

(F f )(β) := 1p
2π

∫
R

e−itβ f (t ) dt

for all f ∈ L1(R) and β ∈R. It has, among others, the following two properties:

(a) If f ∈ L1(R) and F f ∈ L1(R), then (F2 f )(t ) = f (−t ) for all t ∈R.

(b) If f ∈ L1(R) and the mappings gℓ : R→ C, t 7→ tℓ f (t ) are also in L1(R) for all ℓ ∈N,
then F f ∈ C∞(R) and Fgℓ = iℓ(F f )(ℓ) for all ℓ ∈N.

Now fix a functional x ′ ∈ X ′ and define f : R→C by

f (t ) :=
{〈

x ′ , e t A x
〉

if t ≥ 0,

0 if t ∈ (−∞,0).

Moreover, let gℓ : R→ C, gℓ(t ) = tℓ f (t ) for each ℓ ∈ N, as in property (b) above. Since
ω0(A) < 0, the functions f and gℓ are in L1(R;C) for each ℓ ∈N.
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12. CONVERGENCE TO EQUILIBRIUM

It follows also fromω0(A) < 0 and from the Laplace transform representation ofR( · , A)
(Theorem 10.2.3(b)) that (F f )(β) = 1p

2π

〈
x ′ , R(iβ, A)x

〉
and thus,

(Fgk−1)(β) = ik−1(F f )(k−1)(β) = (k −1)!p
2π

〈
x ′ , R(iβ, A)k x

〉
for all β ∈ R; the first equality follows from property (b) above and the second equality
is due to the identify R(k−1)(λ, A) = (−1)k−1(k −1)!R(λ, A)k (which one can, for instance,
obtain from the Taylor serious expansion in Proposition 3.3.2(a)). Finally, we apply prop-
erty (a) above to the function gk−1 and evaluate to get

gk−1(t ) = (F2gk−1)(−t ) = 1p
2π

∫
R

e itβ(Fgk−1)(β) dβ

= (k −1)!

2π

∫
R

e itβ 〈
x ′ , R(iβ, A)x

〉k dβ

for all t ≥ 0. Since x ′ ∈ X ′ was arbitrary, this proves the claim.

As a consequence of the previous proposition, one easily gets the following condition
for e t A to map into the domain of every power of A.

Theorem 12.1.4. Let (e t A)t≥0 be a C0-semigroup on a complex Banach space X . Assume
that there exists ω > ω0(A) such that

∥∥βR(ω+ iβ, A)
∥∥ is bounded for all β ∈ R with suffi-

ciently large modulus. Then rge t A ⊆ dom
(

Aℓ
)

for all t > 0 and ℓ ∈N0.

Proof. Replace A with A−ω, we may assume thatω0(A) < 0 and
∥∥βR(iβ, A)

∥∥ is bounded
for all β ∈R of sufficiently large modulus. Hence, the integral representation formula for
t k−1e t A x in Proposition 12.1.2 holds for each x ∈ X , each t > 0 and each integer k ≥ 2.

Now fix an integer k ≥ 2 and observe that

Ak−2R(iβ, A)k =
(
− idX +iβR(iβ, A)

)k−2
R(iβ, A)2,

and thus,
∥∥β2R(iβ, A)k

∥∥
dom(Ak−2)←X is bounded for all β ∈ R of sufficiently large modu-

lus. Hence, for each x ∈ X and t ≥ 0 the integral representation of t k−1e t A x in Propo-
sition 12.1.2 even converges as a Bochner integral in dom

(
Ak−2

)
and therefore, e t A x ∈

dom
(

Ak−2
)

for all t > 0. Since k ≥ 2 was arbitrary, the theorem is proved.

The resolvent decay assumption from Theorem 12.1.4 is automatically satisfied if the
semigroup generator is associated to a form on a Hilbert space (cf. Theorem 10.2.5).

Corollary 12.1.5. Let the Hilbert spaces V , H and the sesquilinear form a : V ×V → C

satisfy the assumptions of Theorem 5.1.4. Then the semigroup generated by the operator
A : H ⊇ dom(A) → H associated to a satisfies rge t A ⊆ dom

(
Aℓ

)
for all t > 0 and ℓ ∈N0.

Proof. By assumption, a satisfies the ellipticity estimate

Rea(v, v)+µ∥v∥2
H ≥ δ∥v∥2

V (12.1.1)
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12.2. Eventual norm continuity

for some numbers µ ∈ R and δ> 0 and for all v ∈V . After shifting the entire situation by
a real number if necessary, we may assume that µ< 0 and that ω0(A) < 0.

The idea is to first check that the ellipticity estimate (12.1.1) is, up to a change of δ,
preserved if we rotate a by a small angle. We use this to show that

∥∥βR(iβ, A)
∥∥ is bounded

on R\ {0}. The claim then follows from Theorem 12.1.4.
The continuity of the form a implies that |a(v, v)| ≤ M ∥v∥2

V for a number M ≥ 0 and
all v ∈V . Hence, if we choose θ > 0 sufficiently close to 0, then

Re
(
e−iθa(v, v)

)+µ∥v∥2
H ≥ δ∥v∥2

V −
∣∣∣(e−iθ−1

)∣∣∣ |a(v, v)| ≥ δ

2
∥v∥2

V (12.1.2)

for all v ∈ V and Re
(
ie−iθ

) = sinθ > 0; we will use the latter property at the end of the
proof. The inequality (12.1.2) shows that the form e−iθa also satisfies the assumptions of
Theorem 5.1.4, with the same number µ < 0 (and a different δ). One easily checks that
the operator e−iθA is associated to e−iθa, so Theorem 5.1.4(b) gives s(e−iθA) ≤µ< 0 and∥∥∥R(λ,e−iθA)

∥∥∥≤ 1

Reλ−µ ≤ 1

Reλ

for all λ ∈Cwith Reλ> 0 >µ. In particular for λ := e−iθiβ with β ∈ (0,∞), this gives,∥∥R(iβ, A)
∥∥=

∥∥∥R(e−iθiβ,e−iθA)
∥∥∥≤ 1

Re
(
e−iθiβ

) = 1

βsinθ
.

Considering a negative θ sufficiently close to 0, yields a similar estimate for β ∈ (−∞,0).

Let us point out that the results in Theorem 12.1.4 and Corollary 12.1.5 are far from
optimal. The decay assumption for the resolvent in the theorem implies – and is in fact
to equivalent to – an even stronger regularity property of the semigroup, namely that it is
analytic. Analyticity of a semigroup is a strong and useful property, and a thorough treat-
ment could easily fill to chapters on its own. Since the concept is not strictly necessary
for the remaining sections of the course, we refrain from studying analytic semigroups
and instead refer the interested readers to the literature, e.g. to [EN00, Section II.4.a].

12.2 Eventual norm continuity

Definition 12.2.1 (Eventual norm continuity). A C0-semigroup (e t A)t≥0 on a Banach
space X is called eventually norm continuous if there exists t0 ≥ 0 such that the mapping

[t0,∞) →L(X ), t 7→ e t A

is continuous with respect to the operator norm.

The main reason why we are interested in eventually norm continuous semigroups
is that their long-term behaviour is quite well understood. For instance, their spectral
and growth bounds are always equal, even without any positivity assumption.
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12. CONVERGENCE TO EQUILIBRIUM

Theorem 12.2.2. Let (e t A)t≥0 be an eventually norm continuous C0-semigroup on a com-
plex Banach space X . Then the following properties hold:

(a) s(A) =ω0(A).

(b) If s(A) >−∞, then the supremum in the definition of the spectral bound is a maxi-
mum, i.e. there exists a µ ∈σ(A) such that Reµ= s(A).

Proof. We prove both claims together. Let t0 ≥ 0 such that t 7→ e t A is operator norm
continuous on [t0,∞). There is no loss of generality in assuming t0 > 0 and ω0(A) = 0
throughout the proof. We then need to show that A has a spectral value on iR.

A similar argument as in the proof of Proposition 11.2.2 shows that ω0(A) = 0 im-
plies r(e t0 A) = 1 (see Exercise 12.1 for details). Hence choose an angle θ ∈ R such that
e iθ ∈ σ(e t0 A). As e iθ ∈ ∂σ(e t0 A), it follows that e iθ is an approximate eigenvalue of e t0 A

(Exercise 5.2), i.e. there exists a sequence (xn) in X with ∥xn∥ = 1 for each n and such that
(e iθ − e t0 A)xn → 0 as n →∞. For each index n, we choose a functional x ′

n ∈ X ′ of norm∥∥x ′
n

∥∥= 1 such that
〈

x ′
n , xn

〉→ 1 as n →∞.
Consider, for each n, the map fn ∈ C([0, t0];C) given by

fn(s) =
〈

x ′
n , e−i θt0

se(s+t0)A xn

〉
for all s ∈ [0, t0]. The sequence ( fn) is bounded in C([0, t0];C), and it is equicontinuous
since the map t 7→ e t A is continuous with respect to the operator norm on [t0,∞), as
shown in the first step of the proof. By the Arezlà–Ascoli theorem, we may replace the
sequences ( fn), (xn), and (x ′

n) with subsequences and thus achieve that fn converges in
∥·∥∞ to a function f ∈ C([0, t0];C). The approximate eigenvector property of (xn) implies
that fn(0) → e iθ, so f (0) = e iθ.

Therefore, f is non-zero and hence, so is at least one Fourier coefficient of f , i.e.

there exists an integer ℓ ∈Z such that
∫ t0

0 e−i 2πℓ
t0

s f (s) ds ̸= 0. Thus,
∫ t0

0 e−i 2πℓ
t0

s fn(s) ds ̸→ 0,
as n →∞ which in turn implies that∫ t0

0
e s(A−iβ)e t0 A xn ds

n→∞̸→ 0, where β := θ+2πℓ

t0
. (12.2.1)

We complete the proof by showing that iβ ∈ σ(A). Since s 7→ e s Ae t0 A x is a mild solution
to the abstract Cauchy problem u̇(s) = Au(s), u(0) = e t0 A x, one has

(iβ− A)
∫ t0

0
e s(A−iβ)e t0 A xn = e t0 A xn −e t0(A−iβ)e t0 A xn

= e−iθe t0 A(
e iθxn −e t0 A xn

)→ 0 as n →∞.

If iβ ̸∈σ(A), we could multiply with R(iβ, A) and would obtain a contradiction to (12.2.1).

Let us now give two sufficient conditions for a C0-semigroup to be eventually norm
continuous. The first condition is the type of smoothing property that we studied in
detail in the previous section.

206



12.2. Eventual norm continuity

Proposition 12.2.3. Let (e t A)t≥0 be a C0-semigroup on a Banach space X that satisfies
rge t0 A ⊆ dom(A) for some t0 ≥ 0. Then (e t A)t≥0 is eventually norm continuous.

Proof. Note that, by the closed graph theorem, e t0 A is continuous from X to dom(A),
when the latter space is endowed with a graph norm of A. Fix a τ > t0 and set M :=
supt∈[0,τ]

∥∥e t A
∥∥. For all t1, t2 ∈ [t0,τ] with t1 ≤ t2 and all x ∈ X , Proposition 12.1.1 and the

fundamental theorem of calculus imply

∥∥(e t2 A −e t1 A)x
∥∥

X =
∥∥∥∥∫ t2

t1

Ae s A x ds

∥∥∥∥
X

≤ (t2 − t1)∥A∥X←dom(A)
∥∥e t0 A

∥∥
dom(A)←X M︸ ︷︷ ︸

=:M̃

∥x∥ .

This implies that
∥∥e t2 A −e t1 A

∥∥
X←X ≤ M̃ |t2 − t1| . for all t1, t2 ∈ [t0,τ].

To give a first example of how the results from this and the previous section can be
applied, we revisit an old friend, the Dirichlet Laplace operator. This is mainly a toy
example in the present context, to demonstrate the previous results in a now-familiar
situation. The following properties of ∆Dir can – even under weaker assumptions – also
be derived by other methods, for instance the spectral theorem for self-adjoint operators.

Example 12.2.4 (The Dirichlet Laplacian). Let ; ̸=Ω⊆ Rn be open, bounded, and con-
nected. Assume for the sake of simplicity thatΩ has C∞ boundary.1

Consider the Dirichlet Laplace operator ∆Dir : L2(Ω) ⊇ dom(∆Dir) → L2(Ω). One has
e t∆Dir → 0 with respect to the operator norm as t →∞.

Proof. As shown in Example 7.3.8(b) one has s(∆Dir) < 0. Moreover, as ∆Dir is associated
to a sesquilinear form a that satisfies the assumptions of Theorem 5.1.4, we can apply
Corollary 12.1.5 to conclude that rge t∆Dir ⊆ dom(∆Dir) for all t > 0. In particular, the
semigroup is eventually norm continuous2 according to Proposition 12.2.3 and hence,
Theorem 12.2.2(a) shows that s(∆Dir) =ω0(∆Dir).

The second sufficient condition that we give for eventual norm continuity is that one
of the semigroup operators be compact. We need the following elementary result from
functional analysis.

Lemma 12.2.5. Let X be a Banach space and let S,T ∈L(X ). Let (S j ) be a bounded net in
L(X ) that converges strongly to S, i.e. S j x → S for all x ∈ X . If T is compact, then S j T → ST
in operator norm.

1In fact, we only need the smoothness assumption on Ω to apply the result in Example 7.3.8(b) that
shows s(∆Dir) < 0. As pointed out on several earlier occasions, the property s(∆Dir) < 0 is also a conse-
quence of Poincaré’s inequality and is in fact true without any regularity assumptions on the boundary ofΩ.
Moreover, it does not requireΩ to be bounded, either – it suffices ifΩ is contained in a strip of finite width.

2In fact, a glance at the proof of Proposition 12.2.3 shows that the semigroup is even norm continuous
on (0,∞) since the time t0 > 0 in the Proposition can be chosen arbitrarily small.
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12. CONVERGENCE TO EQUILIBRIUM

Proof. Since the set T B≤1(0) is relatively compact, it is totally bounded, i.e. for every ε> 0
it can be covered by finitely many balls of radius ε. By using this property, the proof is
now straightforward.

Proposition 12.2.6. Let (e t A)t≥0 be a C0-semigroup on a Banach space X such that e t0 A ∈
L(X ) is compact for some t0 ≥ 0. Then (e t A)t≥0 is eventually norm continuous.

Proof. Let t ∈ [t0,∞) and let (tk ) be a sequence in [t0,∞) that converges to t . By the
strong continuity of the semigroup, the sequence (e(tn−t0)A) converges strongly to e(t−t0)A ,
and by the uniform boundedness principle the sequence is bounded. Since e t0 A is com-
pact, Lemma 12.2.5 implies that

e tk A = e(tk−t0)Ae t0 A → e(t−t0)Ae t0 A = e t A

with respect to the operator norm.

12.3 Spectral decomposition and convergence to equilibrium

In Chapter 11, we saw some sufficient conditions for a C0-semigroup to converge to 0 in
the operator norm. In the present section, we are interested in the conditions which en-
sure that the semigroup operators converge to a non-zero operator in the operator norm.
To this end, we use that the spectral decomposition from Proposition 6.2.2 is compatible
with C0-semigroups in the following sense.

Proposition 12.3.1 (Spectral decomposition for semigroups). Let (e t A)t≥0 be an eventu-
ally norm-continuous C0-semigroup on a complex Banach space X . Assume that σ0 ⊆
σ(A) is compact, σ(A) \σ0 is closed, and let P ∈L(X ) be the spectral projection of A asso-
ciated to σ0 (Definition 6.2.3).

(a) For each t > 0, e t A commutes with P and thus leaves kerP and rgP invariant.

(b) The restricted operator families
(
e t A|rgP

)
t≥0 and

(
e t A|kerP

)
t≥0 are C0-semigroups on

rgP and kerP, respectively, and their generators are A|rgP
and A|kerP

. 3

Proof. (a) One can easily derive from Proposition 6.2.2(a) that P commutes with R( · , A)
for every λ ∈ ρ(A) and hence, P also commutes with the approximating operators
An from formula (10.2.1) for all n. As e t An is given as a series over powers of An for
each t ≥ 0, P also commutes with e t An for all indices n and all t ≥ 0. Since e t An → e t A

strongly as n →∞, we finally conclude that P commutes with e t A for each t ≥ 0.

(b) Both families are obviously C0-semigroups and the definition of semigroup genera-
tors (Definition 10.2.1(b)) readily gives the claimed equalities for the generators.

3We recall from Proposition 6.2.2 that A|rgP ∈ L(rgP ) and that the operator A|kerP on kerP has the

domain dom(A)∩kerP .
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12.3. Spectral decomposition and convergence to equilibrium

Theorem 12.3.2 (Convergence to equilibrium). Let (e t A)t≥0 be an eventually norm con-
tinuous C0-semigroup on a complex Banach space X . Assume that s(A) = 0 and that
σ(A)∩ iR consists only of poles of the resolvent. The following are equivalent:

(i) e t A converges with respect to the operator norm to an operator L(X ) as t →∞.

(ii) e t A converges strongly to an operator in L(X ) as t →∞.

(iii) σ(A)∩ iR= {0} and 0 is a first order pole of R( · , A).

If those equivalent assertions are satisfied, then the operator limt→∞ e t A is the spectral
projection of A associated to the spectral value 0.

Proof. Note that σ(A)∩ iR ̸= ; by Theorem 12.2.2(b).

“(i) ⇒ (ii)”: This implication is obvious.

“(ii) ⇒ (iii)”: Assume that (iii) fails. Then precisely one of the following two cases occurs:

σ(A)∩ iR contains a point iβ ̸= 0: In this case, iβ is a pole of R( · , A) by assumption
and hence an eigenvalue of A (Theorem 6.2.6(a)). Let x ∈ dom(A) be an eigen-
vector of A for the eigenvalue iβ. Then one readily checks that the mapping
u : [0,∞) → X , u(t ) = e iβt x is a classical solution to the Cauchy problem u̇(t ) =
Au(t ), u(0) = x, so e t A x = u(t ) = e iβt x for all t ≥ 0. Since β ̸= 0, it follows that
e t A x does not converge as t →∞.

σ(A)∩ iR= {0}, but the pole order of 0 is p ≥ 2: Then one gets from Theorem 6.2.6(a)
and (b) that 0 is an eigenvalue of A that is not semisimple. Hence, there exists a
vector x ∈ ker A2 \ ker A. It is now easy to check that the mapping u : [0,∞) → X ,
u(t ) = t Ax+x is a classical solution to the Cauchy problem u̇(t ) = Au(t ), u(0) = x.
Hence, e t A x = t Ax +x for all t ≥ 0. Since Ax ̸= 0, this solution does not converge
in X as t →∞.

“(iii) ⇒ (i)”: Let P denotes the spectral projection of A associated to the point 0. Since
0 is a first order pole of R( · , A), Theorem 6.2.6(b) and (c) shows that rgP = ker A, so
A|rgP

is the zero operator on rgP . Hence, the semigroup acts as the identity on rgP .

On the other hand, Proposition 6.2.2(b) shows that σ(A|kerP
) =σ(A) \ {0} and hence,

every spectral value of A|kerP
has strictly negative real part. Obviously, the restriction

of the semigroup to kerP is also eventually norm continuous, so it follows from The-
orem 12.2.2(b) that s(A|kerP

) < 0 and from part (a) of the same theorem that spectral
and growth bounds of A|kerP

coincide. Since this operator generates the restriction
of the semigroup to kerP , this restriction converges to 0 in operator norm as t →∞.

Additional property at the end of the theorem: From the proof of the implication (iii)⇒ (i),
it follows that limt→∞ e t A is indeed the spectral projection of A associated to 0.

As a simple example for Theorem 12.3.2, we discuss an application to the Neumann
Laplace operator in Exercise 12.2.
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12. CONVERGENCE TO EQUILIBRIUM

12.4 A convergence result for eventually positive semigroups

In this section we demonstrate that eventual positivity does, under sufficiently strong
assumptions on the generator, imply convergence to equilibrium as t →∞. While this is
an interesting insight in its own right, it will also turn out to be very useful for the proof
of the characterisations in the next chapter.

Theorem 12.4.1. Let E be a complex Banach lattice. Let (e t A)t≥0 be a C0-semigroup on
E that is real 4, individually eventually positive with respect to 0, and eventually norm
continuous. Assume that A has compact resolvent and that s(A) > −∞, and let P denote
the spectral projection of A associated to s(A). The following are equivalent:

(i) The pole s(A) of R( · , A) has order one.

(ii) e t (A−s(A)) → P with respect to the operator norm as t →∞.

For the proof of the theorem we need the following nice lemma from topological
dynamics on the complex unit circle T.

Lemma 12.4.2. Let m ∈ N and let µ1, . . . ,µm ∈ T. There exists a sequence of integers 1 ≤
ℓk →∞ such that µℓk

j → 1 as k →∞ for all j ∈ {1, . . . ,m}.

The lemma is, in fact, a special case of the following more general result on com-
pact groups. Just apply Proposition 12.4.3 to the group Tm (endowed with the pointwise
multiplication) to obtain Lemma 12.4.2.

Proposition 12.4.3. Let G be a group with neutral element 1 and, at the same time, a com-
pact metric space. Assume that the group operation G×G →G, (g ,h) → g h is continuous.5

For each g ∈G there exists a sequence of integers 1 ≤ ℓk →∞ such that gℓk → 1 as k →∞.

Proof. Fix g ∈ G . We say that a set S ⊆ G is left invariant under g if g S ⊆ S. As G is
compact, the intersection of any chain of non-empty closed subsets of G is non-empty.
Hence, it follows from Zorn’s lemma that, among all subsets of G that are non-empty,
closed, and left invariant under g , there exists at least one – let us call it M – that is
minimal under set inclusion.

Choose an arbitrary element h ∈ M . For every ℓ0 ∈ N the closure of {gℓh : ℓ ≥ ℓ0}
is a non-empty, closed subset of M that is left invariant under g . So by the minimality
of M , the closure of {gℓh : ℓ ≥ ℓ0} equals M ; in particular, it contains h. Thus, one can
construct a strictly increasing sequence (ℓk ) in N such that gℓk h → h as k →∞. Finally,
we multiply with h−1 from the right to obtain the conclusion of the proposition.

4This means that e t A is real for each t ≥ 0.
5By a theorem of Ellis (see for instance [EFHN15, Theorem G.12]) this is equivalent to the formally

weaker property that the multiplication on G is separately continuous in each variable. Moreover, it implies
that the map G →G , g 7→ g−1 is continuous (in other words, G is a compact topological group).

We note in passing that the proposition remains true for compact topological groups that are not metris-
able (but whose topology is Hausdorff) if one allows (ℓk ) to be a net rather than a sequence.
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12.4. A convergence result for eventually positive semigroups

Proof of Theorem 12.4.1. We may assume throughout the proof that s(A) = 0. Observe
that the individual eventual positivity then implies 0 ∈σ(A) according to Theorem 11.4.2.
Choose t0 ≥ 0 such that t 7→ e t A is operator norm continuous on [t0,∞).

“(ii) ⇒ (i)”: This implication follows from Theorem 12.3.2.

“(i) ⇒ (ii)”: We proceed in several steps.

We show that σ(A)∩ iR is finite: Since A has compact resolvent, all spectral values of
A are isolated (Theorem 6.2.9(b)) so it suffices to prove thatσ(A)∩iR is bounded.
Assume to the contrary that there exists (iβn) ⊆σ(A)∩ iR such that

∣∣βn
∣∣→∞.

Since A has compact resolvent, each iβn is an eigenvalue of A (Theorem 6.2.9(a)),
say with normalised eigenvector xn ∈ E . Since the orbits of the semigroups are
solutions of the corresponding Cauchy problem, e t A xn = e iβn t xn for all t ≥ 0 and
all n ∈N. Hence, the set

{
t 7→ e t A xn : n ∈N}⊆ C([t0, t0+1], X ) is not equicontinu-

ous as
∣∣βn

∣∣→∞. This contradicts the norm continuity of t 7→ e t A on [t0, t0 +1].

We show each λ ∈σ(A)∩ iR is a first order pole of R( · , A): As A has compact resolvent,
each of its spectral values is a pole of the resolvent (Theorem 6.2.9(b)). It follows
from Exercise 11.3(c) that the pole order of all spectral values on the imaginary
axis is dominated by the pole order of the spectral value 0. Since the latter is
equals 1 by assumption, the claim of this step is proved.

We show that the spectral projection Q ∈L(X ) of σ(A)∩ iR is positive: We denote the
spectral values of A in iR by iβ1, . . . , iβm , and let Q1, . . . ,Qm denote the associated
spectral projections. Each iβ j is a first order pole of R( · , A) according to the
previous step. Thus, Theorem 6.2.6(b) and (c) show that rgQ j = ker(iβ j − A) for
each j ∈ {1, . . . ,m}. Hence, for each such j and each t ≥ 0, the semigroup operator
e t A acts on rgQ j as the multiplication with the scalar e iβ j t . The contour integral
formula for spectral projections in Proposition 6.2.2 implies that Q = Q1 + ·· · +
Qm and Qi Q j = 0 whenever i ̸= j . Thus rgQ = ⊕m

j=1 ker(iβ j − A). According to

Lemma 12.4.1, there exists a sequence (ℓk ) →∞ inN such that e iβ jℓk → 1 for each
j ∈ {1, . . . ,m} as k →∞. This implies that eℓk A x → x as k →∞ for each x ∈ rgQ.

On the other hand, the generator A|kerQ
of the restricted semigroup on kerQ

(Proposition 12.3.1(b)), has no spectral value on iR according to the spectral
splitting property of the spectral projection Q (Proposition 6.2.2(b)). It follows
from Theorem 12.2.2 that ω0(A|kerQ

) = s(A|kerQ
) < 0 and hence, the semigroup

on kerQ converges to 0 in operator norm as t →∞.

In summary, one has eℓk A x →Qx as k →∞ for each x ∈ E . Since the semigroup
is individually eventually positive, it follows that Q ≥ 0, as claimed.

We show that σ(A)∩ iR= {0} and derive (ii): Since Q is a positive projection on a com-
plex Banach lattice, it follows that its range rgQ is a complex Banach lattice in its
own right6 (Exercise 4.4(c)). Observe that the eigenvalues iβ1, . . . , iβm of A have

6More precisely, the order on the real part of rgQ is inherited from the order on the real part of E , but
the lattice operators on (the real part of) rgQ might be different from those on (the real part of) E .
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12. CONVERGENCE TO EQUILIBRIUM

finite algebraic multiplicity, since A has compact resolvent (Theorem 6.2.9(a)).
Therefore, all the operators Q1, . . . ,Qm have finite-dimensional range and hence,
so does Q. Hence rgQ is a finite-dimensional complex Banach lattice. One can
show that every finite-dimensional real Banach lattice is isomorphic to Rn for
some n (see e.g. [Sch74, Corollary 1 to Theorem II.3.9]) and from this it follows
that every finite-dimensional complex Banach lattice is isomorphic to Cn . As we
assumed the semigroup (e t A)t≥0 to be real, so is its generator A. Hence, we can
identify its restriction A|rgQ

with a real matrix in Rn×n that generates an eventu-

ally positive semigroup.

The finite-dimensional result Theorem 2.2.3(b) now implies that σ(A|rgQ
) = {0}.

Since σ(A|rgQ
) = σ(A)∩ iR by the choice of Q and by Proposition 6.2.2(b), it fol-

lows that σ(A)∩ iR = {0}. Observe that this also implies Q = P . To conclude, the
operator norm convergence e t A → P as t →∞ follows from Theorem 12.3.2(iii).
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Exercises for Chapter 12

Exercise 12.1. Let (e t A)t≥0 be a C0-semigroup on a complex Banach space X and let
t0 > 0. Set e−∞ := 0. Show that

e t0ω0(A) = r(e t0 A).

Exercise 12.2. Let ; ̸=Ω⊆Rn be open, bounded, and connected, and assume thatΩ has
C∞ boundary. Let ∆Neu : L2(Ω) ⊇ dom(∆Neu) → L2(Ω) be the Neumann Laplace operator
introduced in Example 9.3.3. Show that

e t∆Neu → 1

|Ω| 1⊗1,

with respect to the operator norm as t →∞, where |Ω| is the Lebesgue measure ofΩ.
Hint: Theorem 12.3.2.

Exercise 12.3 (A refinement of Example 12.2.4). Let ; ̸=Ω⊆ Rn be open, bounded, and
connected, and assume that Ω has C∞ boundary. Let ∆Dir : L2(Ω) ⊇ dom(∆Dir) → L2(Ω)
be the Dirichlet Laplace operator, and set λ0 := s(∆Dir).

In Example 7.3.8, we proved that λ0 < 0 and ker(λ0 −∆Dir) is spanned by a positive
function v . Assume that v is normalised in L2(Ω), i.e. ∥v∥L2(Ω) = 1. Prove that

e−λ0t e t∆Dir → v ⊗ v

in operator norm as t →∞.

Exercise 12.4 (Modes of convergence). Let (e t A)t≥0 be a C0-semigroup on a Banach space
X and assume that e t A converges strongly to an operator P ∈L(X ) as t →∞.

(a) Prove that rgP is the space of all fixed vectors of the semigroup (i.e. the space of all
those x ∈ X that satisfy e t A x = x for all t ≥ 0.)

(b) Show that P is a projection that commutes with e t A for every t ≥ 0.

(c) Assume now that the convergence e t A → P as t →∞ even takes place with respect
to the operator norm. Prove that there exist numbers M ≥ 0 and ω< 0 such that∥∥e t A −P

∥∥≤ Meωt for all t ≥ 0.
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12. CONVERGENCE TO EQUILIBRIUM

(d) Under the assumption of (c), show that 0 is isolated spectral value of A and a first
order pole of R( · , A).

(e) Find an example where the convergence of e t A to P as t →∞ is only strong but not
in operator norm.

Exercise 12.5. Find an example of a Banach space X and a C0-semigroup (e t A)t≥0 on X
such that t 7→ e t A is operator norm continuous on [1,∞) but not on (0,∞).
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Notes for Chapter 12

The results of this chapter are standard material in C0-semigroup theory as it can, for
instance, be found in [EN00] and [ABHN11]. We adjusted the presentation to pave an
efficient way to the results that we will need for the next chapter.

The inverse Laplace transform

Proposition 12.1.2 – which can be interpreted as an inversion theorem for the Laplace
transform, in the sense that it recovers the semigroup from the resolvent – critically as-
sumes k ≥ 2, since for k = 1 the resolvent decay is insufficient to ensure that integral
exists in the Bochner sense (consider the space X = C to see that one cannot expect
R(iβ, A)x to decay faster than 1

|β| as
∣∣β∣∣→∞). However, under appropriate assumptions

the integral still converges as an improper Bochner integral, i.e. one has

e t A x = 1

2π
lim

n→∞

∫ n

−n
e itωR(iω, A)x dω

if x ∈ dom(A). This follows from integration by parts, see [ABHN11, Proposition 3.12.1]
for details. If the underlying Banach space X is “sufficiently good”, the same formula
even holds for all x ∈ X , see [ABHN11, Theorem 3.2.12].

Deriving Theorem 12.1.4 from the inverse Laplace (or Fourier) formula in Proposi-
tion 12.1.2 seems uncommon, though it is certainly unsurprising those working at the
intersection of harmonic analysis and semigroup theory. A drawback of this approach is
that it does not – at least not without additional effort – give the optimal result, namely
analyticity of the generated semigroup (see the discussion at the end of Section 12.1).

Semigroups that map into dom(A)

It is worthwhile to point out that there are C0-semigroups (e t A)t≥0 such that rge t A ⊆
dom(A) for all t > 0, but not rge t A ⊆ dom

(
A2

)
– although we have not presented any

methods in this chapter to identify such semigroups, since Theorems 12.1.4 and Corol-
lary 12.1.5 yield the much stronger conclusions e t A X ⊆ dom

(
Aℓ

)
for all ℓ ∈N0.

Further more one can find examples where indeed rge t0 A ⊆ dom(A) for some t0 > 0
(and hence also for all t ≥ t0) but not necessarily for t < t0. Due to the differentiability
property in Proposition 12.1.1 such semigroups are called eventually differentiable.

Quite a lot can be said about eventual differentiability, and other eventual regularity
properties of operators families that are not semigroups; see [Per22].
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Eventual norm continuity

The proof of Theorem 12.2.2 is essentially taken from [EN00, Lemma IV.3.9]. As explained
in this reference, the proof actually shows more, namely a characterisation of when the
spectral mapping theorem holds for the approximate point spectrum of a semigroup
generator. For more spectral information on eventually norm continuous semigroups
we refer to [EN00, Section II.4.c].

Spectral decomposition and convergence to equilibrium

Spectral decomposition is a classical technique to study the long-term behaviour of C0-
semigroups, in particular in the operator norm. It is particularly well-suited to situations
where the semigroup generator A has compact resolvent and can then often replace ar-
guments based on the spectral theorem if the underlying space X is not a Hilbert space
or A is not self-adjoint.

Other well-known technqiues include the so-called Jacobs–de Leeuw–Glicksberg de-
composition that is based on an ingenious application of the theory of (semi)topological
semigroups to functional analysis (see e.g. [EN00, Section V.2]), the theory of vector-
valued Laplace transforms that is detailed in [ABHN11], and the concept of constrictors
of semigroups that is described in [Eme07, Section 1.3].

Convergence of eventually positive semigroups

Theorem 12.4.1 is just one example of a variety of results about the long-term behaviour
of eventually positive semigroups that can, in particular, be found in [AG21, Aro25].

Versions of Lemma 12.4.2 are quite prevalent in the literature that relate positivity
properties to convergence to equilibrium. The ad hoc proof of Proposition 12.4.3, which
can be formulated without introducing any further concepts from topological dynamics,
is taken from [GG25, Lemma 4.3].
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