Chapter 5

Positive and eventually positive
solutions to PDEs

5.1 Positivity via sesquilinear forms

In Example 3.3.6(b), we described the domain and the action of the Dirichlet Laplacian
Apjr in terms of the expression fQW- Vu dx, defined for elements u, v € H& (Q). This is
a special case of a sesquilinear form. It is the purpose of this section to develop some
key aspects in the theory of sesquilinear forms, which yield useful tools to study linear
operators on Hilbert spaces. In addition, these so-called form methods are well-suited to
the study of positivity, as shown in Theorem 5.1.7 below.

Definition 5.1.1 (Sesquilinear forms). Let V be a complex Hilbert space.

(@) Amap a: VxV — Cis called a sesquilinear form if it is antilinear in the first com-
ponent! and linear in the second.

(b) A sesquilinear form a: V x V — C is called bounded if there exists a number ¢ = 0
such that |a(v, w)| < c|lviy lwly forall v, we V.

A fundamental result is that bounded sesquilinear forms can be represented by bounded
linear operators.

Lemma 5.1.2 (Lax-Milgram). Let V be a complex Hilbert space and leta: V xV — C be a
bounded sesquilinear form.

(@) There exists a unique A€ L(V) that satisfies a(w,v) = —(w | Av)y forallv,w e V.2

(b) Moreover, ifRea(v,v) =4 || UII%/fora number § >0 and all v € V, then A is bijective.

I This is consistent with our convention for inner products.
2We put a minus sign here to be consistent with Definition 5.1.3 below.
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5.1. Positivity via sesquilinear forms

Proof. (a) The uniqueness is clear. For existence, note that for each v € V, —a(-,v) is
a bounded antilinear functional on V. By the Riesz-Fréchet theorem, there exists
Av e V such that —a(w,v) = (w | Av)y for all v, w € V. Clearly, v — Av is linear and

(w | Av)yl =la(w, )| <clwlvllvly forallweV
for some constant ¢ = 0. Hence, ||Av|ly < c|lv|ly forall v € V, so Ais bounded.

(b) We may assume that V # {0}. So, boundedness of A ensures that o(A) is non-empty
and compact. Let A € o(A) with minimal real part. It suffices to show that Re A >
0, since this implies 0 ¢ o(A). As A lies on the boundary of o(A), there exists an
approximate eigenvector of A for A, i.e. a normalised sequence (v,) in V such that
Av, — Av, — 0 (see Exercise 5.2). It follows that 6 < Re A, since

0—Re(Av, - Av, | v,)y =Red —Rea(vy, v,) <Red-46. O

For the Dirichlet Laplacian, given u, f € L[%(Q), we have u € dom (Apj;) and Apjru = f
if and only if u € H}(Q) and a(v,u) = — (v | f)LZ(Q) for all v € H; (Q) (Example 3.3.6(b)).
This observation serves as a blueprint for a general way to obtain operators from forms.

Definition 5.1.3 (Operators induced by forms). Let V, H be complex Hilbert spaces such
that V embeds continuously and denselyinto H. Leta: V xV — C be abounded sesquilin-
ear form on V. The operator associated to a, A: H 2 dom (A) — H, is given by

dom(A):={ueV:3fe H,VveV:awuw=-(v|f)y}
Au = f,

where f € H in the definition of Au is the vector that occurs in the definition of dom (A).*

There are two differences between Lemma 5.1.2 and Definition 5.1.3. In the lemma
the inner product used to defined Ais (- | -)y whileitis (- | -) g in the definition. Conse-
quently, the operator A in the lemma maps from V to V, while it maps from the smaller
space dom (A) to the larger space H in the definition. We now show that the operator A
from Definition 5.1.3 is quite well-behaved if a satisfies a so-called ellipticity estimate.

Theorem 5.1.4 (Properties of operators induced by forms). Let V, H be complex Hilbert
spaces such that V embeds continuously and densely into H. Let a: VxV — C be a
bounded sesquilinear form on V. Assume that a satisfies the ellipticity estimate

Rea(v,v) +pllvl, =8 lvl3 (5.1.1)

for some numbers e R and 6 >0 and for all v e V. Then the operator A: H> dom (A) —
H associated to a has the following properties:

(@) Aisclosed and densely defined.

30bserve that f is uniquely determined since V is dense in H. Thus, A is indeed well-defined.
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POSITIVE AND EVENTUALLY POSITIVE SOLUTIONS TO PDES

(b) Onehass(A) < u and every A € C withRe A > u satisfies [R(A, A)llg— g < #—u'

(¢) Ifthe forma is symmetric, i.e. a(u,v) = a(v, u) forallu,v e V, then o (A) cR.*

Proof. (a) Let(u;) <dom (A) convergein H to u € H and assume (Au,) convergesto v €

H. Since a(u,—Um, Un—Um) = (U — U | Aty — Auy) g, it follows from the ellipticity
estimate (5.1.1) that (u,) is Cauchy in V, hence convergent in V. The embedding
V — Hyields u € V. The boundedness of a and the convergence u, — u in V imply
a(w,u) = lim,_ca(w,u,) = —(w | v)y for every w € V. Hence, u € dom(A) and
Au = v, so Aisindeed closed.

We now show (b). The density of dom (A) then follows from Exercise 5.1.

Let A € C with ReA = u. We first show that 1 — A: dom (A) — H is surjective, so let
f € H. Since (- | f), defines a bounded antilinear form on V, the Riesz-Fréchet
representation theorem gives a vector vy € V such that (u | vy)y = (u | f ) yforallue
H. Now consider the bounded sesquilinear form b: VxV —C, b(u,v):=A(u | v)g+

a(u, v) satisfies Reb(v,v) = 6 || vII%/ for all v € V and let B € L(V) be the associated
bijective operator (Lemma 5.1.2(b)). Then the vector wy := —B7 1y € V satisfies

alu, wo) + A (u | wo)g =b(u, wo) = | vo)y =(ul f)y

for all u € V. Hence, wy € dom (A) and (1 — A)wg = f, so A — Ais indeed surjective.

On the other hand, A — A is injective, hence bijective, because

Ivlg (A= Avlig=Re(v | Av—Av)g

>ReAlvl% +Rea(v,v) = ReA - p) lvll5; +8 vl .

In fact, this even gives that |[(A - A)vlg = (ReAd — ) [lvl g for all v € dom (A), which
implies the desired resolvent estimate if Re A > p.

Consider the form b: V x V — C given by b(u, v) := a(u,v) + u(u | v)g. The operator
B associated to b can easily be checked to satisfy B = A— u (with the same domain as
A). So it suffices to show that o(B) € R.

The symmetry of a implies that a(v,v) € R and thus b(v,v) = || vll%/ forall ve V.
Now take a complex number y with Rey > 0. Then the form yb: V x V — C, which is
associated to the operator y B, satisfies

Re(yb(v,v)) = (Rey)b(v,v) = Rey Sl vl},

for all v € V; here we used again that b(v, v) € R. We thus conclude from (b) that
s(yB) =0, so Re(yA) < 0 for every A € o(B). As this is true for each y € C with Rey >0,
it follows that o (B) < R. O

“In fact, if a is symmetric, then one can show that A is a so-called self-adjoint operator, but we shall not

discuss this further at this point.
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5.1. Positivity via sesquilinear forms

We frequently use Theorem 5.1.4 to study examples, starting with Exercises 5.4 and 5.6
and Example 5.4.3. In Definition 4.2.9 we introduced real operators on complex Banach
lattices. Analogously we now define real sesquilinear forms.

Definition 5.1.5. Let V be a Hilbert space that embeds continuously and densely into
L2(Q,v) for a o-finite measure-space (Q,v). A sesquilinear form a: V x V — C is called
real if Vg := VN L2(Q, v;R) satisfies V = Vg +iVg and a(u, v) € R for all u, v € Vi.

It is easy to see that the condition V = Vg +iVR in the previous definition is equivalent
to the condition Rev € V for all v € V. The following proposition is a straightforward
consequence of Definitions 4.2.9, 5.1.3, and 5.1.5.

Proposition 5.1.6 (Real forms induce real operators). In the situation of Definition 5.1.5,
ifa is bounded and real, then so is the associated operator A: L>(Q,v) 2 dom (A) — L?(Q, ).

For operators constructed via real forms, the following result makes it often quite
easy to check whether the resolvent is positive for all sufficiently large real numbers. The
result is a substantial generalisation of Exercise 4.3. The inequality a(v~, v*) < 0 in asser-
tion (ii) is an infinite-dimensional version of property (vii) in Exercise 1.2.

Theorem 5.1.7 (The Beurling-Deny criterion for positivity of resolvents). Under the as-
sumptions of Theorem 5.1.4, let H = L*(Q, V) for a o -finite measure space (Q, V). Assume
in addition that a is real. Then the following are equivalent for the associated operator
A: I?(Q,v) 2dom (4) — L*(Q,V):

(i) R, A) =0 forallAeu,o00).
(i) Vr:=VNnL3Q,v;R) is a sublattice ofL2 (Q,v;R) and a(v~,v*) <0 forall v e V.

Proof. Observe that, as a is real by assumption, so is A according to Proposition 5.1.6.
This easily implies that R (A, A) is also a real operator for every A € Rn p(A).

“lii) = (i) Let A € [u,00), 0 < f € L?>(Q), and set v := R(A, A) f. We know already that
v € Vg, and need to show that v = 0. To this end, we now proceed similarly as in
Exercise 4.3. Since v~ € V, one can compute using (v~ | v*),; =0 that

0<(v" 1 f)y=w" | A-Av)y

=-Allv 5 +aw™,v) < —plv 14 -aw™,v) < -8lv1%;

where the inequalities respectively used a(v~, v*) < 0 and ellipticity estimate (5.1.1).
Hence v~ =0, which yields v = 0.

“(i) = (ii)”: Let v € Vg. To show that Vi is a sublattice, it suffices to prove that v* € V.
For this we use the following abstract regularisation technique: set w, := nR(n, A)v*
for all n > u*. Then (w,) € dom(A) € V and, as shown in Exercise 5.1, w, — v* in
L2-norm. In particular, (w,) is bounded in H. Assume for a moment that (wp) is
also bounded in V. As V is reflexive, a subsequence (wy,) converges weakly to some
w € Vin V, hence in H. The uniqueness of weak limits in H ensures v" = we V.
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5. POSITIVE AND EVENTUALLY POSITIVE SOLUTIONS TO PDES

Let us thus prove that the norms || wy ||, are uniformly bounded. Observe that
AW — Wy, wy) =—W-wy | Awp)g=n(v—w, | v —wy,)y
2 _
= n(||1/+— w5+ @ | wn)H) >0

since wy, = 0 due to (i). Thus, a(w,, w,) < a(v, wy) for all n. Using the ellipticity
estimate (5.1.1), this implies

2 2
6”wn||vS a(wnp, wn)+,U”wn||H

+ 2 +
<aw, wy) +u" lwplly < cllivlvllwplly +p™ dlwll g llwally

for constants ¢, d > 0 and all indices n > u*; for the last inequality, we used that a is
bounded and V — H. Dividing by ||w, |l yields that (w},) is bounded in V.

It remains to show the second claim in (ii), i.e. that a(v~, v*) < 0. Note that
a(™, wn)=—(v" | Awp)y=-n(v" | wp, —v*)y=—n(v™ | wp)<0

for each n. Since a(v~, -) is abounded linear functional on V, the weak convergence
of (wp,) to v* in V implies that 0 = a(v™, wy,) — a(v™,v™"). O

As a first application of Theorem 5.1.7, we will discuss Laplace operators with non-
local boundary conditions in Exercise 5.6 and Example 5.4.3.

5.2 The maximum principle

In this and the next section, we present a different way to obtain positivity of solution
operators to certain PDEs, based on the maximum principle. As a motivation, consider
a function v € C2([0, 1]; R) that satisfies v"' = 0. This means that v is convex, and hence its
maximal value is attained at least at one of the boundary points {0, 1}.

The maximum principle generalises this to a larger class of operators, also on higher
dimensional domains. There, one cannot directly work with convexity of v, but the
Laplace operator also has a related property that translates well into more general sit-
uations: if 0 < v € C?([0, 1];R) vanishes at a point x € (0, 1), then Av(x) = 0. This property
is captured by assumption (1) in the following theorem. For a first intuition, one should
think in Theorem 5.2.1 of the situation where S := Q is an open set in R” and M = Q.
Non-open S will become relevant in Chapter 6.

Theorem 5.2.1 (An abstract maximum principle). Let (M,d) be a metric space and let ¢ #
S € M be relatively compact.5 Let D < C(S;R) be a vector subspace such that 1 = ]lg eD
and let A: D — RS be a linear map with the following properties:

(1) The map A satisfies the positive minimum principle on S, i.e. for each x € S and
each function 0 < u € D one has the implication

u(x)=0 = (Au)(x) =0.

5Recall that a subset of a metric space is called relatively compact if its closure is compact.
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5.2. The maximum principle

(2) Onehas Al <0 and there exists a function 0 < w € D with (Aw)(x) >0 forallx € S.

Let v € D attain at least one value in [0,00) and satisfy Av=0. Then dS # ¢ and v attains
its maximum at 0S.

Before the proof, we show Theorem 5.2.1 in action for a classic PDE example.

Example 5.2.2 (The weak maximum principle for the Laplace operator). Let ¢ # Q < R”"
be open and bounded and let ¢ € (—o0,0]. Assume that v € C(Q;R) N C2(Q;R) satisfies
Av(x)+cv(x)=0forall x€ Q.

If v has at least one value in [0,00) then v attains its maximum on 0Q. In particular,
if v vanishes on 0Q, then v <01in Q.

Proof. We apply Theorem 5.2.1 to the set S := Q in the metric space M := Q. Let D :=
C(Q;R) N C2(Q;R) < C(Q;R) and define A: D — R? by Au = (A+ c)u|Q foralue D. It
suffices to show that A satisfies the assumptions (1) and (2) of Theorem 5.2.1.

(1) Let x € Q and let 0 < u € D satisfy u(x) = 0. Then u has a global minimum at x. As
u is C? in a neighbourhood of x, it follows that the Hessian matrix Hu(x) is positive
semidefinite. So its trace satisfies tr (Hu(x)) = 0 and thus,

(Au) (x) = Au(x) + cu(x) = tr (Hu(x)) = 0.

(2) Clearly, A1 =c1 <0. Let w € D be given by w(x) = ¢*“ for all x € Q and a real
number « that satisfies a? > —c. Then (Aw)(x) = (@? + ¢)w(x) > 0 for all x € Q. O

We will discuss below in Example 5.3.6 how the weak maximum principle is related to
the positivity of R(A, Apir). Theorem 5.2.1 can be applied to further types of differential
operators, see Exercise 5.3. For the proof of the theorem, we use the following lemma.

Lemma 5.2.3. Let (M,d) be a compact metric space and let ¢ # K < M be a compact sub-
set. Let (fi) be a sequence in C(M;R) that converges uniformly to a function f € C(M;R).
Ifeach f. attains its maximum on K, then so does f.

Proof. By assumption, for each k € N there is a point x; € K such that f attains its max-
imum at xg. As K is compact, by passing to a subsequence we may assume that (xj)
converges to a point x* € K. For every x € M, by continuity of f one then has

—00

F) < fil) + | f = filloo = frGe) + | f = fill oo = Fx) + 2| f = fic|l oo e, O

Proof of Theorem 5.2.1. We first make a preliminary observation: If a function u € D at-
tains its maximum at a point x; € S and satisfies u(x;) =0, then (Au)(x1) <0.

Indeed, set h == u(x;) 1 —u. Then 0 < h € D and h(x;) = 0. According to assump-
tion (1), A satisfies the positive minimum principle in S, so it follows that (Ah)(x;) =0
and thus (Au)(x1) < u(x1) - (AL)(x1). As u(x;) = 0 and since (A1)(x;) < 0 by assump-
tion (2), it follows that (Au)(x1) <0, as claimed.
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5. POSITIVE AND EVENTUALLY POSITIVE SOLUTIONS TO PDES

Now, define vy := v+ %w € D for each k € N. For each k € N choose a point x; € S
where vy attains its maximum. Fix an index k € N for the moment. Since w = 0 and by
assumption v is not everywhere < 0 in §, one has vi(xx) = 0. Moreover, Av = 0 implies
(Avg)(x) = %(Aw) (x) >0 for all x € S, so it follows from the preliminary observation that
Xx € S, so in particular x; € 8S. So each vy attains its maximum at 0S and Lemma 5.2.3
shows that the same is true for v. O

5.3 Intermezzo: Regularity of solutions

In this section we briefly discuss — without proofs, but with a few intuitive explanations —
that the solution u of the equation (1 — Apj)u = f has better regularity than f. We need
this later in the course; for the moment we focus on the following motivation.

We know from Exercise 4.3 that the resolvent R(A, Api): L?(Q) — L?(Q) is positive
if A > 0, and the technique from this exercise was generalised to a very broad class of
operators in the Beurling-Deny criterion in Theorem 5.1.7. It is natural to ask whether
one can alternatively use the maximum principle from Section 5.2 to obtain positiv-
ity of R(A, Apir). There is a difficulty with this approach: for f € [2(Q), the function
u =TR(A, Apir) f will in general only be in dom (Ap;;), but the maximum principle (Exam-
ple 5.2.2) requires more from 1, namely to be continuous on Q and C? on Q.

The question thus arises: under what conditions is the solution u sufficiently smooth?
This is a fundamental question of the regularity theory for PDEs, which is a rather subtle
subject: not only does the answer depend on f, but also on the geometric properties of
Q. For this reason, it is essential to be able to quantify ‘smoothness’ of the boundary.

Definition 5.3.1. Let @ # Q € R” be bounded and open. For k € N, we say that  has C*
boundary, or equivalently, that Q) is of class C, if there exists ® € C*(R";R) such that®

Q={xeR":d(x) >0}
and VO (x) # 0 for all x € 9Q. It follows that 6Q is the level set [® = 0].
We can now state the major regularity result for the Dirichlet Laplacian Ap;; on L?(Q).

Theorem 5.3.2 (Elliptic regularity for the Dirichlet Laplacian). Let @ # Q < R" be open
with a bounded C? boundary. Let A > 0. Then the resolvent R(A,Api;) of the Dirichlet
Laplacian on L?(Q) has the following properties:

(a) dom (Apjy) = R(A, Apir) [2(Q) € H?(Q).
(b) More generally, for every integer k = 0 one has R(A, Apir) H k) c HF2(Q).

This is a non-trivial result that is best left for a dedicated course in PDEs. Thus we do
not prove it here and refer instead to the literature, e.g. [Brell, Theorem 9.25]. However,
it is instructive to discuss a few special cases of assertion (a):

6Some readers may be familiar with the definition of ck boundary via local charts. We comment on this
further in the notes at the end of the chapter.
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Remarks 5.3.3. In the setting of Theorem 5.3.2, let u € dom (Apjy;). Assertion (a) of the
theorem says that u € H>(Q). Let us explain this in the following simpler situations:

(@) Ifn =1, thefactthat u € H2(Q) is not surprising at all: by the definition of dom (Apj;),
one has u € H}(Q) and Au € L?(Q), so the first and second weak derivatives of u
exist and are in L2(Q). Thus u € H%(Q). The point here is that, since Q is one-
dimensional, there is only one second derivative and it equals Au.

(b) Now let n = 2 but consider Q = R". Again, we know u € HOI(IRE”) and Au € L2(R™).
But why does Au € L*(R") imply that the weak derivatives 00, u exist’ and are in
L2(R™) for all J, k? The key insight is as follows:

Assume for a moment that also u € C°(R"). One readily checks that Ap;, acts as
the classical Laplace operator on u. Moreover, integration by parts with respect to
the jth and the kth variables shows that fRn (G‘jfﬁ) (0?C u)dx = fRn 0 jaku|2 dx for all

indices j, k. Hence, IIADirulli2 = Z?,k:l ||0j6ku“i2 and thus,

IApicull 2 + lul?, = lul3, forall ue CX®RM. (5.3.1)

One can prove — although we shall not do this here — that C°(R") is in dense
dom (Apj,) with respect to || - [|a,,, 50 (5.3.1) implies that dom (Ap;;) S H2(R™).

(c) Ondomains Q < R", things are more involved. Clearly, (5.3.1) holds for u € C°(Q),
but this space will typically not be dense in dom (Ap;;). Indeed, if u is the closure
of C°(Q2) within dom (Ap;,), then (5.3.1) implies u € Hg (Q), which is a proper sub-
space of dom (Apj;) in general.

Theorem 5.3.2 is particularly useful when combined with the following result that
connects weak to classical differentiability.

Theorem 5.3.4 (A Sobolev embedding theorem). Let n =2 and let  # Q < R" be open
and bounded with C' boundary. Let k €N and p € [1,00] satisfy n < kp and let m € Ny
satisfym < k — %. Then WEP(Q) — C™(Q).

For n =1 a bit more is true, see Theorem 5.3.7(b) below. A proof of Theorem 5.3.4
can be found, for example, in [Eval0, Section 5.6.3]. However, the result is true under
weaker regularity assumptions on Q; we present some details for the interested reader in
Theorem 5.B.8 of the supplementary Section 5.B.

Theorems 5.3.2 and 5.3.4 can be used to derive positivity of R (A, Apjr), in some cases,
from the maximum principle (as a classical alternative to the form approach). To demon-
strate this, we use the following properties.

Proposition 5.3.5. Let @ # Q S R" beopenand1 < p < oco.

(@) The cone of positive test functions, C°(Q) N LP (Q) ., is dense in LP (Q) 4.

“We use here the common notation 9 0k u for the weak partial derivative with respect to the kth and
the jth variable. In terms of the multi-index notation used in Definition 3.2.4 this means 00y u := a%itery,
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5. POSITIVE AND EVENTUALLY POSITIVE SOLUTIONS TO PDES

(b) Let n = 2 and assume that Q is bounded and has C! boundary. Then every u €
C(Q) n W, "?(Q) vanishes on 3.

Again, we refrain from showing the proofs. Assertion (a) can be obtained by means
the standard cut-off and regularisation technique which is, for instance, also used in
Supplement 3.A. Assertion (b) reflects the intuition discussed after Example 3.3.6: func-
tions in H& (Q) “vanish” on 0Q. The proof is based on the so-called trace operator that
is explained in a bit more detail in Supplement 3.B, where we also discuss Q with less
regular boundary.

The conclusion of the next example is already known from Exercise 4.3, even without
regularity or boundedness assumptions on Q. Yet, the example seems worthwhile as it
demonstrates the connection between the maximum principle and positive resolvents.

Example 5.3.6 (Positivity of the resolvent of the Dirichlet Laplacian, again). Let @ #Q <
R” be a bounded open set with C?> boundary. Then for every A > 0 the resolvent of the
Dirichlet Laplacian on L?(Q) satisfies R(A, Apj;) = 0.

Proof. Fix A > 0. It follows from Theorem 5.3.2(b) that R(A,Q) CX(Q) € H’(Q) for every
¢ € Np. Now choose an integer k € N such that 2 < k- 5. Then

R(A,Q) CP Q) < H Q) = C2(Q),

where the second inclusion is due to the Sobolev embedding theorem 5.3.4. By Proposi-
tion 5.3.5(a), it suffices to show that R(A, Q) maps CX(Q) N L2(Q), into L2(Q) .

Let0 =< f e C(Q) and set u:=R(A,Api) f. Then u e C2(Q) as shown above. In par-
ticular, u is continuous on Q. Since u € dom (Apir) € H& (Q), we conclude that u« vanishes
on 0Q (Proposition 5.3.5(b)). Since (Api — A)(—u) = f = 0, the weak maximum principle
for the Laplace operator (Example 5.2.2) implies that —uz <0, so u = 0. O

The observant reader might have noticed that the regularity improvement in Theo-
rem 5.3.2(b) is more than we needed in Example 5.3.6: there, it suffices to know that the
regularity of R(A, Apjr) f is not worse than that of f, i.e. if R(A, Api) H kQ) c H*(Q) for
each k = 0. We will, however, use the stronger result of Theorem 5.3.2 in later examples.

We end this subsection with the following theorem on the regularity of Sobolev func-
tions in dimension 1. It shows that, to a large extent, one can compute with weak deriva-
tives in one dimension similarly as with classical derivatives.

Theorem 5.3.7. Let @ # I = (a, b) <R be a bounded open interval and let p € [1,00].

(a) Fundamental theorem of calculus: Ifu € WP (), then u has a representative il that
is continuous on I such that

X
i(x) = ﬂ(y)+f u'(rydt  forx,yel. (5.3.2)
y
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(b) Sobolev embedding: For all k € N, we have the continuous embedding wkp(n —
Ck=1(I). More precisely, WP (1) — L°(I) and every u € W*P(I) has a representa-
tive in Ck-1(1).8

(c) Integration by parts: Ifu,v e wWLP(D), then uv € WHP(I) and

X

X
f uv' dt = (u(x)v(x) — u(y)v(y)) —f uvdt,  forx,yela,b.
y y

Throughout the course, Theorem 5.3.7 will be used in a variety of examples. Hence,
instead of a mere reference to the literature, we present the interested reader with proofs
of parts (a) and (b) and a brief sketch of the proof of (c) in Supplement 5.A.

5.4 Positivity close to the spectral bound

For the Dirichlet Laplacian Ap;;: L*(Q) 2 dom (Apji;) — L?(2) on an open set @ # Q € R”
we know from Exercise 4.3 that R(A, Apir) =0 for all A > 0. If Q is bounded, one can even
show that s(Apj;) < 0%, which raises the question of whether one also has positivity of the
resolvent at all points A € (s(Apjr), 0]. This answer is affirmative, and one way to see this
is the following general theorem (for Q = 0).

For elements x, y of a Banach lattice E we continue to use the convention introduced
in Notation 1.2.4: we write x < y if there exists a number ¢ > 0 such that x < cy. For two
operators T, S € L(E, F) between Banach lattices, we write S < T if T — S = 0 and, in the
case of complex scalars, both operators are real. Naturally, we also write S < T if there is
anumber ¢ >0suchthat S<cT.

Theorem 5.4.1. Let A: E2>dom (A) — E be a closed linear operator on a complex Banach
lattice E and let 0 < Q € L(E) be a projection. Let Ay, o € R satisfy Ao < po and (Ao, ol <
p(A). If R(ug, A) = Q, then

R, A)=Q forall pe (A, ol

Proof. Consider the set U := {u € (Ao, o) : R(A,A) = Qforall A € (i, o)}. We want to
show that U = (A, o). As the latter is connected, it suffices to show that U is non-empty,
open, and closed within (A, ttp). The closedness is straightforward to check. The non-
emptiness follows from the Taylor expansion formula of R (-, A) in Proposition 3.3.2(a):
for all A < g sufficiently close to yy one has

(o]
RA,A) =Y (- M Rk, A = Q.
=0 ~—~— ——
>0 EQIC‘F] :Q
The same Taylor series argument can be used to show that if u € U, then a left neighbour-
hood of pis also in U. Since [y, 1o) < U as well, U is indeed open. O

8From now on we identify each u € wkP (1) with its representative in ck-1¢h.
9This is a consequence of the Poincaré inequality; however, we leave this subject aside for now.
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The fact that Q can be an arbitrary positive projection in Theorem 5.4.1 will become
relevant later. For now, we note that even the case Q = 0 can be interesting:

Example 5.4.2 (Positivity of the resolvent for the Dirichlet Laplacian left of zero). Let
@ # Q < R” be open. The Dirichlet Laplacian Ap;;: [%(Q) 2 dom (Apj;) — L?(Q) satisfies
0 (Apir) € (—00,0] and R (A, Apir) =0 forall A e (s(Apjr),00).

Proof. The property o (Apjr) € (—o0,0] is proved in Exercise 5.4. Moreover, you showed
in Exercise 4.3 that R(A, A) = 0 for all A € (0,00). By applying Theorem 5.4.1 for Q =0 and
any o > 0, one sees that this inequality remains true for all A > s(Apjr). O

Theorem 5.4.1 for Q = 0 shows that if the resolvent of an operator is positive at one
point po, then it is also positive on the left of iy up to the next spectral value on the real
axis. On the other hand, the theorem gives no information on positivity on the right of
to. The next example shows that there are even second-order differential operators A
whose resolvent is positive in a right neighbourhood of s(A), but not on all of (s(A),0).

Example 5.4.3 (A Laplacian with non-local boundary conditions). Consider the sesquilin-
ear form a: H'(0,1) x H'(0,1) — C defined by

1_ 1 — 1 1) (u(0)
— 14, _
a(v, u) .—fo vy dx+ 5 (v(0) 1/(1))(1 1) (u(l))' (5.4.1)

Denote the associated operator by Ap: L[%(0,1) 2dom (Ag) — L?(0,1).

(a) The operator Ag is closed and acts as the weak second derivative on its domain

- 2 [TWO)_ 1 (1 1) (u(0)
dom(AB)_{ueH (0,1).( w1 )— 2(1 1) (u(l))}'

(b) Onehas o(Apg) € (—00,0).
(c) Onehas R(A,Ap) =0forall A € (s(Ag),0], but not for all A > 0.

Proof. The form a is the one given in Exercise 5.6 for the choice B := —% (11) (carefully
note the minus sign in the form in that exercise).

(a) This is shown for general B in Exercise 5.6.

(b) As Bis aself-adjoint matrix, the form ais symmetric in the sense of Theorem 5.1.4(c),
and hence o(Ag) € R. Moreover, as B is negative semidefinite, one can use any num-
ber 1 > 0 in the ellipticity estimate in Exercise 5.6(b). Hence, s(Ag) < 0. It remains to
show that 0 ¢ 0 (Ap). To this end, we prove that —Ap: dom (Ag) — I[%(0,1) is bijective.

If u € ker(—Ap), then u € H2(0,1) and u” = 0. Thus, in fact u € H*(0,1) for all k € N,
in particular u € C2([0,1]) by Theorem 5.3.7(b). By using classical derivatives one can
now immediately check that u” = 0 and the boundary conditions in dom (Ag) imply
u=0. So —Ap is injective.
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5.4. Positivity close to the spectral bound

(c)

On the other hand, let f € I2(0,1). Define a function u € L2(0,1) by

1! 10y 1 * 1L
u(x):—f f(z) dz+—f f f(z) dzdy+—f f f(z)dzdy (5.4.2)
4 Jo 2Jx Jo 2Jo Jy

for all x € [0,1]. By using the fundamental theorem of calculus for H? (see Theo-
rem 5.3.7(a)) one can check that u € dom (Ap) and —Agu = f. So —Ap is surjective.

Clearly, if f is positive, then so is u in formula (5.4.2), and hence R(0, Ap) is a positive
operator. Theorem 5.4.1 for Q = 0 thus implies that R(u, A) = 0 for all p € (s(A),0].
On the other hand, the matrix B has a strictly negative off-diagonal entry, so Exer-
cise 5.6(c) shows that R (A, Ag) # 0 for some A > s(Ap). O

The boundary conditions in dom (Ag) in Example 5.4.3 are a simple example of non-

local Robin boundary conditions. One can interpret them in more physical terms: the
outward flux through the boundary points, represented by the vector (—u'(0) v’ ant, is
equal to the average of the boundary values.

In Example 5.4.3 the resolvent R(A,Ap) is positive in a right neighbourhood of the

spectral bound, but not for large A € R. We have already encountered a similar behaviour
in finite dimensions in Theorem 2.3.1(ii). In infinite dimensions we will study this phe-
nomenon in more generality in the next chapter.
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Exercises for Chapter 5

Exercise 5.1 (Approximation by resolvents). Let A: X 2 dom (A) — X be a closed opera-
tor on a complex Banach space X. Assume that there exist 1p € R, C = 0 such that

[Ag,00) € p(A) and IAR(A, A)| <C forall A€ [Ay,00).
Prove the following statements:
(a) AR(A,A)x — x as A — oo for all x € dom (A).

(b) If X is reflexive'’, then A is densely defined.

Hints: For x € X, use the equality nR(n, A)x—x = AR(n, A)x for all integers n = 1.
Also observe that the graph of A is a closed convex subset of X x X and is hence
weakly closed by the Hahn-Banach separation theorem.

Exercise 5.2 (Approximate eigenvectors for the boundary of the spectrum). Let A: X 2
dom (A) — X be a closed operator on a complex Banach space X. Fix A € do(A) and
let (A,) be a sequence in p(A) that converges to A. Show that there exists a sequence
(yn) € X such that ||y, =1 foralln e Nand (A- A)y, — 0in X as n — co. Such a
sequence is called an approximate eigenvector for the spectral value 1.

Hint: Use Proposition 3.3.2 to first obtain a sequence (x,) € X with ||x,| = 1 and
IR Ay, A)xpll — 0o as n — oo.

Exercise 5.3 (The maximum principle for first order differential operators). Let Q < R"
be a non-empty open set such that 0 ¢ Q, and let b: Q — R" be a vector field such that

be(x) >0 forallxeQ. (5.4.3)
For D := C1(Q;R), consider the linear operator A: D — R? defined by
Af:=b'Vf,  feD.

Show that if u € D satisfies Au =0 in Q, then u attains its maximum on 0.
Hint: use (5.4.3) to design a function 0 < w € D such that Aw(x) > 0 for all x € Q.

10Recall that a Banach space X is reflexive if and only if every bounded sequence in X has a weakly
convergent subsequence (due to the Eberlein-Smulian theorem).
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Exercise 5.4. Let ¢ # Q < R” be open. According to Example 3.3.6(c) no strictly positive
number belongs to the spectrum of the Dirichlet Laplacian Ap;;: [2(Q) 2 dom (Apj;) —
L?(Q). Use Theorem 5.1.4 and the characterisation of Ap; in Example 3.3.6(b) to show
that even o (Apjr) S (—o00,0].

Exercise 5.5 (Estimates via maximum principle). Let @ # Q < R" be bounded and open.
For A>0and f € C(Q))4, assume u € C2(Q) N C(Q) solves the boundary value problem

Au—Au=f inQ
u=0 onoQ.
Prove that 0 < u(x) < 5 || f]|, forall xe Q.
Exercise 5.6 (Laplacian with non-local boundary conditions). Let B € R2*2, and consider

the sesquilinear form a: H'(0,1) x H'(0,1) — C defined by

1— — —
a(v, u) ::f v'u' dx - (v(0) v(l))B(u(O)).
0

u(l)
Let Ag: L2(0,1) 2 dom (Ag) — L%(0,1) denote the operator associated to a.
(a) Prove that

!
dom (Ap) = {u € H*(0,1): ( ubf(g()))) =B (ZE(I);)}

and that Agu is the second weak derivative of u for every u € dom (Ap).

Hint: Use the integration by parts formula in Theorem 5.3.7(c).

(b) Show that there exist u € R and ¢ > 0 such that
Rea(u, u)+pull ullig(oll) =>cl| u”%ﬂ(o,l) forall ue H'(0,1).
Conclude that Ap is closed and that s(Ap) < p.

(c) Prove that the following are equivalent:

(i) There exists Ag =s(A) such that R(A,Ap) =0forall A = Ay.
(i) R(A,Ag)=0forall A >s(Ap)

(iii) All off-diagonal entries of the matrix B are positive, i.e. B k=0 for j #k.

Hint: use Stampacchia’s lemma (Example 4.1.4(d)), the Beurling-Deny criterion
(Theorem 5.1.7), and Theorem 5.4.1.
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Notes for Chapter 5

Positivity via forms

The characterisation of positivity via forms (Theorem 5.1.7) can be extended to a much
more general setting: for a closed convex set C is a Hilbert spaces H, a similar criterion
can be given to characterise whether C in invariant under AR (A, A) for all sufficiently
large A. This is due to Ouhabaz and is, for instance, explained in his book [Ouh05].

Example 5.4.3 is, up to minor changes, taken from [DGK16a, Theorem 6.11]. The
motivation for studying it in detail in this reference was an observation by Akhlil (private
communication; see also [Akh18, Section 3]), who noted that the property R(A,Ap) =0
does not hold for all A > s(Ap) in this example.

The maximum principle

The maximum principle in its many guises is a fundamental tool for the analysis of so-
called elliptic and parabolic PDEs, and techniques based on the maximum principle
have been developed to a high degree of sophistication. Two much-loved references
on this subject include the books of Protter and Weinberger [PW84], and Gilbarg and
Trudinger [GT01]. More recent books, which focus on nonlinear equations and reflect
modern research trends, include those of Fraenkel [Frall] and Pucci and Serrin [PS07].

The abstract perspective on the maximum principle presented in this chapter seems
to be quite uncommon in the PDE literature, but not entirely without precedent. For ex-
ample, linear differential operators which satisfy the positive minimum principle (Con-
dition (1) of Theorem 5.2.1) are characterised in quite a general setting in [DL00, Chapter
V, §5]. Closely related, but from a completely different perspective, is the minimum (or
maximum) principle for generators of Markov processes, often attributed to Dynkin; see
for example [Dyn65, ChapterV, §3] or [Sch21, Lemma 7.20].

Regularity of the boundary

In Section 5.3, we have stated results for domains Q < R” with C* boundary (k = 1),
where C¥ regularity is defined using level sets (Definition 5.3.1). It is just as reasonable to
define regularity of the boundary in terms of local charts: in short, dQ is of class C¥ if it is
locally the graph of a function f € CF(R”~!;R). This is precisely how we defined Lipschitz

88



5.4. Positivity close to the spectral bound

boundaries in Definition 3.B.1. The former definition is efficient, but lacks the general
scope of the latter. However, for C¥ regularity (k = 1), the two definitions are equivalent.
The reader should not be surprised to learn that this is due to the implicit function the-
orem, although it is still quite some effort to present the arguments rigorously; a proof
may be found, for instance, in [Hen05, Theorem 1.3].

Many properties of functions and function spaces relevant for PDE analysis depend
subtly on boundary regularity. For the Sobolevembedding theorems, Lipschitz regularity
is sufficient for many applications, and yields all the ‘standard’ embeddings as discussed
in Supplement 5.B. For a much more thorough investigation of optimal geometric con-
ditions and finer embedding theorems, the classic text [AF03, Chapter 4] remains an in-
dispensable reference.

In contrast, within the class of Lipschitz domains, the elliptic regularity for the Dirich-
let Laplacian (Theorem 5.3.2) holds only in special cases, and is not true in general. The
study of regularity of PDE solutions on ‘rough’ domains is challenging and very much an
active research area. A well-known reference on this subject is the monograph of Gris-
vard [Grill], which has a rather ‘classical PDE’ flavour. However, much progress in this
subject has also relied on techniques from harmonic analysis; see, for instance, the trea-
tise of Kenig [Ken94].
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Encore: If you want to know more...

5.A Sobolev spaces over intervals

In this section, we present some essential facts about Sobolev functions in dimension 1,
beginning with a version of the fundamental theorem of calculus (Theorem 5.3.7(a) in
the main text).

Theorem 5.A.1. Let @ # I <R be an open interval (not necessarily bounded), and let p €
[1,00]. Ifue WLP (D), then u has a continuous representative ii such that

a(x)=il(y)+f W()dr  Vx,yel. G.A.1)
y

The proof will be established via two lemmas of a technical nature.

Lemma5.A.2. Let fe€ Ll (D), fix xo € I, and define

loc

X
g(x):zf f()dt, xel.

Then g € C(I) and g is weakly differentiable with g' = f.

Proof. Write I = (a, b) and let ¢ € C(I). Then

Xo Xo b
fg(x)(p'(x) dxz—f (f f dt)(p’(x) dx+f
1 a X Xo

We now compute the right hand side of the above equality using Fubini’s theorem, which
yields

f f dt) ¢'(x) dx.

X0 pt b rb b
—f f ¢'(x) dxf(t)dt+f f ¢'(x) dxf(t)dt=—f (0 f(1) dt.
a a Xo Jt a

Hence [, g¢' dx =— [; fo dx for all ¢ € CX(I), and the lemma is proved. O

Lemma5.A.3. Let f € L (I) satisfy
fI fo'dx=0 VeeCXW0. (5.A.2)
Then f is constant a.e. in I.

90



5.A. Encore: Sobolev spaces over intervals

Proof. We follow [Brell, Lemma 8.1], which features a very clever trick. Fix a function
w € CX(I) such that [; w dx = 1. Given w € C(I), we define

X
@(x) :=f w(t)—(flwds) w(t) dt.

Clearly ¢ € C*°(I), and moreover ¢(a) = ¢(b) = 0 by construction. Since ¥, w both have
compact support, it follows that ¢ € C2°(I). Hence, the assumption (5.A.2) yields

o~ [ o[ e[

Since y € C(I) was arbitrary, we deduce that f — [, fwdr=0a.e.in I. O

dx.

Proof of Theorem 5.A.1. Let u€ WHP(I) and fix y € I. By Lemma 5.A.2, the function de-
fined by

a(x):=f u'(¢) dt, xel
y

is continuous on I and weakly differentiable with @’ = . By definition of weak deriva-
tives, it therefore holds that [, u¢’ dx = [, iig’ dx for all ¢ € C(I). However, this implies
that u — i = c a.e. in I for some constant ¢ € C by Lemma 5.A.3. We easily deduce that
C = ii(y), and consequently # is a continuous representative of u that satisfies (5.A.1). O

Theorem 5.A.4 (Sobolev embedding in dimension 1). Let p € [1,00] and let ¢ # I < R
be an open interval. Then W*P(I) — C’g‘l(l); more precisely, every u € W*P(I) has a
representative ii € CK~1(I) such that 8%ii € Cy,(I) for all multi-indices |a| < k—1.

If Iis abounded interval, the theorem above is a direct consequence of Theorem 5.A.1
applied to u and all weak derivatives of order < k — 1. In particular, this completes the
proof of Theorem 5.3.7(b) in the main text. If the interval is unbounded, it is not obvious
why the continuous representative is bounded, and hence additional tools are needed.
A detailed proof in this general case can be found in [Brel1, Theorem 8.8].

We conclude this section by stating a Sobolev version for the product rule and inte-
gration by parts.

Proposition 5.A.5. Let @ # I = (a,b) < R be a bounded interval, let p € [1,00], and sup-
pose u,v € WYP(I). Then uv € WY P(I) with (uv)' = u'v+ uv'. Moreover, the classical
integration by parts formula holds:

X X
f u’vdtz(u(x)v(x)—u(y)v(y))—f uv'dt, Vx,yela,bl.
y y

Once it is known that functions in W17 (I) can be approximated by functions in ch,
then the product rule can be proved by first using the classical product rule, then passing
to the limit. The integration by parts formula follows immediately from integrating the
product rule. Note that the point evaluations are well-defined, thanks to Theorem 5.A.1.
We refer to [Brell, Corollary 8.10] for the full details.
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5.B Sobolevembedding theorems

This section is a brief (!) overview of Sobolev embedding theorems, which play a funda-
mental role in the analysis of partial differential equations and the calculus of variations.
A detailed treatment of this subject is usually part of a dedicated course in PDE theory.
Thus, we do not show many proofs, but rather focus on the overall strategy and key ideas.

Before we begin, recall that a Banach space Y is said to embed continuously into a
Banach space X, written as Y — X, if Y < X and there exists C > 0 such that || y|| x <
C ||y||Y forallyeY.

As a basic intuition, we may consider Sobolev spaces to be a compromise between
LP spaces and the classical spaces of continuously differentiable functions. From this
perspective, given k€N, p € [1,00], and u € wkP(Q), there are two natural questions:

1. (Improved integrability) Since u is ‘better than the average’ L” function, does it also
belong to some LY(Q) with g > p?

2. (Recovery of classical functions) If u has sufficiently many weak derivatives, does it
then have a continuous representative, or even an m-times continuously differen-
tiable representative for some m € N?

Theorem 5.A.4 gives a satisfying answer in dimension 1. In higher dimensions, how-
ever, the answers to the same questions are surprisingly subtle, and depend on the pre-
cise relationship between the parameters k, p, the dimension n, and even on geometric
properties of the set Q. Fortunately, much can be learned from the simplest case Q = R",
which is already non-trivial. We begin with the Sobolev—Gagliardo-Nirenberg inequality
in R” (Theorem 5.B.1) for the Sobolev spaces W” (R") with 1 < p < n. In brief, the result
asserts that a function in W'? automatically has better integrability and belongs to L7
for a precisely determined g > p.

Theorem 5.B.1 (Sobolev, Gagliardo, Nirenberg). Let 1 < p < n, and define the Sobolev

exponent
x.__np

—

Then WYP(R™) — LP™ (R™); in particular, there exists a constant C > 0 such that

lul« <ClVul,  YueW"PR". (5.B.1)

This is a standard result in PDE analysis and thus can be found in many textbooks.
Some classic choices include [GT01, Theorem 7.10], [EvalO, Section 5.6, Theorem 1],
and [Brell, Theorem 9.9]. The following simple argument helps to get some intuition
for the result. We suppose for the moment that an estimate of the form

lully < ClIVul,

holds for some g € (p,00) and for all u € CP([R") < WLP([R™). Since R” is invariant un-
der the dilation maps x — Ax for all A > 0, the estimate should also hold for the dilated
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5.B. Encore: Sobolev embedding theorems

functions x — u) (x) := u(Ax). We compute

1 1-n/
Tia lullg =llually < CliVupll, = CA~™PIIVull,

and hence
luly < CA™% " |Vull,, VA>o.

In order for the right hand side of the latter inequality to remain bounded for A — 0 and

also 1 — oo, the exponent in A must be 0, and hence we require % = % - é. Upon solving
for g, we obtain g = % = p*. The necessity of the condition p < n is also evident.

Theorem 5.B.1 has a standard follow-up result.
Corollary 5.B.2. LetneN.
(@ If1<p<n,then WLP([R™Y) — LI(R") forallge(p,p*l.
(b) Ifn=2, then WLr(R"Y — LI(R"Y) for every q € [n,00).

The first part of the corollary is a consequence of the following interpolation inequal-
ity, which is proved by a direct application of Holder’s inequality: if v € L"(R") n L¥(R")
with1 =r <s=<oo, then ve LP(R") forall p € [r, s] and

ol < vl 1v? (5.B.2)

where 0 € (0,1) satisfies < = @ + g. Part (b) can be proved by recycling some steps
from the proof of Theorem 5.B.1 followed by an induction argument; see e.g. [Brell,
Corollary 9.11] or [Leo09, Exercise 12.37] for details. Although it is a tempting conjecture
(since p* 1 oo as p 1 n), one does not achieve the embedding W"(R") — L®(R"), as is
explained in Remark 5.B.5(a) below.

The remaining case p > n is handled by the theorem of Morrey.

Theorem 5.B.3 (Morrey). Letn < p < oco. Then u € WHP([R") — L®(R™); moreover, there
exists a constant C > 0 such that for every u € WLP(R™), one has

|u(x) - u(y)| < C|x— y|l_% IVul, a.e x,yeR" (5.B.3)
In particular, every u € WLP(R™) has a bounded, continuous represenmtive.11

Again, we refer to standard literature for the proof, for instance [Brell, Theorem
9.12], [Evalo, Section 5.6, Theorem 4] and [GT01, Theorem 7.10].

The above results can be applied inductively to obtain embeddings for higher-order
Sobolev spaces. Part (c) of the following result is especially important for PDE applica-
tions, as it establishes a relationship between weak and classical derivatives.

HReaders familiar with the Hélder spaces will observe further that the continuous representative be-
longs to CO%(R™) with @ = 1 - n/p.

93
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Corollary 5.B.4 (Summary of Sobolev embeddings in R"). Let k,n € N with n = 2 and
1 < p < 0. One has the following continuous embeddings:

(@)
(b)

(©)

Ifkp < n, then WoP([R™) — LI(R™) for all q € [p, p* (k)] where p* (k) := nfip.

Ifkp = n, then WEP(R") — L1(R™) for all g € [p,00).
Ifkp > n and m € N satisfies m < k — %, then WP ([R") — Gy (R™); more precisely,

every u e WEP(R™) has a representative ti € C™(R") such that 0%ii € C,(R"™) for all
multi-indices |a| < m.

Proof. We provide the details, since they are often omitted in PDE books. For brevity, we
write D to denote any first-order partial derivative and omit writing R” from the spaces.

(@

(b)

Theorem 5.B.1 yields the result for k = 1. Now assume that the claim holds for
kp <nforsome k=1,andletue Wk+LpP with (k + 1)p <n. Then u,Due wkp <
LP"® by the induction hypothesis. Since (k + 1)p < n implies p* (k) < n, there-
fore u e WLHP' 0 , [(P*(D" = [ p*(k+1) by Theorem 5.B.1, and the inductive step
is complete. We then obtain W*? — L9 for all g € [p, p* (k)] by the interpolation
inequality (5.B.2).

Corollary 5.B.2 covers the case of k = 1, and hence we may assume that u € wkt
for some k = 2. We have u, Du € WKLt — [(/07(k=D = 11 by part (a), since
(k- 1)% < n. Thus ue Wt < L9 for all q € [p,00) by Corollary 5.B.2.

(c) Write k = m + ¢, where ¢ € N satisfies / —1 < % < ¢. We treat the case m = 0 first,

so k= ¢. Then u, Due W*=DP where (k- 1)p < n. If (k- 1)p < n, it follows from
part (a) that wk-Dp 7 where r = p*(k—1) > n. Consequently u € wlT with
r > n, so Theorem 5.B.3 yields that u € Cy. If (k—1)p = n, then part (b) yields
that W*=DP — [ for all r € [p,00). By choosing r > p v n, we obtain from Theo-
rem 5.B.3 again that u € W' — Cy,.

In the general case m = 1, the above conclusion holds for 6% u for all multi-indices
lal < m, and thus u € C;". O

Let us comment on some exceptional cases to highlight some of the many hidden
subtleties in Sobolev embedding theorems.

Remarks 5.B.5.

(@

94

It is important to note that Corollary 5.B.2 does not assert that WL (R™) < [°(R").
For n = 2, this is false! Here is a standard example: define a function u € C*°(R" \
{0}; R) such that
4
u(x)=1Io (10 (—)), lxll, <1,
88\ xl, ?

and u(x) = 0 for all || x|, = 2. Clearly u ¢ L*°(R"), due to the singularity at x = 0. It
is then a slightly tedious exercise to check that u € W1 (R") nevertheless.



5.B. Encore: Sobolev embedding theorems

In fact, by further and even more tedious calculations, the same example works to
show that WP ([R™) ¢ L®(R") if kp = n and p > 1; see [AF03, Example 4.43].

(b) The case p =1 and k = n is special: we have WPL(R") — [*®°([R") (and hence
WL R") — LP(R™) for all 1 < p < oo by interpolation). Indeed, if u € C2°(R") and
x = (x1,...,Xy) is arbitrary, we have

xl x2 xn
u(x)zf f f (0102 -0nt) (11, t) Aty -+ A,

and hence
” u”LOO([Rn) < ||0102 .. -Onullp(Rn) < ” ullwn,l(Rn) .

The inequality for general u € W™ (R") follows, as usual, by taking an approximat-
ing sequence of test functions (u;) such that uy — uin w™! and ur(x) — u(x) a.e.
x € R", cf. Corollary 3.A.5.

(c) Theorem 5.B.3 does not extend to p = oo, since the typical proofs require the ap-
proximation result Corollary 3.A.5. Nevertheless, it is true that a function u: R"” —
R is (uniformly) Lipschitz continuous if and only if u € WLooR"); a proof may be
found, for instance, in [Eval0, Theorem 4, Section 5.8].

Corollary 5.B.4 gives a rather satisfactory picture of the Sobolev embeddings in R".
We now turn to the case of domains, i.e. open subsets Q < R”, where the situation is
not so neat. It turns out that the results are highly influenced by geometric properties of
the boundary 6Q), and many different approaches are available for the analysis of such
properties. Here, we choose to present the extension technique, which can be formulated
easily in operator-theoretic terms (see Theorem 5.B.7 below).

The key idea is conceptually quite simple.'? Given a non-empty open subset Q € R”,
we ask if there is a method to extend each function u € WP (Q) to some i € WP ([R?),
for which the embedding theorems in R” can then be applied. Any such method must
necessarily take into account the local behaviour of u near the boundary 0Q, in order
to preserve the values of u within Q while allowing weak differentiability on R”. The
following example shows that Q cannot be arbitrary if this is to work.

Example 5.B.6 (cf. [Maz11, Example 2, Section 1.5.1]). Consider the set
Q={(x1,x2) € R’>:0<x;<1,0< x» <x‘;’}

and define u(x) := x} P with 1< B < 2. By elementary calculations and using the result
of Exercise 3.4(b), one checks that u € H'(Q) = W?(Q).

Suppose that u can be extended to a function % € H!(R?). By Corollary 5.B.2(b), it
holds that & € L9(R?) for all g = 2. But then

1 px3 1
f [72(x)|9 dxz[ lu(x)|? dx:f f lxil_ﬁ)q dx, dx; =f x‘;’_(ﬁ_l)q dx;,
R2 Q o Jo 0

12But technically quite involved!
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and we can choose g > 2 sufficiently large so that the final integral does not converge.
This is a contradiction, and thus we deduce that no such extension i exists.

The previous example illustrates what happens when the boundary 0Q is badly be-
haved: at the point (0,0), the set Q has a cusp, which allows functions to blow-up while
still being in a Sobolev space. However, for the extended function, the boundary is ‘re-
moved’ and membership in a Sobolev space now excludes very wild behaviour.

It turns out that Lipschitz boundary (see Definition 3.B.1) is the sweet spot for the
extension technique.

Theorem 5.B.7 (Sobolev extension operator). Let @ # Q €R" be a bounded open set with
Lipschitz boundary. For every k e N and 1 < p < oo, there exists a bounded linear operator
E: WkP(Q) — WEPR") such that (Eu)(x) = u(x) fora.e. x € Q. In particular, there exists
a constant C > 0 such that

IEullyepgny < Cllullyep o) (5.B.4)

forue WhpP(Q).

There is a large variety of techniques for creating extension operators; see e.g. [AF03,
Section 5.4] and the references therein. In the statement of Theorem 5.B.7, the operator
E a priori depends on the parameters k and p, as well as Q of course. However, a re-
markable theorem of Elias Stein shows that in fact there is a universal construction, in
the sense that given a bounded domain with Lipschitz boundary, there is an extension
operator E that works simultaneously for all k € N and 1 < p < co. We refer the reader
to Stein’s original monograph [Ste70, Chapter 6, §3] or [Leo09, Theorem 13.17] for the
details of this beautiful result.

Using the heavy machinery of Theorem 5.B.7, it is now almost trivial to write down
Sobolev embeddings for bounded Lipschitz domains. We highlight in particular the em-
bedding into C’™ spaces, since it is used in the main text.

Theorem 5.B.8. Letn =2 and let p # Q < R" be a bounded open set with Lipschitz bound-
ary. Then all the embeddings of Corollary 5.B.4 remain true when R" is replaced by Q. In
particular, if kp > n and m € Ny satisfies m < k — %, then WkP(Q) — C™(Q).

Proof. If ue WkP(Q), then by Corollary 5.B.4 and Theorem 5.B.7 we obtain
lullza) < IEullpa@ny < C ||Eu||wk.p(Rn) <C l u”kaP(Q)

in the case kp < n, where C is the product of C in (5.B.4) with the implied embed-
ding constants in Corollary 5.B.4. Likewise, in the case kp > n we obtain | u|| cr@ <
é”ullwk,p(g). D
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